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PREFACE 


During the past fifteen years the author has taught classes 
in practical mathematics in the evening school at the Armour 
Institute of Technology, Chicago. These classes have been 
composed of men engaged in practical pursuits of various 
kinds. The needs of these men have been carefully studied; 
and, so far as possible, those mathematical subjects of interest 
to them have been taken up. The matter presented to the 
classes has necessarily been of an intensely practical nature. 
This has been worked over and arranged in a form that was 
thought most suitable for class use; and was printed in Pal- 
mer’s Practical Mathematics, four volumes, in 1912 and ap- 
peared in a revised edition in 1918. 

The four volume edition has been used by thousands of 
men for home study. It is to meet the needs especially of 
such men that this one volume edition has been made. The 
subject matter includes all that is in the four volumes; and to 
this has been added a few new topics together with many solu- 
tions of exercises, and suggestions that make the text more 
suitable for home study. It is hoped that it will find a place 
in the library of the man who applies elementary mathematics, 
and who wishes occasionally to brush up his mathematics. 

Usually when the practical man appreciates the fact for 
himself that mathematics is a powerful tool that he must be 
able to use in performing his work, he finds that even the 
arithmetic that he learned at school has left him. A student 
of this kind is discouraged if required to pursue the study of 
mathematics in the ordinary text-books. 

This work has been written for the adult. The endeavor 
has been to make the student feel that he is in actual touch 
with real things. The intention has been to lay as broad a 
foundation as is consistent with the scope of the work. 

The nearly 3000 drill exercises and problems are, in most 
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cases, new. Many of them are adapted from engineering and 
trade journals, from handbooks of various kinds, and from 
treatises on the steel square and other mechanical devices; 
other problems are from the author’s experience; and a large 
number of the specially practical problems were proposed by 
members of the classes pursuing the course during its growth. 

Much information on various matters to which mathe- 
matics is applied, is incidentally given in the problems. Many 
devices and methods used by the practical man are given. 
Care has been taken to make these true to practice; but, in so 
wide a range of matter, there are undoubtedly errors. It is 
thought that the answers to the exercises are given to a reason- 
able degree of accuracy. It is hoped that the volume, as a 
whole, will not be found unmathematical. 

The main features of Part I are the concise treatment of 
various subjects in arithmetic and their applications, checks 
of processes, degree of accuracy possible in solutions, and 
contracted processes. 

In Part II, the endeavor has been to state definitions so as 
to give a clear idea of the term or object defined, and yet not 
to be too technical. Wherever possible, the attempt is made 
to discuss a fact or principle of geometry in such a way that 
its reasonableness will be apparent. While the subjects are 
treated in the mathematical order, many applications are 
given under separate headings. Such are brickwork, lumber, 
the steel square, screw threads, circular mils, belt pulleys, and 
gear wheels. 

In Part III, the intention is to give sufficient drill in algebra 
for one who wishes to make direct applications to practical 
problems. Much attention is given to formulas and their 
transformations. The equation is applied to many practical 
problems. Graphical methods are considered, and many 
articles on special subjects are given. 

In Part IV, the intention is to give sufficient work in 
logarithms to secure a fair degree of skill in computations. 
In trigonometry, those parts are emphasized that may be 
applied directly to practical problems; while the portions 
chiefly necessary as an aid in the study of more advanced 
mathematical subjects, are either treated very slightly or 
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omitted. Many applications are given. The tables are given 
to four decimal places. 

The author wishes to acknowledge his great indebtedness 
to the more than 1000 men who made up his classes during 
the growth of this work, and to the hundreds of men from 
various parts of the country who have offered kindly criti- 
cisms and suggestions; for, without their help and sympathy, 
the present results would have been impossible. 

Because of the remarkable success of the previous editions, 
it is with the greatest pleasure that this special edition is sub- 
mitted to our practical men. 


C. J. PatmMer. 
CHICAGO, 
June, 1919. 
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A WORD WITH THE STUDENT 


One of the lessons of the Great War and the strenuous 
efforts necessary to carry it on, has been to bring forcibly to 
our minds the great usefulness of mathematics. The war 
activities have exhibited the extensive mathematical needs of 
those who aim to render the most efficient service under the 
most trying circumstances. The young men of the country 
realize the need for a working knowledge of mathematics, 
and see clearly that the need so emphasized by the war con- 
ditions is being carried over into the days of peace and iato 
the period of great industrial activity that is sure to follow. 

This volume being entitled Practical Mathematics does 
not mean that all exercises are such as would be called prac- 
tical. It means that, in the main, the exercises, outside of 
those intended for pure drill, are such as may arise in some 
practical field of work. The endeavor has been to utilize 
the material afforded by the shops and the laboratories as 
well as in the trades and in engineering. 

The practical man realizes that, for him, mathematics is 
a chest of tools together with many more or less complicated 
pieces of machinery that he may use to accomplish his purpose. 
To apply mathematics, then, he must be able to run its 
machinery not only accurately but speedily. To do this a 
‘great deal of work must be done in the arithmetical processes 
themselves. The student must drill himself on the funda- 
mental operations—addition, subtraction, multiplication, and 
division—both in whole numbers and in fractions, until the 
processes become to a large degree mechanical. ‘That is, 
he should be able to do these operations with but little 
expenditure of mental energy. This drill is best gained by 
doing many exercises especially set for this purpose. Each 
student who is studying alone, that is, without being in a 
class, must of necessity be his own judge as to how much 
drill he needs. For most people such drill is tedious and 

ix 


x PRACTICAL MATHEMATICS 


uninteresting, and it requires a strong will to force oneself to 
do the proper amount of such work. 

That these ideas are not new is evident from the following 
quotation in quaint old English, taken from an arithmetic 
printed more than two hundred years ago: ‘Therefore, 
Courteous Reader, if thou intendest to be a Proficient in the 
Mathematicks, begin cheerfully, proceed gradually, and with 
Resolution, and the end will crown thy Endeavours with 
Success; and be not so slothfully Studious, as at every Diffi- 
culty thou meetest withal to cry, Ne plus ultra, for Pains 
and Diligence will overcome the greatest Difficulty: To 
conclude, That thou may’st so read as to understand, and so 
understand, as to become a Proficient, is the hearty desire 
of him who wisheth thy Welfare, and the Progress of Arts. 
From my School at St. George’s Church in Southwork, October 
27, 1684.” 
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PRACTICAL MATHEMATICS 


PART ONE 
ARITHMETIC 


CHAPTER I 
PRELIMINARY WORK AND REVIEW 


i. Language of mathematics.——Mathematics has a lan- 
guage of its own, with certain signs and symbols peculiar to 
it. It is as necessary to become familiar with these signs 
and symbols and their uses, in order to understand the lan- 
guage of mathematics, as it is for the shorthand writer to 
become familiar with the symbols used in his work. Failure 
to fix them in mind, and to learn the definitions and technical 
terms keeps many students from mastering the mathematical 
subjects they take up. 

Some of the best known symbols of mathematics are the Arabic 
numerals, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, the signs of addition, +, subtraction, 
—, multiplication, X, division, +, and equality, =, and the letters of 
the alphabet. Other symbols will be explained as used. 

In the study of mathematics much time should be devoted: 
(1) to the expressing of verbally stated facts in mathematical 
language, that is, in the signs and symbols of mathematics; 
(2) to the translating of mathematical expressions into common 
language. 

The signs and symbols of mathematics are used for con- 
venience. They have gradually come into use by general 
agreement. In some cases the symbols are abbreviations of 
words, but often have no such relation to the thing they stand 
for. We cannot tell why they stand for what they do any 
more than we can tell why the words for cat and dog stand for 
the different animals they do. They mean what they do by 
common agreement or by definition. 

i} 
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2. How to attack a problem.—A problem in mathematics 
should not be attacked as a puzzle. No guesswork has any 
place in its consideration. The statement of the problem 
should be clear and so leave but one solution possible. This is 
the business of the author or the one who states the problem. 
The following points concern the student: 

(1) The problem should be read and analyzed so carefully 
that all conditions are well fixed in mind. If the problem cannot 
be understood there is no use in trying to solve it. Of course, 
if the answer is given, a series of guess-operations may obtain 
it, but the work is worse than useless. 

(2) In the solution there should be no unnecessary work. 
Shorten the processes whenever possible. 

(3) Always apply some proof or check to the work if possible. 
A wrong answer is valueless. Accuracy is of the highest im- 
portance, and to no one more than to the practical man. Ifa 
check can be applied there is no need of an answer being given 
to the problem. 

In this text the answers follow most of the exercises. They are given 
for the convenience of the student in checking his work, and great care 
must be taken not to misuse them. An answer should never assist in 


determining how to solve a problem. It is best, then, not to look at the 
answer till the problem is solved. 


8. Definitions.—In order to be exact inideasand statements, 
it is necessary to give certain definitions. It would seem, 
however, that, for the practical man, technical terms should 
be omitted so far as possible. It is usually sufficient to make 
the term understood, though the definition may not be a 
good one technically. In mathematics more than in almost 
any other subject, each word used has a definite and fixed 
meaning. 

The following definitions are inserted here to help to recall 
to mind some of the terms used: 

(1) An integer, or an integral number, is a whole number. 

(2) A factor, or a divisor, of a whole number is any whole 
number that will exactly divide it. 

(3) An even number is a number that is exactly divisible 
by 2. 


Thus, 4, 8, and 20 are even numbers, 


PRELIMINARY WORK AND REVIEW 3 


(4) An odd number is an integer that is not exactly 
divisible by 2. 
Thus, 5, 11, and 47 are odd numbers. 


(5) A prime number is a number that has no factors except 
itself and 1. 


Thus, 1, 2, 7, 11, and 17 are prime numbers. 


(6) A composite number is a number that has other factors 
than itself and 1. 


Thus, 6, 22, 49, and 100 are composite numbers. 


(7) A common factor, or divisor, of two or more numbers is 
a factor that will exactly divide each of them. If this factor 
is the largest factor possible it is called the greatest common 
divisor: abbreviated to G. C. D. 

* Thus, 4 is a common divisor of 16 and 24 but 8 is the G. C. D. of 
16 and 24. 

(8) A multipie of a number is a number that is divisible 
by the given number. If the same number is exactly divisible 
by two or more numbers it is a common multiple of them. 
The least such number is called the least common multiple: 
abbreviated to L. C. M. 

Thus, 36 and 72 are common multiples of 12, 9, and 4, but 36 is the 
L. C. M. 

4. Rules for finding divisor of numbers.—lIt is often 
convenient to be able to tell without performing the division, 
whether or not a given number is divisible by another. The 
following rules will assist in this. Their proofs are simple but 
are not given here. 

(1) A number is divisible by 2 if its right-hand figure is 0 
or one divisible by 2. 

(2) A number is divisible by 3 if the sum of its digits is 
divisible by 3. 

Thus, 73245 is divisible by 3 since 7+3+2+4-+5 =21 is divisible by 3. 

(3) A number is divisible by 4 if the number represented by 
its two last digits on the right is divisible by 4, or if it ends in 
two zeros. 

Thus, 87656 is divisible by 4 since 56 is divisible by 4. 
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(4) A number is divisible by 5 if the last figure on the right 
is 0 or 5. 

(5) An even number the sum of whose digits is divisible by 
3 is divisible by 6. 

(6) No convenient rule can be given for 7; the best thing to 
do is to test by trial. 

(7) A number is divisible by 8 if the number represented by 
the last three digits on the right is divisible by 8. 


Thus, 987672 is divisible by 8 since 672 is divisible by 8. 


(8) A number is divisible by 9 if the sum of its digits is 
divisible by 9. 

(9) A number 1s divisible by 11 if the difference between the 
sum of the odd digits and the even digits, counting from the 
right, is divisible by 11. 


Thus, 47679291 is divisible by 11 since (9+9+4+6+4)—(1+2+ 
7+7) =11 is divisible by 11. 


Note. This rule is of little value since the division can be 
tried about as easily as the rule can be applied. 

The following facts are of some value: 

(10) A factor of a number is a factor of any of its multiples. 

(11) A common factor of any two numbers is a factor of the 
sum or the difference of any two multiples of the numbers. 

5. Relative importance of signs of operation.—(1) A series 
of additions may be taken in any order. 

Thus, 4+5+7+8=19, when added in any order. 

(2) A series of subtractions must be taken as written. 

Thus, 100 —20 —10 —3 =67, when taken in the order written. 

(3) A series of multiplications may be taken in any order. 

Thus, 2X35 X6=180, when taken in any order. 

(4) A series of divisions must be taken as written. 

Thus, 100 +10 +2=5, when taken in the order written. 

(5) In a series of different operations the multiplications 
must be performed first, the divisions next, and then the 
additions and subtractions may be taken in the order written. 

Examples. (1) 12+38—2+9+7-—3=26, by performing the 
operations in the order in which they occur. 

(2) 120+3X5X2+2=2, by first performing the multi- 
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plications and then the divisions in the order in which they 
occur. 
(3) 12+38+8X2—6+24+7X2xX3-—9 
=12+3+16—6+2+42-9 - 
=4+16—3+42—9=50, by first performing the multi- 
plications, then the divisions, and then the additions and 
subtractions. 


EXERCISES 1 


In the exercises 1 to 10, first perform the multiplications, then the 
divisions, and finally the additions and subtractions, each in the order 
in which they occur. 


1. 144+16—3+4+10—4-6=? Ans. 27. 
2. 16+8+4X2xX3—-16XK2+4=? Ans. 18. 
3. 15-2X3—-15+5+4=? , Ans. 10. 
4, 60—25+5+15—100+4x5=? Ans. 65. 
5. 173427 +3-—40X2+5=? Ans. 44. 
6. 56—71525+5X7 X3+15—-7X8=? Ans. 13. 
7. 864+12—124+31+54+27=? Ans. 70. 
8. 4X27+9X44+9X2—-3X6+9=? Ans. 19. 
9. 4963 +7+144+72—-14x9=? Ans. 585, 
10. 13*%962144+4-—17K22=? Ans. 6891. 
11. Time yourself in doing the following ten multiplications: 

(1) 347 X371. (6) 3249 X 987. 

(2) 547 X682. (7) 4444 X888. 

(3) 483X925. (8) 8764 X 2233. 

(4) 986 478. (9) 9898 X 4257. 

(5) 3587 X729. (10) 9999 8888. 


12. Check your work in the above ten multiplications by doing the 
multiplying, using the first number in each case as the multiplier. 

13. Time yourself in doing the following divisions. Check your work 
by finding the product of the divisor and quotient, and comparing it 
with the dividend. 


(1) 395,883 +9. (5) 4,518,976 +784. 
(2) 64,362 +17. (6) 783,783 +4147. 
(3) 306,192 +48. (7) 1,312,748 +437. 
(4) 87,168 +384. (8) 4,495,491 +499. 


14. Do the following multiplications and check the work by dividing 
the product by the multiplier and comparing the result with the multi- 
plicand: 

(1) 843 x 329. (3) 4493 x345. 
(2) 4327 X 987. (4) 8397 X9327. 
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15. Do the following divisions and check the work by finding the 
product of the divisor and quotient, then adding the remainder and 
comparing the result with the dividend: 


(1) 43,962 +97. (4) 9,372,468 +375. 
(2) 842,637 +233. (5) 4,343,764 +983. 
(3) 467,234 +487. (6) 3,784,328 +2345. 
16. The cost of constructing 275 miles of railway was $4,195,400. 
What was the cost per mile? Ans. $15,256. 


17. The circumference of a drive wheel of a locomotive is 22 ft. How 
many revolutions will it make in going 44 miles if there are 5280 ft. in 
one mile? Ans. 10,560. 

18. If a power plant consumes 277 tons of coal at $3.10 per ton each 
day, what is the cost of the coal to run the plant one year of 365 days? 
Check the work. 

19. A hog weighing 78 lb. requires 400 lb. of grain for each 100 lb. 
gain in weight. If the price of 56 lb. of grain increases in price from 42 
cents to $1.54 what should be the increase in price of hogs per 100 lb.? 

Ans. $8. 

20. When 56 lb. of corn cost 56 cents, hogs sold at $5.60 per 100 lb. 
live weight; and when corn cost $1.82 for 56 lb., they sold at $15.10 per 
100 lb. How much more or less does the farmer make per hundred if it 
takes 400 lb. of corn for each 100 lb. increase in weight of hogs? 

Ans. In second case 50 cents more. 

21. How many tons of silage, 2000 lb. per ton, should be stored for 
20 cows, the intention being to feed each cow 40 lb. a day for 5 months, 
then 30 lb. a day for 2 months, then 20 lb. a day for 2 months? Con- 
sider 30 days to a month. Ans. 90. 

22. Give three divisors of 192. Give three multiples of 72. Give a 
common divisor of 144 and 192. Give the greatest common divisor 
of these numbers. Give three common multiples of 15, 8 and 20. Give 
the least common multiple of these numbers. Is there a greatest common 
multiple? 

23. Find the prime factors of each of the following: 1188; 148,225; 
89,964; 36,992,000. 


Solution. 

2)1188 

The work is best carried out by selecting the small- 2)594 
est prime factors, leaving the larger till later. The 3)297 
prime factors of the number are all of the divisors used. 3)99 
The prime factors of 1188 are 2, 2, 3, 3, 3, 11. == 
28 

11)11 

ih 


24. Tell which of the following numbers are exactly divisible by each 
of 2, 3, 4, 5, 6, 7, and 9; 324; 7644; 3,645,111; 4550; 3645; 49,875; 
23,147,355, 
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6. Cancellation.—Often in solving problems, a fractional 
form like the following is obtained: 
64X25 X8X12X17 : 
48X15X32X17X 24 


If we do all the multiplications above the line and below 
the line, and then perform the division which ‘the line indicates, 
we shall obtain the result. It is often easy to avoid much of 
this work, however, by applying a principle of fractions. The 
process which is explained below is called cancellation. 

ia ee 

$425 X8X12XKIT 
A8 X15 X32 X17 X24 
6 63 y4 


(1) It is seen that 17 is found both above and below the 
-line; we draw a line through each of these. These numbers 
are then said to be cancelled. 

(2) Now notice that the numbers 64 and 32 are divisible 
by 32. Cancel 64 and 32 and place 2 above 64 which is the 
number of times 32 is contained in 64. 

(3) Next, divide 48 and 8 by 8 and cancel them, writing 
the quotient 6 below 48. 

(4) Divide 25 and 15 by 5 and cancel them, writing the 
quotient 5 above 25 and 3 below 15. 

(5) Ina similar manner 12 and 24 are cancelled; also2and 2. 

In this manner we have replaced the given form by the 


aoa =? - This is the answer. 

It should be noted that when no factor remains either above 
or below the line after the cancellation is finished, we retain 
one of the unit factors which we neglected to write when 


cancelling. - 


simpler one 


AXBXI6X10_1. 4. 


ae T2x80X48 9 
a ea a 


Remark. It should be remembered that this method of 
simplifying cannot be used when there are additions or sub- 
tractions indicated in the problem. 

In such a case the operations above the line must be per- 
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formed first, then those below, and lastly the result above must 
be divided by the result below. 

4+200—-62 — 192 
 38498—12x6 64 AM 

These processes may be restated in the following: 

Rute. (1) Any factor above may be divided into any factor 
below the line. 

(2) Any factor below may be divided into any factor above 
the line. 

(3) Any factor common to factors one above and one below 
may be divided into each. 

(4) The answer is obtained by dividing the product of the 
numbers remaining above the line by the product of the numbers 
remaining below the line. If no number remains above or 
below, use 1. 


Thus 


EXERCISES 2 
Use cancellation to find the results in the following: 
5X8X3X16 20 X56 X12 
iby 8x15x4 : Ans. 4. 2: 2110x138" Ans. 3§. 
57 X119 X16 77 X100X18X14 
8. iexig A 28 * 25x11 X49X16 Ans. 9 
18100 X13 X12 16X12X7X11 
5. Sexca5xoxg 7 AM 16 8. oryoaxTxI8 Ans. § 
7, 90X80X88X87 Ans. g, 1200X515X70X100, Ans. 
- —Tx2xK3K4  2555,190. 5X35 X103 240,000. 
9, 180X132X140X75, Ans. 49, 7504500 X5760 ; 
- 15X70 X44X36 150. *°: “2400750 X50 - ns. 216. 
4, MAX1728X999, Ans, gq, 1820432660 r 
* “96 X270 X33 29034, +8 4400 X297 X288" ns. 1. 
15X2+45X4 we 99 —25+14X7 
1g, MSE Ans, 1h 1k. ae ee 
ig, 1O+BX7—4X2+167, Ans. 4g 256X6-+125X3—14X76, Ans, 
- ——94-7X943X6 4,“ 1727432 X40—1618 7. 


Analyze the following and shorten the computation as much as 

possible by cancellation. 

17. If 18 men can do a piece of work in 14 days, how many men will 
do the work in 21 days? 

Analysis. If 18 men can do a piece of work in 14 Operation. 
days, one man can do the work in 18X14 days. It 6 2 
will take as many men to do the work in 21 days as 21 ApxIA Ha) 
is contained times in 18 X14. #1 

Hence it takes 12 men to do the work in 21 days. # 
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18. A man worked 16 days for 30 bushels of potatoes worth 88 cents a 


bushel. What did he earn per day? Ans. $1.65. 
19. How many days at $1.50 must 24 men work to pay for 360 bushels 
of wheat worth $1.20 a bushel? Ans. 12. 


20. How many acres of potatoes yielding 150 bushels to the acre and 
worth 25 cents a bushel will amount to as much as 65 acres of wheat 
yielding 18 bushels to the acre and worth $1.05 perbushel? Ans. 323%. 

21. If 8 men, in 15 days of 10 hours each, can throw 1000 cu. yd. of 
earth into wheelbarrows, how many men will be required to throw 2000 
cu. yd. of earth into wheelbarrows in 20 days of 8 hours each? 

Ans. 15. 

Suggestion. Analyze the problem and state in the following form for 


cancellation: 
SCL 10 2000 
20 X8 x 1000 


22. A gardener sells 75 crates of berries, 24 boxes in a crate, at 8 cents 

a box, and receives in return 12 rolls of matting, 40 yards in aroll. Find 
_the price of the matting per yard. Ans. 30 cents. 

23. A merchant bought 15 car-loads of apples of 212 barrels each, 

3 bushels in each barrel, at 45 cents per bushel. He paid for them in 

cloth at 25 cents a yard. How many bales of 500 yd. each did he give? 
Ans. 34 and 172 yd. over. 

24. How many bushels of potatoes at 55 cents a bushel must be given 

in exchange for 44 sacks of corn, each containing 2 bushels, at 30 cents a 
bushel? Ans. 48, 


7. Applying rules.—The practical man often has to apply 
a rule in solving a problem. This rule may be given to him 
by a fellow workman, or it may be taken from a handbook. 
The rule may be one, the reasonableness of which is apparent, 
but often it is not. Many rules are the results of experience, 
others of experiment, and still others are mere “rules .of 
thumb,” that is, they merely state a combination of numbers 
which gives the result desired. 

In the following problems, read the rule carefully before 


applying it. ; 


Rute. To find the number of revolutions of a driven pulley in a given 
time, multiply the diameter of the driving pulley by its number of revo- 
lutions in the given time and divide by the diameter of the driven pulley. 

25. A pulley 48 in. in diameter and making 65 revolutions per minute 
(R. P. M.) is driving a pulley 26 in. in diameter. Find its number of 
1, 12, ME Ans. 120. 

26. Find the R. P. M. of a pulley 8 in. in diameter driven by a 28-in. 
pulley, making 36 R. P. M. Ans, 126. 
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27. Find the R. P. M. of a pulley 44 in. in diameter driven by a 32-in. 
pulley, making 66 R. P. M. Ans. 48. 

Rute. To determine the width of belt required to transmit a given 
horse-power at a given speed of the belt: For single leather or 4-ply rubber 
belts, multiply the number of horse-power to be transmitted by 33,000 
and divide the product by the product of the speed of the belt, in feet 
per minute, multiplied by 60. The quotient will be the width of the belt 
in inches. 

28. What is the required width of belt to transmit 100 horse-power 
with a belt speed of 3500 ft. per minute? 


110 
109 x35000 110 
Solution. FOIE =i = 158 in. 


29. Find the width of a single leather belt to transmit 75 horse-power, 
with a belt speed of 3000 ft. per minute. Ans. 13% in. 
30. For heavy double leather or 6-ply rubber belts, use 100 instead 
of 60 in the rule. Find the width of such a belt to transmit 135 horse- 
power with a belt speed of 3600 ft. per minute. Ans. 123 in. 
Rute. To determine the horse-power a belt of given width will 
transmit when running at a given speed: For single leather or 4-ply rubber 
belts, multiply width of belt in inches by 60 and the product by speed of 
belt in feet per minute and divide the product by 33,000. The quotient 
will be the number of horse-power that the belt will transmit with safety. 
31. How many horse-power will a 10-in. single leather belt transmit 
if running at 4000 ft. per minute? Ans. 72.8. 
32. How many horse-power will a 36-in. heavy double leather belt 
transmit, running at 4500 ft. per minute? (Use 100 instead of 60 in 
the rule.) Ans. 491 nearly. 
The first letter of a word is often used in mathematics instead of the 
word itself. When two or more such letters are written together with ne 
sign between them it is understood that multiplication is indicated. 
If H stands for horse-power, 
P for effective pressure in pounds of steam per square inch, 
L for length of piston stroke in feet, 
A for area of piston in square inches, 
and N for number of strokes per minute, 
vhen the rule for finding the horse-power of a steam engine may be stated 
yn the following abbreviated form: 


_ PLAN. 
~ 33000 


33. Find H if P=55 lb. per square inch, L =2 ft., A =195 sq. in., and 
N =80. 


Solution. H 


_55X2X195 X80 _ 


33000 pa, 
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34. Find H if P=70, L=2, A=165, and N =90. Ans. 63. 

35. Find H if P=85, A=95, L=2, and N=190. ‘Ans. 93 nearly. 

36. A railroad uses 2,240,000 ties each year. If 350 trees grow on one 
acre and three ties are cut from a locust tree that is 30 years old, how 
many acres of locust trees must be planted each year to supply the ties? 


Ans. 21334. 
37. lf 9 men can cut 28 cords of wood in 4 days of 6 hours each, how 
many cords can 15 men cut in 16 days of 9 hours each? Ans. 280. 


38. A marble slab 20 feet long, 5 feet wide, and 4 inches thick weighs 
850 pounds. What is the weight of another slab of the same marble 
16 feet long, 4 feet wide, and 2 inches thick? Ans. 272 pounds. 

39. If 24 men in 18 days of 8 hours each can dig a ditch 95 rods long, 
12 feet wide, and 9 feet deep, how many men in 24 days of 12 hours each 
will be required to dig a ditch 380 rods long, 9 feet wide, and 6 feet deep? 

Ans. 24. 


CHAPTER II 
COMMON FRACTIONS 
DEFINITIONS AND GENERAL PROPERTIES 


8. The number 6 when divided by 3 gives a quotient of 2. 
This may be written $=2. If now we attempt to divide 6 
by 7, we are unable to find the quotient as above. The divi- 
sion may be written §. ‘This is called a fraction. 

+ means that a unit is divided into 7 equal parts. The 
fraction $ indicates that 6 of the 7 equal parts are taken. 

9. Definitions.—A fraction is an indicated division, which 
in a simple form expresses one or more of the equal parts into 
which a unit is divided. 

The divisor or the number below the line in the fraction is 
called the denominator of the fraction. The denominator 
tells into how many parts the unit is divided. . 

The dividend, or the number above the line in the fraction, 
is called the numerator of the fraction. The numerator tells 
how many of the parts, into which the unit is divided, are 
taken. 

The numerator and the denominator are called the terms 
of the fraction. 

The value of a fraction is the number that it represents. 

10. Mixed number.—Just as we have whole numbers and 
fractional numbers, so we have numbers made up of whole 
numbers and fractions. 


Thus, we may have 2% which is read 2 and 3 and means 2+ 2. 


Definition. A mixed number is one composed of a whole 
number and a fraction. 

11. Proper and improper fractions.—If the fraction shows 
fewer parts taken than the unit is divided into, its value is 
evidently less than 1. If the fraction shows as many or more 
parts taken than the unit is divided into, the fraction is evi- 
dently equal to or greater than 1. 

12 
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Thus, ~ shows fewer parts taken than the unit is divided into, and 
is less than 1; ¢ shows as many parts taken as the unit is divided into and 
is equal to 1; and } shows more parts taken than the unit is divided into, 
and is greater than 1. Then ? is a proper fraction, while ¢ and } are 
improper fractions. 

Definitions. A proper fraction is one in which the numera- 
tor is less than the denominator. An improper fraction is 
one in which the numerator is equal to or greater than the 
denominator. 

It should be noted that an indicated division is often called 
a fraction, even though the division can be performed exactly, 
that is, without a remainder. 


Thus, 12, 24, #4 are fractions. 


12. Comparison of fractions.—If two fractions have equal 
numerators and equal denominators they are evidently equal 
- in value. 

If two fractions have equal denominators, the one that has 
the larger numerator is the greater in value. Explain why. 


Thus, of § and , § is the larger. 


If two fractions have equal numerators, the one that has the 
larger denominator is the smaller in value. Explain why. 


Thus, of 7 and 4, is the smaller. 


If two fractions have both numerators and denominators 
unequal, their values cannot be compared so easily. 


Thus, the values of ? and $ can be more easily compared when the 
fractions are changed to fractions that have the same denominator. 


See Art. 18. 

13. In order to get the right viewpoint, it is well for the 
student to note that before he took up fractions he had 
learned to add, subtract, multiply, and divide whole numbers; 
here he has new numbers, fractions, to deal with. It is now 
necessary to learn how to perform the fundamental operations 
on fractions. They must be combined not only with other 
fractions but with whole numbers. The main thing in this 
chapter is to do these fundamental operations. But to do 
these in all cases it is necessary to be able to change the frac- 
tional numbers in various ways, that is, to reduce to lower 
or higher terms, change fractions to common denominators, 
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mixed numbers to improper fractions, and improper fractions 
to mixed numbers. 

The student studying alone must determine for himself how 
many exercises he needs to do in order that he may secure the 
necessary accuracy and speed. 

14. Principles.—Since a fraction is an indicated division 
the following principles may be stated for fractions: 

(1) Multiplying or dividing both numerator and denominator 
by the same number does not change the value of the fraction. 

(2) Multiplying the numerator or dividing the denominator 
by a number multiplies the fraction by that number. 

(3) Dividing the numerator or multiplying the denominator 
by a number divides the fraction by that number. 

15. Reduction of a whole or a mixed number to an im- 
proper fraction.—Hxample. Reduce 5 to 6ths. 

Since 1=8, 5=5X$=4,. Ans. By principle (2). 

Example 2. Reduce 7 to 5ths. 


Since 1=§, 7=7X§=%. 
72 =S8518—58) Ans, 


The three See “., as used above form a symbol meaning 
hence or therefore. 

Ruur. To reduce a whole number to a fraction of a given 
denominator, first change 1 to a fraction of the given denomi- 
nator and then multiply the numerator by the given whole number. 
With a mixed number, reduce the whole number to a fraction and 
then add to the numerator of this fraction the numerator of the 
fractional part of the mixed number. 

16. Reduction of an improper fraction to a whole or mixed 
number.—Hzxample 1. Reduce 32 to a whole number. 

82 =32+4= & Ans. 

Example 2. Reduce 44° to a mixed number. 

4 = 47 -+-9= 53. Ans. 


Ruts. To reduce an improper fraction to a whole or mixed 
number, perform the indicated division. The quotient is the 
number of units. If there is no remainder, it reduces to a whole 
number. If there is a remainder, it reduces to a mixed number 
of which the quotient is the whole number part and the remainder 
the numerator of the fractional part. 
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EXERCISES 3 


1. Reduce the following numbers to sixths: 7, 11, 40, 17,19. To thirds. 
To tenths. 
2. Reduce the following mixed numbers to improper fractions: 23, 
7%, 9$, 123, 17%, 18%, 2245, 465. 
3. Reduce the following improper fractions to whole or mixed numbers: 
60 7. ; $7, +i, 18 4938 9296 7928 9999 37684 


oe PR 27 BS £ 4 By: 5 
5 jess Sh 9 O75) £454 BES ES 


29 87°29 89 Pica 8 
17. Reduction of fractions to lowest terms.—Definition. 
A fraction is in its lowest terms when the numerator and 
denominator are prime to each other, that is, when there is no 
integer that will divide both of them. 
Example. Reduce 74%, to its lowest terms. 


vie a 
tos = 43 =? 


Since dividing both numerator and denominator by the 
same number does not change the value of the fraction, both 
terms may be divided by 5. Thus $§ is obtained. Both 
terms of this fraction are divided by 3, and # is obtained. 
Since 5 and 7 are prime to each other, the fraction is in its 
lowest terms. Both terms could have been divided by 15 and 
the reduction made in one step. 

Rutz. To reduce a fraction to its lowest terms, divide both 
terms successively by their common factors, or divide by the 
greatest common divisor of the terms. 


EXERCISES 4 


Reduce the following fractions to their lowest terms: 


1. os fe Bi 27 2. gsr G8 Bh G4 

8. 4% 52° 43° H4- 4. doo’ tea’ bt 

5. 334 Ans. $ 6. $88: Ans. 4 

T. 288. Ans. 4 8. $1$- Ans. $- 

9. ves: Ans. 3: 10. #§- Ans. 44: 
11. $432- Ans. 14: 12. #9$8- Ans. 4{- 
13. 2843- Ans. $3: 14. 4474- Ans. +: 
15. 4433- Ans. 175: 16. 43%$- Ans. ¥8r° 
17. gehen «= Ans. 344° 18. $3435° Ans. 444}: 


19. Reduce the following per cents to fractions in their lowest terms: 
(The sign % takes the place of the denominator 100). 5%, 10%, 40%, 
25%, 35%, 42%, 45%, 30%, 28%, 75%, 80%, 95%, 98%, 14%. 


18. Reduction of several fractions to fractions having the 
same denominator.—Definition. Fractions that have the 
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same denominator are called similar fractions or fractions 
with a common denominator. 

Example 1. Reduce } and } to fractions which have 6 
for a denominator. 

The fraction } may be changed to 6ths by multiplying 
both its terms by a number which will make the denominator 6. 
This will not change the value of the fraction. This multiplier 
is obtained by dividing 6 by 2 which gives 3. 


Ay ESIGN ae 
; : 1X2 
Likewise to aug 


Example 2. Reduce {, 3, and 3 to 72ds. 
Both terms of $ are multiplied by 72+9=8, 
both terms of 2 are multiplied by 72+8=9, 
both terms of 2 are multiplied by 72+6=12. 


Aa yee} 5— 60 
J. $=44, =F, and =f}: 


Ruue. To reduce several fractions to fractions having a 

common denominator, multiply both terms of each fraction by 
a number found by dividing the common denominator by the 
denominator of that fraction. 
- 19, Least common denominator.—In the preceding the 
common denominator, 72, was given. Usually the de- 
nominator is not given but we are asked to reduce the given 
fractions to fractions having a least common denominator. 
When this is the case we find the least common multiple of the 
denominators of the given fractions, and this is the least 
common denominator (L. C. D.) for all the fractions. 

Example. Reduce 4, 7g, and 4} to fractions with a L. C. D. 

The L. C. M. of 9, 12, and 24 is 72. If we divide 72 by 
each of the given denominators we get the numbers to be used 
as multipliers. 

“$20 y= Hh, and =H 

Remark. Usually the fractions dealt with have such 
denominators that their L. C. D. can be seen by inspection. 
The student should endeavor to determine it in this way 
wherever possible. If it cannot be seen by inspection, a 
good way to find it is as follows: 
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Rute. Divide the given denominators by a prime number that 
will divide two or more of them, then divide the remaining numbers 
and the quotients by a prime number that will divide two or more 
of them. Continue this as long as possible. The L. C. D. is 
the continued product of all the divisors and the quotients or 
numbers left. 


Example. Find the L. C. D. of 4, as, ys, and 43: 
Process. 5)30, 45, 185, 25 
3)6, 9, 27, 5 
4 Aes Fee ee 
LP ES Fe 
IoD. =5. X38 Xs X2X3XK5=1350. Ans. 
EXERCISES 5 
Change as indicated. 
1. 3, 4, and 3 to 12ths. 2. t and J te 42ds. 
3. 2, 2, and 3 to 24ths. 4. 7, $, and } to 63ds. 
5. 2, t, ane to 42ds. 6. 2, 2, 4, and 5 to 30ths. 
7. 4,3 a Z, and 7 7, to 100ths. 8. 3, 2, s, and § to 120ths. 
9. 15,3 13) 4; at : to 208ths. Ans. 48, iA, 38 3 Nine 
10. $, #1, £3, and 7; to 396ths. Ans. $58, 35%) 198, 2 


Change the following to fractions having a L. C. D. 


sie 3 and 3. Ans. Po; fo: 


13. Yo and ie 


48 27 
15. ¢ and # a Ans. 348, #35" 


17. $78 3 1, and Po" 
18. Zor 4,43 ra and § 8 


19. 23%, 44%, 725 


12. $ and 37: Ans. $$, #4 
14. Ps and tr Ans. ny 334- 
16. 17 and 14- Ans. $33, 38% 


Ans. #5, $$$, wy Peo" 
Ans. f50; 80) 785; 430° 


Ans. 2n'f5, 4448, 74%8- 


20. Change the following to 100ths and then write as per cents: 3, 


1s 2 eel he re 
4, 4, 4, 2, 4, t, 20, Fo, 20» Po, vo, Fo, vo, Fo» $2, 


so» $6, 80° 


43, 43, 4B, 25) 2b 25) 25) 4, 


ADDITION OF FRACTIONS 


20. Example 1. 


Add 1%) 1s, and +} 


Just as 7 apples + 5 apples + 11 apples = 23 apples, 


so 7 twelfths + 5 twelfths + 11 twelfths = 


23 twelfths. 


The work may be arranged as follows: 


tz +25 +H = 


=1};- Ans. 


Ezample 2. Find the sum of 45, 3's, 44° 


Here the fractions must first be reduced to fractions having 
aLl.C.D. The L. C. M. of 12, 15, and 30 is 60. 
2 
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Then yg+xs+h5= 8 +854 B= = 1st Ans. 

Example 3. Find the sum of 34, 54, 27°, 72: 

The whole numbers and the fractions may be added sepa- 
rately, and then these sums united. The work may be written 
as here. 


BE+544 Qc +7h= 35h +5bh+ 28+ 74 = 1798 = 19H. Ans 
A more convenient way of 32 =33t 

writing the mixed numbers for 54 =548 

adding, is to write them under 2-9, = 248 

each other, and add, similar to 71 =7h4 


the method of adding whole 
numbers. Ans. 17§$=1943 
Rute. To add fractions that have a L. C. D., add the numera- 
tors of the fractions and place the swm over the jE ADR § | 
this gives an improper fraction, it should be reduced to a whole 
or mixed number. If the fractions do not have a L.C.D., first 
reduce them to fractions with a L. C. D. To add mixed num- 
bers, add the whole numbers and fractions separately and then 
unite the sums. 


EXERCISES 6 

Add the following and express the sum in the simplest form. 
1.284044 2. £+8+E+¥- 

3. &teth+i: 4. ¢+itso 

5. 718449471: 6. 94+3$+6. 

7. 4134+403+3. 8. 94173481: 

9. Ate t+i+t Ans. 1433- 
UR a elt Lr Ans. 83: 
11, 441-442-4195. Ans. 60. 
12. 38-4404 Ans. 5384+ 
13. 21444-5177, +145;%- Ans. 8764%- 
14. 334+17$4 2835 +375: Ans. 537°5° 
15. $4+§ +343 +3+ntt: Ans. 33° 
16. 23+-7§+1154+145+17H- Ans. 54%. 
17. 3717, -+ 61433 +814- Ans. 10678}: 
18. 14534+-36+44+194-+ 9%- Ans. 376423- 
19. 1267-+35-+15§ +584 +934: Ans. 2453+ 
20. 163+1444173+193 +2735: Ans. 953: 
21. 164-+192 + 24,7, + 297% +14. Ans. 1033: 


22. A merchant sold to different customers 53 yards of cloth, 7{ yards, 
15} yards, 9} yards, and 3§ yards. Find the total number of yards sold. 
Ans. 4143- 
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23. A farmer has 10} acres in one field, 8? acres in another, and 304 
acres in a third. How many acres in the three fields. Ans. 493+ 

24. In five days a steamer sails the following distances: 384% miles, 
3727 miles, 3563 miles, 392$ miles, and 3453 miles. How far did it sail 
in the five days? Ans. 1852} miles. 


SUBTRACTION OF FRACTIONS 


21. Example 1. Subtract 7 from 7r- 

Since like numbers can be subtracted we can subtract 
4 elevenths from 9 elevenths and have the remainder 5 
elevenths. This may be written %—w:=75° Ans. 

Example 2. Subtract 7 from 3: 

Here the fractions must first be reduced to fractions having 
the same denominator. It may be written 

$—r=H-BHe=ds Ans. 

Example 3. 73% — 3% = what? : 

In this case the fractional part of the cae 
subtrahend is less than that of the 33 an 
minuend. The fractional parts of mixed ee 
numbers are reduced to fractions having Ans. 4y's 
the L. C. D., the fractional parts subtracted, and then the 
whole numbers. 

Example 4. 74 — 33 = what? 

In this case the fractional part of 


the subtrahend is greater than the frac- Solution. 

tional part of the minuend. The frac- 73 = 7% = 68 
tions are changed to fractions having 33 = 3% =3¢4 
the L. C. D. as before. It is then Ans. 3% 


noticed that the fraction ¢ in the sub- 

trahend is larger than % in the minuend and so cannot be 
subtracted from it. To overcome this difficulty we take 1 
from the 7 and change it to sixths. This gives 6% instead 
of 72. The subtraction is then made as before. 

Rute. To find the difference between two fractions having 
a common denominator, find the difference of the numerators 
and write it over the common denominator. If the fractions do 
not have a L. C. D. reduce them to such before subtracting. If 
the numbers are mixed numbers, subtract the fractional parts 
and then the whole numbers. 
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EXERCISES 7 


Subtract the following and give the results in their simplest forms. 


1 t=7: ae tant 3. 0-3 
4. fy—as" 5. §—ss° 6. 23-4 
7. 81-8 8. 7—45- 9. 9$—15- 
10. 4} —xo2° Ans. 25%: 11. 25—-tr Ans. y$i7° 
12. 72 —A- Ane: 13. 42—-17,- Ans. 238- 
14, 83-23. Ane eee 15. 93 —38- Ane Sal: 
16. 4633 17. 3463 18. 4613 
1467, 1463 1453 
19. 469; 20. 192:3; 21, 229% 
2185 142. 1638 
22. 2303 23. 1173 24, 403,15 
1038 962 2311 


Simplify the following, that is, do the operations indicated: 


25. 122+28%—153- Ans. 253§- 28. 43-$—-3+68- Ans. 9895 
26. 5$+23—31- Ans. 44-29. 14+63—9$- Ans. 103- 
Q7, 43-2141}: Ans. 388- 80. $+13—(63—-3)+4- Ans. 8}}- 


The parentheses indicate that the enclosed operations must be per- 
formed first. Thus, in the above, $ must be subtracted from 6% before 
they are subtracted from 13. 


31. $+17+3;—(6493)- Ans. 24- 

$2. 43-++3$+6t —(13-+19): Ans. 1083. 
33. 73-+6$ 2349 +2,%- Anes. 
84. 384-444-415 —($ +28): Ans: 63. 
85. 72+23-—38+(13+1)) Ans. 9}5- 


Do as many of the following as you can without a pencil. 

36. A boy had $# and spent $4; how much money did he have left? 

37. Aman bought 23 tons of coal and had 1} tons delivered ; how much 
was left to be delivered? 

38. A man had 5% acres of land and sold 3} acres; how many acres 
did he have left? 

39. A man weighed 1593 Ib. on Monday and 1543 lb. on the following 
Saturday; how many pounds did he lose? 

40. A man had $7} and paid a debt of $3$; how much did he have left? 

41. A man sold } of his farm at one time and 3 of it at another; what 
part of his farm did he sell? What part did he have left? 

42. A coal dealer had 10 tons of coal. He sold 33 tons to one customer, 
23 tons to another and the remainder to a third customer. How much 
did he sell to the third customer? 
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43. A tank full of water has two pipes opening from it, one will empty 
} of the water in the tank in one hour and the other 4 of it; what part 
will both pipes empty in one hour? What part remains in the tank? 

44, Find the distance around the figure with di- a! 
mensions as given. Ss ‘ 

45. One coal wagon drew 670 and 8# tons of coal 
on two successive days; another wagon drew 725 and ox 
9? tons on the same days. How much more did the 5i- 
latter draw than the former? 

3! 

22. Resultants.—The combined effect of na ; 
several forces is called the resultant. Thus, 
a pull of 100 Ib. toward the east and at the same time a pull 
of 75 Ib. toward the west gives a resultant pull 25 lb. toward 


the east. 
The resultant of pulls of 150 lb. toward the east, 85 lb. 
toward the west, and 75 Ib. toward the west is a pull of 10 


- Jb. toward the west. 


46. Using E for east, W for west, N for north, and S for south; find 


the resultants of the following: 
(1) 483 lb. W, 923 lb. E, 763 lb. H, and 914 1b. W. (2) 125,38; lb. N, 


75% lb. N, 47% Ib. S, and 156% |b. S. 
Ans. (1) 294 Ib. H; (2) 3 lb. S. 


MULTIPLICATION OF FRACTIONS 


23. Multiplication of fraction and integer.—Haxample 1. 
Multiply 2 by 4. . 

To multiply 2 by 4 is to find a fraction that is 4 times 
as large as 8. By Art. 14, multiplying the numerator of a frac- 
tion multiplies the value of the fraction. 


; _3X4_12_5, 
7. $X4= eo: =22. Ans. 
Example 2. Multiply 8 by 3: 
Since in finding the product of two numbers either may be 
used for the multiplier without changing the product, 


7. 8X2=2X8 =f =53: Ans. 


Example 3. Multiply 7 by 7. 
Here we may use the principle that dividing the denomina- 
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tor multiplies the value of the fraction, or the operation may 
be thought of as one in cancellation. 


3 
TeX =e 8 Ans 
Or x7! gah Ans 


Here the 7 and 14 are cancelled. 

Ruue. To multiply a fraction by an integer or an integer by 
a fraction, multiply the numerator or divide the denominator 
of the fraction by the integer. 

Remark. When a whole number is multiplied by a whole 
_number the product is larger than the multiplicand; but 
whenever the multiplier is a proper fraction the product is 
smaller than the multiplicand. Here we cannot think of 
multiplication as a shortened addition. 

We often write 2 of 6 for 3X6. 

The meaning is the same in each case. 

24. Multiplication of a fraction by a fraction.— 

Example1. Multiply 3 by 2: 

2 by $ is the same as # of 2, but 4 of 2 is 5 times + of 2 and 4 
of 3 has a value # as large as 2. 

By Art. 14, the value of a fraction is divided when the denomi- 


nator is multiplied. 
2 


‘4 ol 3-347 aT 
a4 
And # of #=5 times ¥4 = =49. 
These steps may be combined as follows: 
2X5 

SX#=ay7 tt Ans 
Example 2. Multiply 4¢ by #- 
j 3 

1xa= FBG} Ans 


Cancellation should be used when it will shorten the work. 
Example 3. Multiply ? by 395 by 34- 
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Rute. To multiply a fraction by a fraction, multiply the 
numerators together for the numerator of the product, and the 
denominators together for the denominator of the product. Cancel 
when convenient. 

Remark. A form like 3? of 2 of 7 is often called a com- 
pound fraction. 

25. Multiplication of mixed numbers and integers.— 

Example 1. Multiply 72 by 6 


746-38 0 = 28 454 Tike 
Example 2. Multiply 83 by 32- 
5 
25 
8x32 Se es Ans. 


Rute. To multiply two numbers, one or both of which are 
mixed numbers, reduce the mixed numbers to improper frac- 


tions and multiply as with fractions. 
Remark. The work may often be simplified by using the 


following methods: 
Example 3. Multiply 47 by 164- 


P Ps 
spe Explanation. Multiply 47 by 4 and divide 
164 by 5, which is the same as multiplying 47 by 4; 


5) 188 this gives 37%: Then multiply 47 by 16 in the 
372 ordinary way for multiplying whole numbers. 
282 Add these three partial products and the entire 
47 product is 7893: 


7892 
Example 4. Multiply 253 by foie 
Process. Explanation. #X4=%%5; 25X3=83; §X6=23; 
255 = 25X6=150. : 
i The entire product equals the sum of these 
af partial products. 
25 
150 
16043 


If several fractions and mixed numbers are to be multiplied 
together it is usually best to reduce all to fractions for then the 
work may be shortened by cancellation, 
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Example 5. Find the product c §X33X9X49, Xo: 


948 
Si 


TAL 


ie =5X4 3 161 


7 Fee 


1X32 X9X 433 XH xExX4xe =a. Ans. 


EXERCISES 8 


Find the product of each of the following; without pencil when possible. 


te 4, 10. 25Xq4- 19. §x2 

2. 2X4. 11. 5X3;- 20. 3 of 20. 
3. $x2. 12. 15X12- 21. ¢ of 30. 
4, 4X5. 13. 27X1}- 22. § of 63. 
5X8. 14. 45x2}- 23. ;', of 120. 
6. 3% <5: 15. 55 X2!- 24. 2 of 99. 
1. 7X2: 16. 4 of 3. 25. 3, of 22. 
8. 8X¢- 17. $x$. 26. axe 
9. 9X7: 1s Kae QT. 455 X6, 


28. What is 3 times 4 bushels? 3 times peer? 3 times #? 3X34? 

29. What is } of 9 quarts? 4of 9tenths? fof Wi? 3 1x5? 

30. A can is # full of milk. If 4 of this is drawn off, what part of the 
whole can is drawn off? What on remains in the can? 

31. It took a boy living in the country 50 minutes to walk to school. 
He could drive with a horse in ¢ of this time. How long did it take 
him to drive? 

32. On one field a farmer harvested 230 bushels of wheat and on a 
second # as much. How many bushels were harvested on the second 
field? 

33. One-third of the water in a tank will flow from a certain opening 
in 1 hour. If the tank holds 60 barrels how many barrels will flow out 
in 2 hours? 

34. If two pipes open from a tank, one of which can empty ¢ of the 
tank in 1 hour, and the other $ of it in 1 hour, what part of the tank will 
both empty in 1 hour? If the tank holds 60 barrels, how many barrels 
will flow out in 2 hours if both pipes are open? Ans. #5, 54. 

35. The circumference of a circle is about 34 times the diameter. 
Find the circumference of a circle if the diameter is 7 ft., 21 ft., 6 ft. 

36. The diagonal of a square is very nearly 1;°; the length of one side. 
Find the diagonal when one side is 12 in., 6 in., 84 ft. 

37. If you have a vacation of 100 days, and spend @ in the country, 
#y camping, and the remainder in the city, how many days do you spend 
in each place? 

38. A boy has $2.50. He spends of it for a fishing rod, 7%5 of it for a 
reel, and the remainder for a line. How much did he spend for each? 
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39. 2; X16. Ans. 144. 40. 4, X96. Ans. 64%. 
41. 375 X96. Ans. 623. 42. 28; X14. Ans. 3978. 
43. 816217. Ans. 18883}. 44. 956429. Ans. 277473. 
45. 123X623. Ans. 781}. 46. 122 X3#. Ans. 473%. 
47. 133 X93. Ans. 1313. 48. 234X184. Ans. 4414. 


49. 144X102. Ans. 15338. 50, 212274. Ans. 1595. 

51. Multiply 13 by 14, 24 by 23, 33 by 33, 103 by 103. 

62. Can you make a rule for finding the product of two factors that 
are the same and end in 3? See Art. 43 (5). 

The product of two factors that are exactly alike is called the square of 
one of them. Thus, the square of 43 is 44X43 =20%- 

Find the square of each of the following by your rule: 73, 94, 113, 
163, 123, 203, 1003. 


53. 2X3Xi=what? Ans. 35. 
54. ?X32X14X}F=what? Ans. 2. 
55. 3; X24 X73 X35 X33 =what? Ans. 743. 
56. If hogs are worth 9% cents a pound, what is a hog weighing 325 lb. 
worth? Ans. $31.684. 


57. In Chicago in 1912, carpenters received 65 cents per hour. How 
much was this for an 8-hour day? For one week of 53 days? 
Ans. $5.20; $28.60. 
58. In the same city, a bricklayer received 72} cents an hour. How 
much could a man earn in a year if he worked 225 days of 8 hours each? 
Ans. $1305. 
59. In 1908, a stonecutter in New York received 563% cents an hour. 
If a man worked 50 weeks a year and 53 days per week, 83 hours a day, 
how much would he earn a year? 
Solution. 562; X84 X53 X50 =1432 Xe Ast XH? = $1312.505. Ans. 
60. A man earns 62} cents an hour and his two sons each 224 cents an 
hour. How much do the three earn per week of 5} days of 83 hours each? 
Ans. $50.49. 
61. A gang of men mix and place an average of 434% cu. yd. of con- 
crete per hour. How many cubic yards do they place in a day of 8% 
hours? Ans. 381. 
62. An alloy, used for bearings in machinery, is 34 copper, zy tin, and 
#s zinc. How many pounds of each in 346 lb. of the alloy? 
Ans. 28642; 4734; 1144. 
63. An alloy, called ‘“anti-friction metal,” is 7230 copper, 14% tin, 
and #; antimony. Find the weight of each metal in a mass of the alloy 


weighing 1250 lb. Ans. 464 lb.; 1110 lb.; 93% lb. 
64. Find the cost of 272 sq. ft. of plate glass at 662 cents per square 
foot. Ans. $18.40. 


65. A pumping engine in Chicago pumps on an average of 17,3614 
gallons per minute, how many gallons is this in 24 hours? 
Ans. 25,000,000. 
66. An ice-plant has an output of 45 tons daily. What is the value of 
this output for a year of 320 days at $33 per ton? Ans. $51,840. 
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67. Nickel steel will stand a pull of 90,000 lb. per square inch of cross 
section. What pull will a bar of 14% sq. in. cross section stand? 
Ans. 174,375 Ib. 
68. The average yearly fire loss in the United States from 1897 to 
1906 was $2;’5 per capita. If the population averaged 75,000,000, what 
was the average loss per year? Ans. $202,500,000. 
69. In the European countries for the same period as in the previous 
exercise, the average fire loss per capita was $4. What would have been 
saved in the United States if the fire loss had been the same as in the 
European countries? Ans. $177,500,000. 
70. The circumference of a circle is very nearly #23 times the diameter. 
What is the circumference of a circle that is 24;% in. in diameter? 
Ans. 77438 in. nearly. 
71. If the diagonal of a square is very nearly 1,°; the length of one side, 
find the diagonal in feet of a square 23 miles on a side. A mile is 
5280 ft. Ans. 5060 ft. 
72. Remembering that 6 per cent means $y, find the value of the 
following: 


(a) 6% of $7.25. (f) 45% of 325 acres. 

(6) 9% of $820. (g) 75% of $3276. 

(c) 12% of $75.20. (h) 95% of 396 miles. 
(d) 20% of 476 bushels (t) 82% of 7684 bushels. 
(e) 30% of 9227 bushels. (j) 65% of 4762. 


Ans. (a) $0.434; (e) 276875 bu.; (g) $2457; (7) 309534. 


DIVISION OF FRACTIONS 


26. Division of a fraction by an integer—Hzample 1. 
Divide # by 4. 

(1) Since to divide by 4 is to find one of the 4 equal parts 
and to get ¢ of a number is to find one of the 4 equal parts, 
we have 

$+4=4 of $ =. Ans. 

(2) Or, using the principle that multiplying the denominator 

of a fraction divides the value of the fraction, we have 


Le 
(bc 
(3) In division of fractions, we can often divide the numera- 
tor and thus divide the fraction. 
Example 2. Divide #25 by 25. 
925 SO2D 25 ol ee 
ci - 25 ii Shs Ans. 
This may be written 925+25=225xJ =814=34. Ans. 


Ans. 


mie 


+4= 
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Rute. To divide a fraction by an integer, divide the numerator, 
or multiply the denominator, of the fraction by the integer; or 
multiply the fraction by 1 over the integer. 

27. Division by a fraction —Hzample 1. Divide 6 by #- 

(1) If we reduce 6 to thirds, we may divide the numerators, 
since then the numbers will both be thirds, and so be Ike 
numbers. 

6+2=18+2=18 thirds +2 thirds =9. Ans. 

(2) Since there are 3 times 4 in 1, and 3 as many times 
2, there are } times 3, or $ times 3 in 1. Now $ is 3 in- 
verted. Hence we can find how many times the fraction 
2 is contained in 1 by inverting the fraction. 3 will be 
contained 6 times as many times in 6 as it is contained in 1. 

~.6+2%=6X$=9. Ans. 

Definition. The reciprocal of a number is 1 divided by that 
number. Thus, % is the reciprocal of }%. { is the recipro- 
cal of + or 4. 

Example 2. Divide ¢% by 44. 

HEM=UXM=T=2ib Ans. 

Example’. Divide 4¢ by 34. 

First reducing each to improper fractions, we have 

A$ +35 =2A +P = 38 xX B= HE= 144. Ans. 

Rutz. Fo divide a whole number or a fraction by a fraction, 
invert the divisor and multiply by the dividend. If either or 
both dividend and divisor are mixed numbers, first change to 
improper fractions. 

28. Special methods in division.—The work of division may 
often be simplified by one of the following methods: 

Example 1. Divide 563 by 5. 


Process. Explanation. 
5)563 56-+-5=11 with a remainder of 1. 
‘114 Ans. 2+5=§+5=4- 
Example 2. Divide 75 by 33- 
Process. Explanation. Since multiplying both 
dividend and divisor by the same 
33) 75 number does not change the quotient, 
11)225 we can multiply both by the denomi- 
2077, Ans. nator in the divisor, then divide as 


before. 
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Example 3. Divide 1253 by 23: 


Process. Explanation. The same as in the 
$)1252 preceding, multiply both by the denomi- 
11)5023 nator in the divisor. Then divide as in 


4534 Ans. example 6. 


EXERCISES 9 


Divide the following, using the pencil only when necessary: 


1. $4. 6. 4t+11. 11. 3+3- 
2. 42+3. Ui see 12. $++5 
3242-3. Bh Gea 13. $+ 
4. +4. 9. 17+. 14. ~;+4- 
ly jae Uo 10. 16+4 15. 47 +48. 

16. 323 +4. 21. 96$+8 

17. 3263 +2. 22. 1223+3 

18. 7643 +4. 23. 273 +5 

19. 212+2. 24. 863+3 

20. 282 +3. 25. 192%-=5. 


26. If the denominator of a fraction is multiplied by 3, how is the unit 
of the fraction changed? How changed if multiplied by 6? By 5? 
Illustrate with the fraction 2. 

27. If § in. ona map represents 1 mile, how many miles are Suporeenied 
by 6 in. on the map? 

28. In the drawing of a house, } in. in the picture represents 1 ft. in 
the actual house. Find the dimensions of the rooms that measure as 
follows: 2} in. by 27 in., 13 by 14, 1,4 by 145, # by 28. 

In the following, x is used for the number that is to be found: 


29. 3-+6 =z. 82. 2+ = 7. 35. ao 

30. 3+2 = 6. $3. T8415 = =. Seco 
9 v 

31. #+a = 5. 34, 48-+3 = 2. 37, 3-+0 = 9. 


38. lf a man can do a piece of work in 3 hours, what part of it can he 
do in 1 hour? In 2 hours? 

39. If a man can do § of a piece of work in 1 hour, in how many hours 
can he do all the work? 3? of the work? 

40. If a man can do 3 of a piece of work in 2 hours, in how many 
hours can he do all the work? #¢ of the work? 3 of the work? >»; of 
the work? 

41. If a boy can run 3 of a mile in 6 minutes, how many minutes will 
it take him toruna mile? }amile? 4 of a mile? 
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42 If John can do } of a piece of work in 1 hour and Henry can do 3 
of it in 1 hour, what part of the work can they both doin 1 hour? How 
many hours will it take them to do the whole work if they work together? 

Ans. §; 1}. 

43. One boy can hoe a patch of potatoes in 3 hours and another boy 
ean hoe the same patch in 4 hours. In how many hours can they hoe 
the potatoes if they work together? 

Solution. The first boy can hoe 4 of the patch in one hour, and the 
second boy } of the patch in one howe Together they can hoe }+4=75 
of the patch in one hour. They can hoe the entire patch in 1+7,;= 
1X42 =12 =18 or-1§ hours. 

44. A water tank that holds 60 barrels has two pipes opening from it. 
One of these can empty the tank in 4 hours when running alone, and the 
other pipe can empty the tank in 12 hours when running alone. If both 
of the pipes are running at the same time, how long will it take them to 
empty the tank? Ans. 3 hours. 

45. If one pipe can empty a tank in 4 hours, and another pipe can 
empty it in 12 hours, in how many hours will both pipes empty the tank 


’ when running together? Ans. 3. 
46. If a boy earns $3 a day, in how many days will he earn $9. 
Ans. 12. 
47, If a man earns $3 in 1 hour, in how many hours will he earn $15? 
Ans. 10. 
48. 225 +175. Ans. xz. 55. 314 +73. Ans. 2%3. 
49, 151+ 42, Ans. #4. 56. oh, +H. Ans. 244 
50. fy, + 5. Ans. 175. 57. 1044 +1;%s. Ans. 10. 
51. 100 +43. Ans. 203%. 58. 5% +a. Ans. 244, 
52. 449 +10;4. Ans. 75. 59. 7x5 +344t. Ans. 1#%. 
53. 313 +182. Ans. 18. 60. 104;5, +8. Ans. 1144. 
54. 3,4, +24}. Ans. 1338. 61. 115$+208. Ans. 5§. 


In the following five exercises, reduce all to fractions, take reciprocals 
of each divisor and cancel. 
62. 24X34 X45 X27 +203. 
Process. 


i 
eral BL 49 
24X34 X44 X25 +203 = =X or 17 PBX BE 204° Ans. 


68. 54X92 +842 +91 +35, +735. Ans. 1475. 
64. 46293 X13 +153 +27. Ans. Ss. 
65. 5°; X134 X48 X94 +4 + (ls XP X208) +4 Ans. 23% 
66. 83X38 Xs, X44 XHE X74 X18 +68 Hh +123 Hh. Ans. 1}. 
67. Find the value of 123 +8)—-4. Ans. }4. 


Parentheses indicate that the inclosed operations must be performed 
first. For example, in the above, 3 is added to § and then $ is divided by 


the sum. 
68. Find the sd of 2% acts ae Ans. 614% 


39. Simplify OF vt (b)! ry (c) 3 ) < a3 Fe Ans. 1}, $, 1}, 11%. 
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70. From 75; take 12, Ans. 6243 
71. Multiply 23+ 3 by 4 of ($+). Ans. 235. 

33 X8t os 
72. Find the value of BXok Ans. 238. 


Suggestion. First, multiply 3? by 84, second, 43 by 27s, then divide the 
first product by the second. 


Weic) 28, = 6-3 1 oe see Ans. 434. 
74. (3X3 Xs) + (RX2XF ‘=? Ans. 4. 
(18) 
75. Evaluate ~——i°4_.. 
2225 


Solution. The word evaluate means that the indicated operations 
should be performed and the value of the expression found. At first 
decide what operations must be performed first, what second, and so 
on. Then do these operations as simply as possible. 


4 
Be. 
(25) <2 (4t+8)X2_4EXEX2 _ 


1 
op tag 2-85 2-& OF 
4 
(84 —24) +12 
76. Evaluate — 242} 3. Ans. 2. 
all 
77. Add xs to §X (43 —22). Ans. 14,%- 
78. Subtract 3 of § from $ of 4. Ans. = 
79. 2 of 20 is 35 of what aenyg Ans. 118. 
1 2: 33 ¢ 
80. Find the simplest expression for — 31-9. Cl ae Ans. 13. 
Perform the ies indicated in the following five exercises: 
tia (43-+73) +33 
81. 31 2 - Ans. $3. 82. }xQ3XBE Ans. 2. 
a SO 
1 te ° 
83. ah XT Xo; Ans. 3. 
1 : oa 
35 (t= 44) 
85. (4, <i i) erat Ans. 144498. 


In the following four exercises, the letters stand for values as follows: 
a=14;, b=163, c=33}, and d=273; find the values of the fractions 
expressed by the letters. 
axb+c. c—d+b—a 


86. eae Ans. 16%. 88. Tye Ans. vilby. 
Byes Anal yin oe Ans. 4, 


axXc—d (b+c) Xd 
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90. An alloy is composed of 92 lb. of copper, 17 lb. of zinc, and 7 |b. 
of tin. What part of the alloy is of each metal? 
Ans. $8 copper; 7% zinc; 77, tin. 
91. Three men did a piece of work in 263 days for which they received 
$3444. What was the average pay per day for each man? 
Ans. $44, 


29. Pitch and lead of screw threads.—The pitch of a screw 
thread is the distance from the center of the top of one thread 
to the center of the top of the next. 

The lead of a screw thread is the distance the screw will 
move forward in a nut for each complete turn of the screw. 


Triple Threaded. 


Bia. 2. 


For a single-threaded screw the pitch and the lead are 
equal; but for a double-threaded screw, the lead is twice the 
pitch; and for a triple-threaded screw, the lead is three times 
the pitch. 

In a single-threaded screw, there is only one thread run- 
ning around the screw; in a double-threaded screw there are 
two threads running side by side around the screw; and a 
triple-threaded screw has three threads side by side running 
around the screw. 

The above statements are made clearer by reference to 
the figure. 
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92. According to the Franklin Institute standards for the dimensions 
of bolts and nuts, a $-in. bolt has 11 threads per inch. What is the 
pitch? ‘The lead if single-threaded? How many full turns of the nut 


will it take to advance the bolt 21 in.? Ans. 7; in.; 7; in.; 248. 
93. A 44-in. bolt has 2} threads per inch. What is the pitch? What 
is the lead if triple-threaded? Ans. 385 in.; 1s5 in. 


94. In a special threaded screw for a screw-power stump puller, the 
screw is double-threaded with a pitch of +; in. How many turns of the 
nut are required to lift the stump 43 ft.? Ans. 377?;. 


30. The micrometer.—The screw is used in very many 
mechanical devices. Many of these will be used in illustrative 
problems in later chapters. The use of the screw in measuring 
small distances where great accuracy is required, is illustrated 
in the ordinary micrometer shown in Fig. 3. 


C—Spindle or Screw 
D-—Sleeve or Barrel 
E—Thimble 


Fic. 3.—Micrometer. 


The object to be measured is placed between the anvil, B, 
and the spindle, C. The spindle has a thread cut 40 to the 
inch on the part inside the sleeve, D. The thimble, £, is 
outside the sleeve and turns the spindle. The thimble has a 
beveled end that is divided into 25 equal divisions. The sleeve 
is graduated into divisions each #y of an inch, every fourth of 
which is marked 1, 2, 3, ete. The numbered marks then rep- 
resent tenths of an inch. 

If the thimble is turned through one of its graduations, the 
spindle is evidently advanced 3; of @y in.=zy5y in. The 
vernier, which will be described later (Art. 157) enables one 
to read to 75 of one of the graduations on the thimble and 
hence makes it possible to measure 75 of tooo In. =qy}0q in. 

The readings of a micrometer are usually stated in decimals 
of an inch. 
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95. Find the distance the spindle advances when the thimble makes 7 


full turns and 17 divisions. Ans. 25 or 0.192 in. 
96. What is the measurement when the reading on the sleeve is 5 
graduations and on the thimble 14? Ans. zy or 0.139 in. 


31. Screw gearing.—Spiral or screw gearing is often used 
where it is desired to reduce the speed greatly. The teeth are 
arranged in the same manner as_ the 
threads of a screw. A screw wheel may 
have one tooth or any number of teeth. 
A one-toothed wheel corresponds to a 
one-threaded screw, a many-toothed wheel 
to a many-threaded screw. 

In Fig. 4, the upper wheel has 12 teeth, 
and corresponds to a 12-threaded screw; 
while the lower wheel has 36 teeth, and 
corresponds to a  36-threaded screw. 
Here the smaller wheel makes three revolu- 
tions while the larger is revolving once. 
If the smaller had but one tooth or was 
single threaded, it would make 36 turns to 
one of the larger wheel. 

When the number of threads or teeth on the smaller wheel 
is few, the smaller wheel is called a worm, and the larger the 
worm wheel. 


Fie. 4.—Righthand 
spiral gears. 


97. If a worm is 2-pitch and single-threaded, how many inches will 
it cause the circumference of the worm wheel to advance for one revolu- 
tion of the worm? How many inches if double-threaded? If triple- 
threaded? If 6-threaded? (2-pitch means 2 threads to the inch.) 

98. If asingle-threaded worm, making 20 revolutions per second, turns 
a worm wheel having 54 teeth, Fig. 5, how many revolutions per minute 
will the worm wheel make? Ans. 22%, 

99. In turning a piece in a turning lathe the distance the cutting tool 
advances along the piece for each revolution is called the feed. The 
feed is usually given as a fraction of an inch. How long will it take to 
turn a piece 23 ft. long, if it makes 17 revolutions per minute, and the 
feed is 7g in.? Ans. 2834 minutes. 

100. How many turns per minute is a piece making if 4 ft. of length 
is turned in 75 minutes when the feed is 3% in.? Ans. 682. 

101. What feed is necessary to run a cut of 45 in. in 10 minutes at 
36 revolutions per minute? Ans. 4 in. 

3 
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102. In planing an aluminum casting of width 103 in. and length 
123 in., find the time required if cutting speed is 40 ft. per minute, return 
speed 80 ft. per minute, and feed ¢z in. Ans. 27 minutes nearly. 

Suggestion. The cutting tool cuts a strip ¢z in. wide each time across. 
Or it takes 64 times across to plane a strip one inch wide. If the cut is 


Lefthand single thread. Righthand double thread 
Fie. 5.—Worm and worm wheel. 


made the long way of the casting it takes 64103 =672 cuts. The re- 
turn strokes take one-half the time of the cutting strokes. No allowance 
is made for over run in the strokes. 

103. A jy5-in. twist-drill has a speed of 130 revolutions per minute 
(R. P..M.) when cutting steel. How long will it take to drill through a 
g-in. plate if 120 revolutions are required to drill 1 in.? 

Ans. 48 minutes. 


SSS ee 


Fie. 6.—Twist drill. 

104. A 1;%-in. drill makes 66 R. P. M. in iron and has a feed of x in. 
How long will it take to drill 20 holes through a 3-in. plate if } minute is 
allowed for setting for each hole? Ans. 28;%; minutes. 

105. In drilling through mild steel 14 in. thick, a hole 1 in. in diameter 
is drilled in 1{ minutes; find the distance drilled per minute. 

Ans. +3 in. 

106. A 35-in. drill can make 320 R. P. M. in brass. If 120 turns are 
made to drill 1 in., find how many holes can be drilled in a §-in. plate in 
1 hour if { the time is used in setiting the drill. Ans. 192. 

107. The following rule is often used to find the weight of round steel 
and wrought iron: Square the diameter in inches and multiply by $, 
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the product is the weight in pounds of bft. of the bar. (The product of a 
number multiplied by itself is the square of the number.) Using this 
rule find the weights of round bars of steel of the following dimensions: 


(1) Diameter j in., length 123 ft. Ans. 2533 lb. 
(2) Diameter 2% in., length 2% ft. Ans. 4144 lb. 
(3) Diameter 8% in., length 12 ft. Ans. 3262 Ib. 


108. Three pipes can empty a reservoir in 6, 5, and 4 hours respectively. 
How long will it take them to empty it if running together? 

Ans. 13? hours. 

Solution. Since the first pipe can empty the reservoir in 6 hours, it 
can empty + of the reservoir in 1 hour. Reasoning in the same manner, 
the second pipe can empty } of it in 1 hour, and the third pipe of it in 
lhour. Hence, the three pipes can empty §+4+4=33 of the reservoir 
in 1 hour. To empty the whole reservoir, it will take all the pipes to- 
gether, 1 +23 =13% hours. 

109. In the preceding exercise, how long will it take to empty the 
reservoir if it is full to begin with, and the first two pipes are emptying 
- out of and the third emptying into the reservoir? Ans. 84 hours. 

110. Three pipes open from a tank. The first alone can empty it 
in 6 hours, the second in 4 hours, and the third in 3 hours. How many 
hours will it take to empty the tank if the pipes are all running together? 

Ans. 13. 

111. In the previous exercise the tank is full to begin with and the - 
first and third pipes are emptying out of, and the second emptying into 
the tank. How long will it take to empty the tank? Ans. 4 hours. 

112. If A can do a piece of work in 9 hours and B can do the same work 
in 6 hours, how long will it take them if working together? What part 
can each do in 1 hour? What part of the work can both together do in 
1 hour? Ans. 3% hours; $4 and 3; 75. 

113. If A can do a piece of work in 103 days and B can do the same 
work in 82 days, what part of the work can they both do in one day? 
In how many days can they do the work if working together? 

Ans. #1; 43. 

114. lf one gang of men can do a piece of work in 20 days, and another 
gang can do the same piece of work in 25 days, how long will it take both 
gangs working together to do the work? Ans. 11§ days. 

115. A contractor is to grade a street in 30 days. Fifteen men work 
on the grading for 20 days and do one-half of the work. How many 
men must work for the next 10 days to finish the grading? Ans. 30. 

116. In 10 days, 15 men do 3, of a piece of work. How many men 
will it take to finish the work in 15 days? 

117. How many turns must be made with a triple-threaded screw 
having 42 threads to the inch to have it advance a distance of 3 in.? 

118. The lead screw on the table of a milling machine has a double 
thread with a pitch of } in. How many inches per minute is the feed if 
the lead screw is making 4 R. P. M.? 
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119. A man who owns § of a city block valued at $140,000, sold 3% 
of his share. What is the value of the part he has left? 
Ans. $15,000. 
120. A merchant bought a stock of goods for $7426.50 and sold 3 
of it at an advance of 3 the cost, + of it at an advance of { the cost, and 
the remainder at a loss of 75 the cost. Did he gain or lose and how 
much? Ans. Gained $1516.24. 
121. A sum of money is divided among four persons. The first re- 
ceived 3%; of the amount, the second }, the third }, and the fourth the 
remainder which is $5000. What is the amount each received? 
Ans. $6000; $5000; $4000; $5000. 
122. If it takes 4 tons of coal to heat as much as 6 cords of wood, 
which is the cheaper if coal is $73 a ton and wood $5} a cord? How 
much more will one cost than the other to heat a house that requires 11 
tons of coal a year? Ans. Coal, $12. 
123. Which is the cheaper and how much, to have a 173 cent an hour 
boy take 133 hours to do a certain piece of work, or have a 423 cent an 
hour man do it in 4$ hours? Ans. The man 38 cents cheaper. 
124. A piece of work when forged weighed 2142 lb. After being 
turned down it weighed 1563 lb. The forging cost 163 cents a pound 
and the metal turned off sold at 3} cents a pound. Find the net cost of 
the metal in the finished piece. Ans. $33.51}. 
125. A machinist drills 6 holes through a piece that is 2 in. thick. 
The drill is 17 in. in diameter and makes 154 R. P. M. with a feed of 
4 in. How many minutes does it take if 3 minutes are used in setting 


for each hole? Ans. 2335. 
126. A hole 63 in. deep is drilled with a 1}-in. drill making 126 R. P. M. 
What feed is required to drill the hole in 3{ minutes? Ans. yy in. 


127. To change from Centigrade thermometer reading to Fahrenheit, 
the following formula is used: F =$C+32°, where C is the Centigrade 
reading and F the Fahrenheit. (1) Find F when C=22}°. (2) Find 
F when C is 720°. Ans. (1) 723°; (2) 1828°. 

128. To change Fahrenheit thermometer reading to Centigrade, the 
following formula is used: C =§(f—32°), where C is the Centigrade 
reading and F the Fahrenheit. (1) Find C when F =812°. (2) Find 
C when F =1760°. Ans. (1) 273°; (2) 960°. 

129. In inspecting steamboilers, the following formula is often used: 


ie PRP , 
TX% 

where t =thickness of plate in inches, 
P =steam pressure in pounds per square inch, 
R=radius of boiler in inches (4 of diameter), 
F =factor of safety, 
T =tensile strength of boiler plate in pounds, 
% =percentage of strength in joints. 
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Find the thickness of the boiler plate which should be used for a boiler 
50 in. in diameter to carry 120 Ib. of pressure if the tensile strength is 
60,000 lb. Use 50% as the strength of the joints and a factor of safety 
of 6. Ans. # in. 
PRF _ 120X25xX6 


= = 3 
5 


‘= 7X %~ 60000 X Ay 


130. Find the thickness of the boiler plate for a 72-in. boiler to carry a 
pressure of 90 lb. with a tensile strength of 60,000 lb. Use 50% as the 
joint strength and a factor of safety of 6. Ans. % in. nearly. 

131. The following formula is used in finding the diameter of a steam- 

oiler 


Solution. 


Lee 
De 


where D =diameter of boiler in inches, 
t=thickness of plate in inches, 
T =tensile strength of boiler plate in pounds, 
P=steam pressure in pounds per square inch, 
F =factor of safety, 
% =percentage of strength in joints. 
Find the diameter for a steamboiler having a §-in. plate, allowing 50% 
for strength of jo‘nts and a factor of safety of 6, with a tensile strength 


of 60,000 lb., and 125 lb. pressure per square inch. Ans. 50 in. 
| 
fF vy 
Fie. 7. 


132. Find the number of lines in a paper of 38 pages, two columns 
to the page, each 103 in. long, and 15 lines in 2 in. How many words 
if they average 11 words to the line? How long would it take to read 
such a paper at the rate of 170 words a minute? 

133. The distance F across the flats in a bolt head or nut, either a 
square or a hexagon (Fig. 7), is equal to 13 times the diameter of the 
bolt plus 4 in. As a formula this is 

F=14D+41, 

Test the widths across the flats in the following table taken from a 

manufacturer’s catalog: 


Diameter of bolt D 


Width across flats F 


CHAPTER III 
DECIMAL FRACTIONS 


32. Definition.—Fractions that have 10, 100, 1000, etc. for 
denominators are decimal fractions. 

Thus, #5, 2y%!o, toh, £836 are decimal fractions. 

In writing a decimal fraction it is convenient to omit 
the denominator, and indicate what it is by placing a point 
(.), called a decimal point, in the numerator so that there 
shall be as many figures to the right of this point as there 
are ciphers in the denominator. 

Thus, 3% is written 0.53; si) = 0.3756; 738 = 0.076; 488 = 4.326. 

In such numbers as 0.53 and 0.3765, the cipher is printed 
at the left of the decimal point for clearness; but it is not 
necessary and is often omitted. 

It is to be noted that when there are fewer figures in the 
numerator than there are ciphers in the denominator, ciphers 
are added on the left of the figures to make the required 
number. 

From the meaning of the decimal fraction, it is seen that 
the misplacing of the decimal point changes the meaning 
greatly. For each place it is moved to the right, the value 
of the decimal fraction is multipliedby 10; and for each place 
it is moved to the left, the value is divided by 10. 


Thus, 2.75 becomes 27.5 when the point is moved one place to the 
right, and 0.275 when the point is moved one place to the left. In the 
first case 2.75 is multiplied by 10, and in the second case it is divided by 
10. 


It is well to recall the fact that when we have a number 
such as 3333, where the same figure is used throughout, 
the values expressed by the threes vary greatly. For every 
place a three is moved toward the left, its value is increased 
ten times; and as we pass from left toward the right, each 
three has one-tenth the value of the one to the left of it. 
Since the above relations hold when we pass to the right of 
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the place representing units, we have the following relative 
values of the places: 
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33. Reading numbers.—The whole number 23,676 is read 
twenty-three thousand six hundred seventy-six. It should 
‘be noticed that no word ‘‘and”’ is used in reading a whole 
number. 
A decimal is read like a whole number ex¢éept that the name 
of the right-hand place is added. 


For example, the number 0.7657 is read, seven thousand six hundred 
fifty-seven ten-thousandths. 


When a whole number and a decimal fraction are written 
together the word ‘“‘and” is used between the two parts in 


reading. 


Thus, 73.2658 is read, seventy-three and two thousand six hundred 
fifty-eight ten-thousandths. 


Where one person is reading numbers for another to write, : 
it is not customary to proceed in the above manner. 


Thus, the number 23.6785 may be read twenty-three, point, sixty: 
seven, eighty-five. Or we may read it, two, three, point, six, seven, 
eight, five. 

EXERCISES 10 


Write the following in figures: 

1. Three hundred fifty-six ten-thousandths. 

. Two hundred fifty-six and twenty-three thousandths. 

One hundred fifty-five millionths. 

. Four hundred fifty-six thousandths. 

. Four hundred and fifty-six thousandths. 

Three hundred twenty-five and twenty-five ten-thousandths. 


Op oO PO 
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Read the following: 


7. 23.462. 11. 1200.3604. 
8. 2003.203. 12. 10,101.2301. 
9. 0.4256. 13. 5867.0067. 
10. 4200.0056. 14. 10,000.0001. 


34. Reduction of a common fraction to a decimal fraction.— 
A decimal fraction differs from a common fraction only in 
having 1 with a certain number of ciphers annexed for the 
denominator. The common fraction can then be changed to 
a decimal by reducing it to a fraction having 1 with ciphers 
for a denominator. 

It is evident from the method of reducing a common fraction 
to one with a different denominator, that a common fraction 
can be changed to a decimal only when its denominator is con- 
tained an exact number of times in 10,100,1000, or 10000, etc. 


Thus, ? =3's or 0.4, and, #% =70%v0's or 0.5625, but # cannot be expressed 
exactly as a decimal because 7 is not exactly contained in 10, 100, or 
J000, etc. 


To reduce a common fraction to a decimal proceed as 
follows: 

Rute. Annex ciphers to the numerator and divide by the 
denominator. Place the decimal point so as to make as many 
decimal places in the result as there were ciphers annexed. 


Thus, {=0.875, Process. 8)7.000 
0.875 
and #=0.2857+ Process. 7)2.0000 
0.2857 + 


The sign, +, placed after the number indicates that there 
are still other figures if the division is carried further. 

A common fraction in its lowest terms will reduce to an 
exact decimal only when its denominator contains no other 
prime factors than 2 and 5. 

Thus, 2% reduces to an exact decimal for 64 is made up of 2X2 2x 
2x22, while 7% cannot be reduced to an exact decimal for its de- 
nominator contains the factor 3. 

35. Decimal fraction to common fraction.—To change a 
decimal fraction to a common fraction proceed as follows. 
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Rute. Replace the decimal point by a denominator having 
1 and as many ciphers as there are decimal places in the original 
fraction. (See Art. 32.) 


Thus, 2.375={§35, which may be written as a mixed number, 
2007 = 23. 
EXERCISES 11 
Reduce the following to decimals: 
1. 3§- 2. 3. 3. 4. 
4. 281, 5. 213%. 6. 624322. 
Reduce the following to common fractions or mixed numbers in their 
lowest terms: 
7. 0.440. 8. 0.98. 9. 0.03125. 
10. 0.00096. 11. 14.06225. 12. 42.030125. 
13. Reduce the following decimals of an inch to common fractions 
in their lowest terms: 0.375; 0.359375; 0.28125; 0.171875; 0.078125. 
Ans. $5 84) 335 84; ty 
_ 14. Express the following in their simplest common fractional form: 
3.042; 0.002; 0.284; 0.7142; 0.4843; 0.874. Ans. 3253 sha; 35 $3 3 F. 
5 ; 3 ge 8 y 
Suggestion. .042 =T00 = 100 = 28 = 382e5° 


| 


15. Change the following per cents to their simplest common fractional 
forms: 873%; 1333%; $%; 1853%; 1.853%; 2.2148%. 
Ans. $3 $5 rio; 195 foo; 188 b0- 
16. Tell without trial which of the following common fractions will 
reduce to exact decimals: $5 #33 7’55 495 x63 53 ru's3 a’v0) 835 85 OE. 
17. Change the following decimals of an inch to the nearest 64ths of 
an inch: 0.394; 0.709; 1.416; 1.89. 


OB AR el Vara BT 
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36. Addition of decimals.—Ruir. Write the numbers so 
that the decimal points are under each other. Add as in whole 
numbers, and place the decimal point in the sum under the other 
decimal points. 

Example. Add 36.036, 7.004, 0.00236, 427, 723.0026. 

36.036 
7.004 
0.00236 


427. 
723.0026 


1193.04496 Ans. 


37. Subtraction of decimals.—Rute. Write the numbers 
so that the decimal points are under each other; subtract as in 
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whole numbers, and place the decimal point of the remainder 
under the other decimal points. 
Example. Subtract 46.8324 from 487.421. 


437.421 
46.8324 


390.5886 Ans. 
38. Multiplication of decimals.—Ruun. Multiply as in 
whole numbers, and point off as many decimal places in the 
product as the sum of the numbers of the places in the factors. 


Example 1. Example 2. 
Multiply 7.32 by 0.032. Multiply 0.00264 by 0.000314. 
7.32 0.00264 : 
0.032 0.000314 
1464 1056 
2196 264 
0.23424 Ans. 792 


0.06000082896 Ans. 


Multiplying a whole number or a decimal by 0.1 moves the 
decimal point one place to the left; by 0.01, two places; by 
0.001, three places; etc. Jf it is necessary, zeros are prefixed 
to the multiplicaud. 

Thus, 32.4 x 0.0001 = 0.00324. 

Multiplying by 10, 100, 1000, etc., moves the decimal point 
1, 2, 3, etc., places to the right. 

39. Division of decimals.—Rvuux. If the number of decimal 
places in the dividend is less than the number in the divisor, annex 
ciphers to the dividend till there are as many or more decimal 
places as in the divisor. Divide as in whole numbers, and point 
off as many decimal places in the quotient as there are more 
decimal places in the dividend than in the divisor. 


Example 1. Example 2. 
Divide 0.43875 by 0.125. Divide 4365 by 0.005. 
0.4375)|0.125 0.005)4365.000 
375 | 3.5 Ans. 873,000 Ans. 
625 
625 


Dividing by 0.1, 0.01, 0.001, etce., moves the decimal point 
1, 2, 3, etc., places to the right. Dividing by 10, 100, 1000, 
etc., moves the decimal point 1, 2, 3, etc., places to the left. 
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40. Accuracy of results.—Often we are asked to give a result 
correct to a certain number of decimal places. Thus, if in 
working a problem we have a result as 47.264735, and wish to 
write it correct to three places, it is 47.265—. Correct to two 
places, it is 47.26+, correct to one place, 47.3—, comet to 
five places 47.26474—. 

The last place taken is written one larger when the next 
figure to the right is 5 or more. 

The part to the right of the last place taken is thrown away 
when the first figure of it is less than 5. 

In this way we call a half or more of the last unit taken, a 
whole one of those units, and throw away anything less than 
a half. 

The sign, +, is used to show that the accurate result is 
larger than the one given, that is, that something has been 
_ thrown away; and the sign, —, is used to show that the accu- 
rate result is smaller than the one given, that is, that something 
has been added. 


EXERCISES 12 
Add up and test by adding down: 


1. 864.2 y+ 5.82 3. 49.235 
43.276 486 86.426 
21.004 41.987 92.784 
9824.246 987. 46.324 
47.02 201.478 33.867 
39.09 804.008 99.847 
wae ‘i 34.396 
4. 1841+172429' +14.672+34% =? Ans. 114.791+. 
6. 37.464493.274 +43.2906 + 0.0047 +17§ =? Ans. 241.2027 —. 
6. 8.706 +7.898 +432 +8955 +148 =? Ans. 163.833-+. 
7. 1—0.640726 =? Ans. 0.359274. 
8. 2—1.798642 =? Ans. 0.201358. 
9. 4.8728 —0.987 =? Ans. 3.8858. 
10. 75.0075 —2.75903 =? Ans. 72.24847. 
11. 476.84 —86.4396 = ? Ans. 390.4004. 
12. From one thousand take five-thousandths. Ans. 999.995. 


13. From three million and one-millionth take one-tenth. 
Ans. 2999999.900001. 
14. 78.896 — 53.5987 =? Ans. 25.2973. 
15. 81.35 —11.678956 =? Ans. 69.671044. 
16. From nine hundred nine take nine hundred and nine thousandths, 
Ans. 8.991, 
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17. From 37.753 take 4.438. Ans. 33.32125. 


18. 
ure has 67.200625 cu. in. 


One quart liquid measure has 57.75 cu. in., and 1 quart dry meas- 
How many cubic inches larger is the dry 


quart than the liquid quart? Ans. 9.450625. 
19. 3.62 0.0037 =? Ans. 0.013394. 
20. 2.53 X0.00635 =? Ans. 0.0160655. 
21. 0.00076 x 0.0015 =? Ans. 0.00000114. 
22. 7.789 X4.924=? Ans. 38.353--. 
23. 2.236 X799=? ; Ans. 1786.564. 
24. 2.967 2.967 =? Ans. 8.803+. 
25. 8.9438 X12=? Ans. 14.905. 
Why would it be best not to reduce Process. 

12 to a decimal before multiplying? 8.943 


The multiplication can be carried out 


13 


readily as shown here, the process is as if 929981 =} of 8943 


the multiplicand were a whole number. 


26. 2.433 X9.53 =? 

27. 0.0439 X493 =? 

28. ¢X3.1416 X7.1X7.1X7.1=? 
29. 9.3 <0.0042 0.0027 =? 

30. 49367 < 0.0021 < 0.0094 = ? 
31. 0.83 X9* X0.3375 =? 


5 962 =3 of 8943 
8943 =1 X 8943 


14.905 =13 X8.943 


Ans. 23.218 —. 
Ans. 2.1657+. 
Ans. 1499.2176—. 
Ans. 0.000105+. 
Ans. 0.9745+. 
Ans. 2.7781-+. 


32. Multiply 32 thousandths by 3 hundredths. 


Ans. 0.0001406 +. 


33. 1 kilogram equals 2.2046 pounds; how many pounds in 275.3 


kilograms? 


Ans. 606.926-++. 


34. Multiply each of the following numbers by 0.1, 0.01, 0.001, 0.0001, 
10, 100, 1000, 10,000: 94, 47.3868, 0.023, 3.42. 


35. 67.56785 + 0.035 = ? 
36. 0.567891 +8.2=? 


Ans. 1930.51. 
Ans. 0.069255. 


37. Divide 43.769 by 4.76 correct to four places. 


Process. 
43.769000/4.76 
4284 9.1951 


929 
Explanation. Since the quotient is to 476 Ans. ts 9.1952—. 
be correct to four places, the dividend “4530 
must contain four more decimal places 
sets 4284 
than the divisor. Three zeros are added 7 
to make this number. Since the fifth a 
decimal figure in the quotient is not less eee 
than 5, the answer is 9.1952 —, 800 
476 
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In the next 5 exercises, find the result correct to four decimal places. 


38. 9.3875 +4.76 =? Ans. 1.9695-+. 
39. 89.7201 +3.276 =? Ans, 27.3871 —. 
40. 34.675 +4.375 = Ans. 7.9257 +. 
41. 43.45 +3.1416=? Ans. 13.8305-+. 
42. 3.1416 +6.67 =? Ans. 0.4710+. 


43. Divide 324.8 by 4000. 
Explanation. Cancel the zeros in the divisor. 


Since this divides the divisor by 1000, the dividend Process. 
must be divided by 1000, this is done by moving the 4000)0.3248 
decimal point three places to the left. 0.0812 


44. (a) 25+500 
(d) 1.44 +12,000 
45. (a) 1+0.0001 


(b) 2+2000 
(e) 3.075 +5000 
(b) 0.66 +0.011 


(c) 9009 + 11,000 
(f) 5684-+14,000 
(c) 525 +0.025 


(d) 0.00072 +8 (e) 6600 +0.0022 (f) 3.03 +0.03 
46. Divide 3.1416 X1.25 X50 by 0.8 X2.75 X3. 
Explanation. The cancelling may Process. 


be done as in whole numbers, paying 119 


-no attention to the decimal point. 1309 
When through, point off as many DOD 2H 
places in the result as the difference D.JAIOX 1. a5 x50 


between the sum of those above and = 29.750. 


the sum of. those below the line. 
Thus, in the example there are six 
places above and three below the line; hence, the result has three decimal 
‘places. If there are more places below than above, add ciphers until 
there are as many above as below. 
Find the value of the following: 
2.75 X46.2 K 100 


OBXZMBX B 
71 


47. 95X28 to units. Ans. 1815. 

48. 0 BE OX to three places. Ans. 125.664. 
6.40.84 9.6 K 1.44 

49. 8x9.2X1.28 to three places. Ans. 0.789 —. 
0.7854 X6 X6 K 12.5 K1728 

50. 931X315 to two places. Ans. 83.93-+. 
8.5 X9.25 X3.66 XK 1728 

61. 2150.42 to two places. Ans. 231.24—. 


52. What is the inside diameter of a pipe 
which is 7.34 in. outside diameter and is made 
of iron 0.748 in. thick? Ans. 5.854 in. 

63. A hundred pounds of coke were found 
to contain 5.79 Ib. of ash and 0.597 Ib. of 
sulphur, the rest was carbon. How much 
carbon was there? Ans. 93.613 lb. 

64. A steam pump delivers 26.44 gallons 
per stroke. A gallon of water weighs 8.355 
lb. What weight of water will it deliver in Fyq, 
317 strokes? Ats. 25,846 lb. 


8.—Cross section 
of pipe. 
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55. In 1 lb. of phosphor bronze 0.925 is copper, 0.07 is tin, and 0.005 
is phosphorus. How much of each is there in 369.523 pounds of phosphor 
bronze? Ans. 341.8088 — ; 25.8666 +; 1.8476-+ lb. 

56. A certain paper weighs 68 lb. per ream of 500 sheets. If the 
paper costs 5% cents per pound, how much will 23%; reams cost? 

Ans. $8.41. 

57. Manganese bronze contains the following: copper 0.89, tin 0.1, 
manganese 0.01. How much of each metal is there in a propeller weigh- 
ing 23783 lb.? Ans. 2117.16+3 237.88+-; 23.79 — lb. 

pl 

58. Add ze and 7 divide the result by 742, and change the quotient 
to a decimal. Ans. 0.125. 

59. From 34, X2% subtract the product of 0.075 and 14, divide the re- 
mainder by 12, and change the result to a decimal. Ans. 0.0375. 
(3.2 +0.004 —1.111) X0.25 


60. Simplify (4+ 0.2) 17.907 Ans. 0.25. 
61. Simplify (13-+13 —0.024) + (153 —1.209). Ans. 0.214+. 
alee Dias 
62. Simplify SS Ans. 0.0005128-+. 
its Seryhe Se EES Ans. 6.405-+. 
2-335 
(201 -+2.25 x 0.004) + (1.0337 —31.09 X0.03) 


64. Simplify 


4.5 +960 
Ans. 424,573.5—. 
65. How many lengths each 6.0275 of a foot are contained in 27.2375 
ftar Ans. 990.45+. 
66. The expenditures of the British Naval Service were as follows: 
for the year 1906-7, £31,472,087; for the year 1907-8, £31,251,156; 
express these sums to the nearest dollar if £1 =$4.8665. 
Ans. $153,158,911; $152,083,751. 
67. A wood dealer charged $33.62 for a pile of wood containing 73 
cords. What error did the dealer make if wood was worth $4.25 a cord? 
Ans. $0.68. 
68. If a circle is 3.1416 times as far around as through it, find the 
number of feet around a cart wheel 3.75 ft. through. Find the distance 
around the earth if the diameter is 7918 miles. 
Ans, 11.781; 24,875-+ miles. 
69. Find the value of: 


27,750 shingles at $4.25 per thousand. Ans. $117.94. 
47,256 ft. of lumber at $45 per thousand. Ans. $2126.52. 
126,450 bricks at $7.75 per thousand. Ans. $979.99. 
45,350 ft. of gas at $0.85 per thousand. Ans. $38.55, 


70. What is the cost of carbon-steel rails to lay 6 miles of street car 
track, if the rails weigh 129 lb. per yard, and cost $28 per ton. (1 mile = 
1760 yd.) Ans. $38,142.72. 

71. It has been determined by experiment that each square foot of 
steam radiation will give off to the surrounding air about 3 heat units 
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per hour per degree difference between the air in the room and the steam 
radiator. If the temperature of the radiator is 212° and that of the room 
70°, how many heat units will be given off per hour on 24,000 sq. ft. of 
radiating surface? How many pounds of coal will it take to make this 
steam if 1 lb. of coal contains 10,000 heat units? 

Ans. 10,224,000; 1022.4. 

72. Nickel steel will stand a pull of about 90,000 lb. per square inch 
in cross section. What pull will & bar 0.786 in. wide and 0.237 in. thick 
stand? Ans. 16,765-+ lb. 

Suggestion. The area of the cross section is found by multiplying 
0.786 by 0.237. 

73. The composition of white metal as used in the Navy Department 
is as follows: tin 7.6 parts, copper 2.3 parts, zine 83.3 parts, antimony 
3.8 parts, and lead 30 parts. Find the number of pounds of each in 
635 Ib. of the white metal. 

Ans. tin 38; copper 11.5; zinc 416.5; antimony 19; lead 150. 
Suggestion. Adding 7.6+2.3+83.3+3.8+30=127 =whole number of 
parts. 

635 +127 =5 = number of pounds for each part. 

Multiply 5 lb. by number of parts of each. 

74, In 1909 the number of horses in the United States was 20,640,000. 
They were valued at $1,974,052,000. Find the average price per head. 

Ans. $95.64-+. 

75. A reamer that is 6 in. long is 1.2755 in. in diameter at the small 
end, and 1.4375 in. at the larger end. Find the taper per foot. (The 
taper per foot means the decrease in diameter per foot of length.) 

Ans. 0.324 in. 

76. A creditor receives $0.76 on each dollar due him. If he loses 
$326.40, how much was due him? What would he have received if 
$7642 had been due him? Ans. $1360; $5807.92. 

77. It cost, for labor and materials, $38,692.38 to construct 7500 ft. 
of car track. What was the average cost per foot? What would be the 
cost for 100 miles at the same rate? (1 mile =5280 ft.) 

Ans. $5.159 —; $2,723,943.55. 

78. During 1908 the Daly-West mine marketed 12,760 tons of crude 
ore; containing 2,683,830 lb. of lead; 343,376 Ib. of copper; 454,149 oz. 
of silver; and 441.86 oz. of gold. Find its value if lead is worth 3.925 
cents per pound; copper 13.208 cents per pound; silver 52.864 cents per 


ounce; and gold $18.842 per ounce. Ans. $399,100.28. 
79. One cubic foot of water weighs 62.5 lb.; find the volume of 1 Ib. of 

water. Of 23 lb. Ans. 0.016 cu. ft.; 0.868 cu. ft. 
80. One cubic foot of ice weighs 57.5 Ib.; find the volume of 1 Ib. of ice. 

- Of 49.3 lb. Ans. 0.0174— cu. ft.; 0.857-++ cu. ft. 
81. How many times as heavy as ice is water? How many times as 

heavy as water is ice? Ans. 1.087 —; 0.92. 


82. If the fire under a steam boiler requires 3 Ib. of coal per horse- 
power per hour, find the cost of coal at $3.75 a ton to run a 160 horse- 
power boiler for 30 days of 10 hours each. Ans. $270. 
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83. A column of water 2.302 ft. high gives a pressure at the base of 1 
lb. per square inch. Find the height of a column of water to give a 
pressure of 256.3 lb. per square inch. Find the pressure per square inch 
of a column of water 1 ft. high. A column 237.4 ft. high. 

Ans. 590.0+ ft.; 0.4344+ Ib.; 103.1-++ lb. 

84. The Auditorium Building in Chicago has a cubic content of 
9,128,744 cu. ft., and cost 36 cents per cubic foot. Find the total cost. 

: Ans. $3,286,347.84. 

85. Using U. S. standard, the gage and thickness for sheet steel is as 
follows: No. 00, 0.34375 in.; No. 2, 0.265625 in.; No. 4, 0.234375 in.; 
No. 7, 0.1875 in.; No. 13, 0.09375 in.; No. 28, 0.015625 in. Find the 
approximate thickness of each in a common fraction of an inch having 


} oi Sk Rae 5 3 3 1 
8, 16, 32, or 64 for a denominator. Ans. #4, 4, 4, 34, &, &. 


86. If it costs $106.50 per day to run a gang of men and a rock crusher 
giving a daily output of 200 cu. yd. of crushed rock, find the cost per 
cubic yard. Ans. $0.5325. 

87. In building a certain canal lock 2140 cu. yd. of concrete were used. 
It cost $1.77 a cubic yard for mixing and placing the concrete. The 
material for the concrete was as follows: 

3010 barrels of cement, at $3.02, 

1377 cu. yd. of broken stone at $1.37, 
393 cu. yd. of screened pebbles at $0.90, 
459 cu. yd. of gravel at $0.67, 

500 cu. yd. of sand at $1.78. 

Find the cost of the concrete work. Ans. $16,315.72. 

88. In building a concrete viaduct containing 2111 cu. yd., the total 
cost was 1908 barrels of cement at $1.60; 1105 cu. yd. of sand at $1.95; 
1468 cu. yd. of stone at $1.48; lumber for forms $1140; tools, hardware, 
etc., $527.75; water $63.00; labor $7262. Find the average cost per 
cubic yard of concrete. Ans. $7.756+ 

89. Number 8 (B. & S.) gage sheet steel is 0.1285 in. thick and weighs 
5.22 Ib. per square foot. (1) Find the thickness of a pile of 56 such 
sheets. (2) Find the nearest whole number of sheets to make a pile 1 
ft. thick. (8) Find the weight of this number of sheets if each sheet has 
4 sq. ft. Ans. 7.196 in.; 98; 1941.8+ Ib. 

90. Number 25 (B. & 8.) gage sheet copper is 0.0179 in. thick and 
weighs 0.811 lb. per square foot. Answer the same questions as in 
exercise 89, Ans. 1.0024 in.; 670; 2173.5 — lb. 

91. An iron chain made of 1%-in. round iron has a breaking strain of 
88,301 Ib. If the chain weighs 17.5 lb. per foot, how long would the 
chain have to be to break of its own weight if suspended from one end? 

Ans. 5046 — ft. 

92. Answer the same question as in exercise 91 for a chain made of 
ys-in. round iron, the chain weighing 0.904 lb. per foot and breaking 
under a strain of 4794 lb. Ans. 5303+ ft. 

93. How much must be paid for 1600 ft. of steel bar weighing 1.87 lb. 
per foot and costing $4.65 per hundred pounds? Ans. $139.13. 
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94. If a steol tape expands 0.00016 in. for every inch when heated, 
how much will a tape 100 ft. long expand? 

95. A round piece of work being turned in a lathe is ie 4275 in. in 
diameter. What is the diameter after a cut ¢; in. deep is taken in the 
work? Ans. 1.39625 in. 

96. The inside diameter of a steam cylinder before boring was 26 in. 
The diameter after boring was 26.3125 in. How deep a cut was taken in ~ 
boring? In boring, 20 turns were made in a minute. How long woule. 
it take to bore a distance of 28 in. if the feed was ~ 0625 in.? 

Ans. 2 in.; 22.4 minutes. 

97. Under a load of 325 lb. a wire 112 in. long and 0.09074 in. in 
diameter lengthened 0.265 in. What was the stretch per foot to four 
decimal places? Ans. 0.0284 in. 

Lene In mixing a quantity of concrete using 1 part Portland cement, 

1 parts of sand, 3 parts of gravel, and 5 parts of broken stone, it was 
Band that 1 barrel of cement averaged 1.18 cu. yd. of concrete. If a 
barrel of cement contains 34 cu. ft., how many cubic feet of material were 
put into one cubic yard of Ggucrste’ Explain how this could be. 

Ans. 36.55 cu. ft. 


Fia. 9. 


41. Proportions of machine screw heads. ALS. M.7E, 
standard.—In the following four problems are given the 
four standard heads. The proportions are based on and 
include the diameter of the screw, diameter and thickness 
of the head, width and depth of the slot, radius for round 
and fillister heads, and included angle of flat-headed screw. 


(1) Oval fillister head machine screws. 

A =diameter of body. 

B=1.64A — 0.009=diameter of head and radius of oval. 
C=0.66A — 0.002 =height of side. 

D=0.173A +0.015 =width of slot. 

E =43F =depth of slot. 

F =0.134B+C =height of head. 

4 


50 PRACTICAL MATHEMATICS 


99. Given the values of A find those of B, C, D, E, and F. 


A B Cc D E F 
0.216 0.3452 0.1406 0.052 0.093 0.1868 
0.398 0.64387 0.2607 0.084 0.173 0.3469 
0.450 0.729 0.295- 0.093 0.196 0.3927 


Suggestion. The values of B, C, D, HE, and F are to be found from the 
given value of A. 


B=1.64 X0.216 — 0.009 = 0.3452. 
C =0.66 X0.216 — 0.002 = 0.1406. 


(2) Flat fillister head machine screws. 

A =diameter of body. 

B=1.64A —0.009 =diameter of head. 

C=0.66A —0.002 =height of head. 

D=0.173A +0.015 =width of slot. 

E=}C =depth of slot. 
100. Given the values of A find those of B, C, D, and E. 

A B ¢ D E 
ORT? 0.1747 0.0719 0.034 0.036 


0.177 0.2813 0.1148 0.046 0.057 
0.320 0.5158 0.2092 0.070 0.105 


(3) Flat head machine screws. 
A =diameter of body. 
B=2A —0.008 =diameter of head. 
—0.008 
(e pee =depth of head. 
D=0.173A +0.015 =width of slot. 
EL =4C =depth of slot. 


101. Given the values of A find those of B, C, D, and E. 
A B (C! D E 

0.086 0.164 0.045 0.030 0.015 

0.242 0.476 0.135 0.057 0.045 

0.372 0.736 0.209 0.079 0.070 
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(4) Round head machine screws. 
A =diameter of body. 
B=1.85A —0.005 =diameter of head. 
C=0.7A =height of head. 
D=0.173A +0.015 =width of slot. 
E=3C-+0.01 =depth of slot. 


82 Deg, _ 


102. Given the values of A find those of B, C, D, and E. 
A B ¢ D E 
0.073 0.130 0.051 0.028 0.035 
0.164 0.298 0.115 0.043 0.067 
0 398 0.731 0.279 0.084 0.149 
103. The formula for determining the number of threads per inch on 
machine screws 1s 
By bso 
~ A-+0.02’ 
where N is the number of threads per inch, and A the diameter of the 
screw. 
Compute the number of threads per inch for machine screws of the 
following diameters: 0.242, 0.398, 0.450, 0.5638, 0.750. In each case 
give the answer to the nearest whole number. 


N 


Ans. 25; 16; 14; 11; 8. 


CHAPTER LY 
SHORT METHODS AND CHECKS 


42. Contracted methods and approximate results.— As 
a rule the practical man does not need a large number of 
decimal places. The results of all measurements are at best 
only an approximation of the truth. The accuracy depends 
upon the instruments, the method used, and upon the thing 
measured. All that is necessary is to be sure that the magni- 
tude of the error is small compared with the quantity meas- 
ured. It is clear that in a dimension of several feet, a 
fraction of an inch would probably not make much difference; 
but if the dimension was small, such an error could not be 
allowed. 

The man in practical work uses instruments which are of 
such accuracy as to secure results suitable to his purpose. If 
he requires measurements accurate to 0,001 in., it is not neces- 
sary for him in a computation to carry his work to 0.00001 
in. A good rule to go by is not to calculate to more than 
one more decimal place than measurements are made. 

Thus, if a measurement of 3.265 in. is made, and it is to 
be multiplied by 3.1416, it is not necessary to multiply in 
the usual way, as then there would be seven decimal places, 
while the measurement was accurate to only three places. 
If the multiplication is performed by multiplying first by 
the left-hand figure of the multiplier, and then passing toward 
the right, we have the following forms: 


Form in full. Contracted form. 
3.265 3.265 
3.1416 3.1416 
9795 9795 
3265 3265 
13060 1306 
3265 32 
19590 19 
10.2573240 10.2572 
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It will be noticed that one more decimal place is retained 
than the desired number. 

In a similar manner, division can be contracted. Suppose 
it is required to divide 0.04267 by 3.278, and secure an answer 
correct to four significant figures. 

The division in the full and contracted forms is as follows’ 


0.042670000) 3.278 | 0.042670| 3.278 
3278 0.013017 3278 |0.013017 
9890 9890 
9834 9834 

5600 56 
3278 22 
23220 24 
22946 22 

274 2 


Hence the result correct to four significant figures is 
0.01302—. 

It is easy to follow the method in obtaining the above, but 
it is hardly worth spending time upon unless one is to do much 
computing of this kind. 


EXERCISES 13 


Solve the following by contracted forms: 
1. 3.14159 3.14159 correct to four decimal places. 


Ans. 9.8696. 
2. 9,376,245 +3724 correct to the unit’s place. Ans. 2518. 
3. 100 +3.14159 correct to 0.01. Ans. 31.88. 
4. 87,659,734 +5467 correct to five significant figures. 

Ans. 16,034. 
5. 45.8636 X 26.4356 correct to five significant figures. 

Ans. 1212.4. 
6. 6.234 X0.05473 correct to four significant figures. 

Ans. 0.3412. 


7. 4.326 X0.003457 correct to five significant figures. 
Ans. 0.014955. 


43. Other methods.—Numerous short methods in multi- 
plication and division can be given. A few of the most useful 
ones are given here. If benefit is to be derived from them, 
they must be very carefully fixed in mind, and used whenever 


occasion arises. 
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(1) To multiply a number by 5, 50, 500, etc., multiply by 
10, 100, 1000, etc., and divide by 2. 
Why will this give the result? 


Example. 7856 X50 = 785600 + 2 =392800. Ans. 


Multiply the following without using the pencil: 


76 X50 432 X 50 5.5 X5 
96 X5 768 X 500 4.35 X50 
88 X 500 47 X50 79.2 X 5000 


(2) To multiply by 25, 250, etc., multiply by 100, 1000, 
etc., and divide by 4. 

Why will this give the result? 

Example. 32X250=32000+4=8000. Ans. 

Multiply the following without using the pencil: 


256 X25 8956 X 25 728 X 250 
74.92 X 250 492 X 2500 942.3 X 2500 


(3) To multiply a number by 125, multiply by 1000 and 
divide by 8. 

Why will this give the result? 

Hzample. 848X125 =848000 +8 = 106000. Ans. 

Multiply the following: 
920X125 4.76 X125 72.88 X125 55.5 X 125 

(4) To multiply a number by 334, 162, 124, 84, or 6, multiply 
by 100 and divide by 3, 6, 8, 12, or 16. 

EKzample. 84X84=8400+12=700. Ans. 

Multiply the following: 


48 334 42.6 X 163 323 X16} 418 x84 
96 X 124 3.97 X83 334X333 19§ X64 
72 X64 4.76 X334 98.76 X 165 273 X123 


This rule can be used easily in multiplying a number by 374, 623, 
874, 834, and other fractional parts of 100 or 1000. 
Multiply the following: 


24X62} 35 X 3334 423 X62 
32 X 874 4763 X 625 713X373 
36 X 833 672 X 625 47% X 3334 
64 X37} 272X873 363 X 833 


(5) To multiply a number ending in 4, as 24, 43, 113, by 
uself, multiply the whole number by the whole number plus 
1 and add } to the product. 
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Examples. 84X83=8X9+4=72%. Ans. 
114 X114=1112+4=132%. Ans. 
The reason may be shown as follows: 
34X33 =3X343X34+3 X3t4 x4. 
But 3 X3+4X3=1%X3 and 3X3 =#. 
Hence 34 X34 =3 X44+4=12}. 
Multiply the following: 


53 X53 123X123 203 X 205 183 X18} 
74X73 145X143 253 X 255 1503 X 1503 
93 X93 163X163 403 X403 593 X595 


Putting in the decimal form, we have 
84 X83 =8.5 X8.5 =72.25. 
Now removing the decimal point, we have 


85 X85 =7225. 
Multiply the following: 
_ 1.5X7.5 135 X135 505 X 505 
12.5 X12.5 95 X95 615 X615 
11.5X11.5 155 X155 925 X925 


(6) Divisions. By using the inverse operations to those 
given in the preceding rules, we may divide by 30%, 163, 
124, 125, 250, 83, etc. 

Make the rules for divisions. 

84+124=84+100X8=6. 72. 

9+162=9+100 X6=0.54 

32+125=32+1000 X8=0. 256. 

450+ 614 =450+ 100 X16 =72. 

23 + 250 = 23 + 1000 X4 =0. 092. 

The multiplications in such problems can usually be per- 
formed without using the pencil. 


Divide the following: 


800 +124 "492 +162 720 +84 
37.6 +250 923 +33} 783 +123 
7.62 +124 436 +34 7.29 +125 
927 +3334 43.9 +250 8927 +1662 


44, Checking.—No check can be made that is absolutely 
certain to detect an error, but there are many very useful 
devices for checking the accuracy of the work. 

(1) Addition. A simple way to check addition is to re-add, 
taking the figures in some other order. Add first up and then 
down, is very satisfactory. 
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(2) Subtraction. An error in a subtraction will generally 
be detected by adding the remainder to the subtrahend. 
If this gives the minuend the work is correct. 


Example. Minuend 37249 
Subtrahend 18496 


Remainder 18753 
37249 = subtrahend+remainder. 

(3) Multiplication. A good way to check multiplication 
is to interchange the multiplicand and multiplier and multiply 
again. 

A very convenient and quick method is to proceed as 
follows: 

(a) Add the digits in the multiplicand. If this sum has 
more than one digit, add these. Continue till a number of 
one digit is found. 

(b) Add the digits of the multiplier as directed in (a). 

(c) Multiply together the numbers obtained in (a) and (6), 
and add digits till a number of one digit is found. 

(d) Add digits of product as directed in (a). 

(e) Compare results of (c) and (d). If they are the same 
the work checks. 


Check. Example. 

Summing digits as directed 34768 Multiplicand 
in (a), 492 Multiplier 
for multiplicand gives 1, for 69536 
multiplier gives 6, 6X1=6. 312912 
Sum of digits from product 139072 
gives 6. Since this is the same 17105856 Product 
as obtained before, the work is 


checked. 


(4) Division. Division can be checked by multiplying 
the divisor by the quotient and then adding the remainder. 
The result should be the dividend. 

A quicker way to check is to add the digits as directed 
for checking multiplication: (a) the dividend; (6) the divisor; 
(c) the quotient; (d) the remainder. Multiply the results 
in (b) and (c), add the result in (d), and then add the digits 
in this result which should give the same as the result of (a) 
if the work is correct, 
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Check. Example. 


Dividend 4923567'476 Divisor 
(a) Sum of digits, dividend 9, 476 10343 Quotient 


(b) sum of digits, divisor 8, 1635 
(c) sum of digits, quotient 2, 1428 
(d) sum of digits, remainder 2. 2076 
8X2+2=18. ae 
Sum of digits of 18=9, which 1428 
is the same as the sum in  BOG0eRe aac: 


(a) and so checks the work. 


The preceding rules apply as well to decimals as to whole 
numbers, but do not check the position of the decimal point. 


EXERCISES 14 


First multiply then divide the following and check as directed in the 
* preceding article. 


1. 435678 by 4537. 6. 456.78 by 45.32. 
2. 980765 by 789. 7. 1230.8 by 3.876. 
3. 60385 by 4327. 8. 32418 by 8.098. 
4. 342153 by 7651. 9. 4.6543 by 1.0876. 
5. 45.654 by 345. 10. 32.654 by 7.547, 


CHAPTER V 
WEIGHTS AND MEASURES 


45. English system.—The English system of weights and 
measures is the one in common use in the United States. The 
most used tables and equivalents of this system follow. The 
problems which are given later are inserted as material for 
review of work which it is supposed the student has done 
previously. Suggestions on solutions are given for some of the 
exercises that follow but no general methods are given as to 
how to solve such exercises. 


(1) Measures of time. 
60 seconds (sec.) =1 minute (min.) 


60 minutes =1 hour (hr.) 

24 hours =1 day (da.) 
365 days =1 common year (yr.) 
366 days ~* =1 leap year. 


(2) Measures of length. 
12 inches (in. or ’’) =1 foot (ft. or ’) 


3 feet =1 yard (yd.) 
% yards =1 rod (rd.) 
320 rods =1 mile (mi.) 
5280 feet =1 mile. 
1760 yards =1 mile. 


(3) Measures of area. 
144 square inches (sq. in. or in.?) =1 square foot (sq. ft. or ft.?) 


9 square feet =1 square yard (sq. yd. or yd.2) 
30% square yards =1 square rod (sq. rd. or rd.?) 
160 square rods =1 acre (A.) 

640 acres =1 square mile (sq. mi.) 


(4) Measures of volume. 
1728 cubic inches (cu. in. or in.’) =1 cubie foot (cu. ft. or ft.°) 
27 cubie feet =1 cubic yard (cu. yd. or yd.°) 
128 cubic feet =1 cord (ed.) 
(5) Liquid measures. 
2 pints (pt.) =1 quart (qt.) 
4 quarts =1 gallon (gal.) 
314 gallons =1 barrel (bbl.) 
231 cubic inches=1 gallon. 
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(6) Dry measures. 


2 pints (pt.) =1 quart (qt.) 
8 quarts =1 peck (pk.) 
4 pecks =1 bushel (bu.) 


2150.42 cubic inches = 1 bushel. 

It should be carefully noted that dry and liquid measures are very 
different. For instance, 4 quarts in liquid measure contain 231 cu. in., 
while in dry measure they contain 268.8 cu. in. nearly. 

(7) Measures of weight (Avoirdupois). 

7000 grains (gr.) =1 pound (lb.) 


16 ounces (oz.) =1 pound. 

100 pounds =1 hundred weight (cwt.) 
2000 pounds =1 ton (T.) 

2240 pounds =1 long ton. 


In practice it is customary to consider 1 cu. ft. cf water as 62.5 lb. or 
1000 oz. (See Table II.) 


EXERCISES 15 


1. Reduce 27 yd. 2 ft. 11 in. to inches. Ans. 1007 in. 
2. Reduce 18 hr. 20 min. 35 sec. to seconds. Ans. 66,035 sec. 
3. Reduce 4 T. 7 cwt. 35 lb. 9 oz. to ounces. Ans. 139,769 oz. 
4. Reduce 8 bu. 3 pk. 7 qt. 1 pt. to pints. Ans. 575 pt. 
5. Reduce 8 A. 25 sq. rd. 4 sq. yd. to square yards. 

Ans. 39,4801 sq. yd. 
6. Reduce 5937 sq. in. to higher denominations. 


Ans. 4 yd.? 5 ft.? 33 in.? 


Suggestion. First divide 5937 by 144, the number of square inches in a 
square foot. The quotient is the number of square feet and the re- 
mainder is square inches. 

Then divide by the number of square feet in one square yard. 


7. Multiply 12 cu. yd. 15 eu. ft. 1115 cu. in. by 6. 
Ans. 75 yd.* 12 ft.3 1506 in.* 


8. How many iron rails each 30 ft. long will be required to lay a rail- 
road track 26 miles long? Ans. 9152. 

9. Find the value of a field 180 rods long and 947 rods wide, at $18.00 
per acre. Ans. $1913.625. 

10. Reduce 17 pints to the decimal of a gallon. Ans. 2.125 gal. 

11. How many steps does a man take in walking 2 mi. 76 rd. if he 
goes 2 ft. 8} in. each step? Ans. 4362.1 — 

Suggestion. Divide the total number of inches by the number of inches 
in one step. 


12. Find the weight of 1 gal. of water. 
Ans. 133.68+ oz. =8 lb. 5.68 oz. 


13. How many sacks each containing 2 bu. 1 pk. can be filled from a 
bin containing 245 bu.? Ans. 109 sacks nearly. 
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14. A large steamship will hold 75 barge loads of wheat at 8500 bu. 
to the barge. A freight car 40 ft. long will carry 950 bu. Find the 
length of a train carrying enough wheat to load the steamship, allowing 
2 ft. between cars. 

15. What decimal part of a foot is 7s in.? $in.? What decimal part 
of a yard is each? Ans. 0.0052-+; 0.03125; 0.00173 +; 0.010417 —. 

16. Reduce the following to decimal parts of a foot: (a) 1in., (b) 2 in., 
(c) 34 in., (d) 72 in. 

Ans. (a) 0.0833-+, (b) 0.1667 —, (c) 0.2917 —, (d) 0.61458-+. 

17. Reduce each in exercise 16 to a decimal part of a yard. 

Ans. (a) 0.02778 —, (b) 0.0556—, (c) 0.0972+, (d) 0.20486-+. 

18. Reduce the following to decimal parts of a pound avoirdupois: 
(a) 4 0z., (b) 13 02., (c) 3 o2., (d) 74 o2., (e) 18 o2., (f) 44 oz. 

Ans. (a) 0.046875, (b) 0.09375, (c) 0.1875, (d) 0.46875, 
(e) 0.8125, (f) 0.28125. 

19. Reduce 3.36 in. to a decimal fraction of a rod. 

Ans. 0.01697 — rd. 

20. Reduce a pressure of 22.5 lb. per square foot to ounces per square 


inch. Ans. 2.5 02. 
= ees 

Suggestion. The cancellation is aos = 2.5, 

21. What is the cost per hour for lighting a room with 68 burners each 
consuming 2} cu. in. per second, the price of gas being 85 cents per 
thousand cubic feet? Ans. 27.1— cents. 

22. A clock that gains 1 min. in 10 hr. is correct at Monday noon. 
What is the correct time when the clock registers noon on the following 


Monday? Ans, 43 min. 12 sec. past 11 a. m. 
23. How many feet per second are equivalent to 30 miles per hour? 
Ans. 44 ft. 


24. If sound travels at the rate of 1125 ft. per second, in what time 
would the report of a gun be heard when fired at a distance of 1.276 


miles? Ans. 5.989 — see. 
25. A train travels 316 miles in 10 hr. 34 min.; what distance will it 
travel in 27 hr. 17 min. at the same rate? Ans. 815.9+ mi. 


26. A tank holding 7 bbl. has 2 pipes opening from it; one empties out 
2 qt. in 5 sec., and the other 17 gal. per minute. How long will it take to 
empty the tank if both pipes are open? Ans. 9.587 — min. 

27. If it takes 4 qt. of oats for one feeding for a horse; how many 
bushels of oats will it take to feed 5 horses one year, giving them 2 feedings 
per day? Ans. 4564 bu. 

28. A carload of potatoes has a total weight of 55,600 lb. The car 
alone weighs 15,675 lb. How many bushels of potatoes in the carload 


if potatoes weigh 60 lb. per bushel? Ans. 665.41 bu. 
29. A tank that holds 25.6 bbl. will hold how many bushels? 
Ans. 86.62+. 


30. A bin that holds 13 bu. will hold how many gallons? 
Ans. 121.02 — gal. 
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31. How long would it take a cannon ball going at the rate of 1950 ft. 
per second to reach the sun, if the sun is distant 93,000,000 miles? 
Ans. 8 yr. nearly. 
32. Supposing the distance travelled by the earth about the sun to be 
596,440,000 miles per year, what is the average hourly distance travelled, 
taking the year to be 365} days? Find the average distance per second. 
Ans. 19 miles per second, nearly. 
33. Find the area in acres of a farm which is represented on paper as a 
rectangle 33 in. by 103 in. on a scale of 7¢ in. to the rod. 
. Ans. 63 acres. 
34. If 4 oz. of the white of egg is used in cleansing 50 gal. of wine, 
how many eggs will it take for 17 bbl. of wine? One egg contains 1.1 
oz. of white. Ans. 39 eggs. 
35. The total cost of making a cement walk 300 ft. long, 5 ft. wide, and 
6 in. thick, where the cement was hand mixed, was as follows: Foreman, 
8 hours; laborers, 120 hours at a cost of $53.20; cement, $86.00; gravel, 
$34.08. Find the total cost per square yard and per square foot. 
36. A farmer drew a load of potatoes to market for which he received 
- 76 cents a bushel. If the wagon and load weighed 3710 lb. and the 
empty wagon weighed 1150 lb., find what he received for the potatoes. 
60 lb. of potatoes make 1 bu. 
37. How many pounds of charcoal does it take to make 3 tons of gun- 
powder, if the powder is 75 sulphur, ¢ saltpeter, and the rest charcoal? 
Ans. 900. 
38. How many barrels of flour, 196 lb. each, does it take to run a 
bakery one week of 7 days if the output is 6000 loaves a day, and 
there are 94 oz. of flour in each loaf? Ans. 127 bbl. 45% Ib. 
39. (a) Find the number of cubic feet in a barrel to the nearest 0.001. 
(b) Find the number of cubic feet in a bushel to the nearest 0.00001. 
Ans. 4.211 cu. ft.; 1.24446 cu. ft. 
40. A new copper cent weighs 48 grains. How many pounds will $50 
in these weigh? Ans. 343 |b. 
41. One of the largest diamonds in the world weighs 3025% carats. 
How many pounds avoirdupois is this, correct to the nearest 0.0001? 


A carat is 3.168 grains. Ans. 1.3694 lb. 
42. If railroad ties are placed 18 in. apart from center to center, how 
many miles will 54,320 ties reach? Ans. 154¢ mi. 


43. How many rails, each 30 ft. in length, are used in laying two 
railroad tracks from New York to Chicago a distance of 870 mi.? Find 
the weight of these rails at 90 lb. per yard. 

Ans. 612,480 rails; 275,616 tons. 

44, Supposing the distance from the earth to the sun to be 91,713,000 
miles, and that the sun’s light reaches the earth in 8 min. 18 sec., what is 
the velocity of light per second? Ans. 184,163 miles nearly. 

45. The pressure of the atmosphere is 14.7 lb. per square inch. Find 
the pressure in pounds per square foot. Ans. 2116.8 lb. 
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46. A column of water how high will give a pressure of 1 lb. per square 
inch? } Ans. 2.3 ft. nearly. 

47. If the ends of an iron beam, bearing 5 tons at its middle, rest upon 
stone piers, required the necessary bearing surface of each pier if the stone 

will support 200 lb. per square inch of surface. Ans. 25 in.? 
By bearing surface is meant the area of the stone in contact with 
the beam. 

48. One voussoir (or block) of an arch ring presses its neighbor with a 
force of 50 tons. If the joint has a surface of 5 sq. ft., find the pressure 
per square inch. Ans. 138.9— lb. per square inch. 

49. Work is done when resistance is overcome. It is measured by 
the product of the force times the distance over which the force acts. 
As a formula this is w=f Xs, where w is the work, f the force, and s the 
distance. If the force is in pounds and the distance in feet then the work 
is in foot-pounds. 

A steam crane lifts a block of granite weighing 2 tons 80 ft. Find the 
work done in foot-pounds. Ans. 320,000 ft. Ib. 

50. How many foot-pounds of work is necessary to pump 100 bbl. of 
water to a height of 120 ft.? Use 1 bbl. =4.211 cu. ft. 

Ans. 3,158,250 ft. Ib. 

61. How many foot-pounds of work is done in lifting an elevator 
weighing 3 tons to the top of a building 220 ft. high? If the elevator is 
raised through this height in 2 minutes, how many foot-pounds of work is 
done per second? If an engine of one horse-power can do 550 foot- 
pounds of work per second, an engine of what horse-power will be 
necessary to lift the elevator to the top in 2 minutes? 

52. A man weighing 165 pounds ascends a stairs to a height of 60 ft. 
in 20 seconds. How many horse-power does he exert? 


THE METRIC SYSTEM 


46. From a study of weights and measures in the United 
States, it is seen that a legal standard, the troy pound, has 
been established for the use of the mint; but that beyond 
that, our weights and measures in ordinary use rest on custom 
only with indirect legislative recognition. It is seen that 
the metric weights and measures are made legal by direct 
legislative permission, and that standards of both systems 
have been equally furnished by the Government to the several 
states; that the customary system has been adopted by the 
Treasury Department for use in the custom-houses, but that 
the same department has by formal order adopted the metric 
standards as “fundamental standards” from which measures 
of the customary system shall be derived. 
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Commercial intercourse between nations makes it advisable, if not 
necessary, to have a uniform system of weights and measures. Such 
relations cause those countries not already using the metric system to 
make more and more use of that system. For instance, large orders for 
locomotives placed in the United States by foreign governments or by 
corporations in those countries, have made it a matter of good business 
to carry out the manufacturing in metric units of measure. 

The European war, beginning in 1914, made it necessary for large 
manufacturing plants in this country to make considerable use of the 
metric system. It is stated on good authority that the first six months 
following the entrance of the United States into the great war advanced 
the use of the metric system in this country more than had the previous 
ten years. 

A few manufacturing companies have for several years quoted sizes 
of reamers, drills, and other tools in the metric system as well as in the 
ordinary system. At present this custom is becoming increasingly 
more general. 


47. Measure of length. The meter.—The length of 
the meter was at first determined as one ten-millionth 
part of the distance from the equator to the north-pole. 
It was afterward found that there had been a slight 
error in this determination. At present the meter is the 
length at O°C. of a certain bar, made of 90 per cent 
platinum and 10 per cent iridium, called the International 
Meter, and kept at the International Bureau of Weights and 
Measures, near Paris. 

The two copies of the meter which the United States has 
are made of the same material. One of these is used as the 
working standard, and the other is kept for comparison. 
To insure still greater accuracy, these are compared at regular 
intervals with the International Meter. 

48. Legal units.—As has been stated the Treasury Depart- 
ment has determined that the meter shall be the ‘funda- 
mental standard” of length. By the act of July, 1866, 
Congress fixed the relation, 1 meter = 39.37 in. This is 
the only legal relation between the two systems, and is 
used in the Office of Standards of Weights and Measures in 
this country in deriving the inch, foot, yard, etc., from the 
meter. Determined in this way the customary units are 
legal. 

In the Philippine Islands, Porto Rico, and Guam the metric 
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system is in general use, and is the sole legalized system for 
these islands. 1 

49. Measure of surface.—There is no fundamental standard 
of surfaces or areas as there is of the measures of length. But 
as the measures of areas are based upon the units of length, 
and as these are standards, the measures of areas may be so 
considered. 

50. Measures of volume. Cubic and capacity measures.— 
In the United States the fundamental standards of volume are: 
(1) the cubes of the linear units based on the International 
Meter; (2) the liter, which is the volume of the mass of one 
kilogram of pure water at its greatest density; (3) the gallon, 
which is 231 cu. in.; (4) the bushel, which is 2150.42 cu. in. 
The liter here used is almost exactly 1 cubic decimeter, and the 
inch is derived from the meter according to the relation, 
1 meter =39.37 in. 

51. Measures of mass.—The fundamental standard of 
mass (weight) in the United States is the International Kilo- 
gram, a cylinder of 90 per cent platinum and 10 per cent 
iridium, preserved at the International Bureau of Weights and 
Measures, near Paris. As in the case of the meter, one of the 
two-copies of the kilogram possessed by the United States is 
used as a working standard, and the other is kept under seal 
and used only to compare with the working standard from 
time to time. To insure still greater accuracy, these are 
compared at regular intervals with the International Kilogram. 

By act of Congress of July 28, 1866, the pound is derived 
from the kilogram. The relation established at that time was 
1 kilogram = 2.2046 avoirdupois pounds. This relation has 
since been made more nearly accurate and is 1 kilogram = 
15,432.35639 grains, which would change the first relation to 1 
kilogram = 2.20462234 lb. avoirdupois, or 1 lb. avoirdupois = 
453.5924277 grams. This value is the one used by the 
National Bureau of Standards in Washington. It is thus 
seen that the avoirdupois pounds, ounces, etc., in common use 


1See Introduction to ‘‘Laws Concerning Weights and Measures of the 
United States,’’ compiled by Louis A. Fisher and Henry D. Hubbard of 
the Bureau of Standards, Washington, D. C. 
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are derived from the kilogram, and so are fixed and definite 
derived units. 

The established relation between the troy pound and the 
avoirdupois pound is 1 troy pound=# $$$ avoirdupois pounds. 

When made, the standard kilogram was supposed to be the 
exact mass of one cubic decimeter or 1 liter of pure water at 
the temperature of its greatest density. It has been found. 
that this is not exactly true, but the difference is very slight, 
the kilogram being about 25 parts in 1,000,000 too heavy. 
This difference is so very small that it could hardly affect any 
ordinary problem. 

52. Tables and terms used.—In the customary system of 
weights and measures we have about 150 different terms and 
50 different numbers, ranging all the way from 2 to 1728. 
These numbers bear no relation to one another. In the 
“metric system we have only 14 different terms and but a 
single number, and that is the number 10. 

In the metric system the different terms used are the 
following: 


meter—the unit of length, 
liter—the unit of volume, 
are—the unit of area, 
gram—the unit of weight, 
myria—which denotes 10,000, 
kilo—which denotes 1000, 
hecto—which denotes 100, 
deka—which denotes 10, 
deci—which denotes 0.1, 
centi—which denotes 0.01, 
milli—which denotes 0.001. 


Terms which are sometimes used are: 
millier—which denotes 1,000,000, 
quintal—which denotes 100,000, 
stere—which is 1 cubic meter. 


To these might be added mikron and mikrogram. 
If the foregoing terms are carefully fixed in mind the tables 
are easily formed. 


5 
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(1) Measures of length. 


10 millimeters (mm.) =1 centimeter (em.) = 0.01 meter 

10 centimeters =1 decimeter (dm.) = 0.1 meter 

10 decimeters =1 meter (m.) 

10 meters =1 dekameter (Dm.) =10 meters 

10 dekameters =1 hectometer (Hm.) +100 meters 
10 hectometers =1 kilometer (Km.) = 1000 meters 
10 kilometers =1myriameter (Mm.) =10,000 meters 


(2) Measures of surface. 
100 square millimeters (nm.”) =1 sq. centimeter (em.?) 


100 square centimeters =1 sq. decimeter (dm.?) 

100 square decimeters =1 sq. meter (m.”)=1 centare (ca.) 

100 square meters =1sq. dekameter (Dm.?) =1 are (a.) 

100 square dekameters =1 sq. hectometer (Hm.?) =1 
hektare (Ha.) 

100 square hectometers =1 sq. kilometer (Km.?) 

(83) Measures for land. 
100 centares (ca.) =1 are (a.) 
100 ares =1 hectare (Ha.) 


(4) Measures of volume. 
1000 cubic millimeters (mm.*) =1 cu. centimeter (em.? or ee.) 


1000 cubic centimeters =1 cu. decimeter (dm.*) =1 liter (1.) 

1000 cubic decimeters =1 cu. meter (m.*) =1 kiloliter (K1.) 
(5) Measures of capacity. 

10 milliliters (ml.) =1 centiliter (cl.) 

10 centiliters =1 deciliter (dl.) 

10 deciliters =1 liter (1.) =1 dm.3 

10 liters =1 dekaliter (Dl1.) 

10 dekaliters =1 hectoliter (H1.) 

10 hectoliters =1 kiloliter (K1.) =1 m.3 
(6) Measures of weight. 

10 milligrams (mg.) =1 centigram (eg.) 

10 centigrams =1 decigram (dg.) 

10 decigrams =1 gram (g.) 

10 grams =1 dekagram (Dg.) 

10 dekagrams =1 hectogram (Hg.) 

10 hectograms =1 kilogram or kilo (Kg.) 

10 kilograms =1 myriagram (Mg.) 

10 myriagrams =1 quintal (Q.) 

10 quintals =1 millier, tonneau, or metric ton (T.) 


To these may be added the following used in scientific work: 
1 mikron (y) =0.000001 meter. 
1 mikrogram {y) =0.000001 gram. 
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Note. A chart showing very clearly the relations of the 


different measures can be secured by addressing the Bureau 
of Standards, Washington, D. C. 


Inches 


Centimeters 


Fic. 14. 


63. Equivalents.—To be remembered. 


1 gallon =231 cubic inches (established by law). 
1 bushel =2150.42 cubic inches (established by law). 
1 meter = 39.37 inches (established by law). 
1 gram = 15.432 grains. 
1 pound avoirdupois =7000 grains. 
“linch =2.54 centimeters (approximately). 
1 kilogram =2.2 pounds (approximately). 
For Reference. 
Lengths 
1 inch = 2.54001 cm. 
1 foot =30.4801 em. 
1 kilometer = 3280.83 ft. =0.62137 mi. 
1 mile = 1.60935 Km. 
Areas 
1 sq. in. = 6.45163 cm.? 
1 sq. ft. =0.0929034 m.? 
1 sq. yd. =0.836131 m.? 
1 cm.” =0.155 sq. in. 
fom: =10.76387 — sq. ft. =1.19599 — sq. yd. 
1 are =119.5985 sq. yd. 
1 acre = 40,4687 ares. 
Volumes, capacities 
1 cu. in. = 16.38716 ce. 
1 cu. ft. = 28.317 liters or dm.? 
1 pt. (liquid) =473.179 cc. =0.473179 liters or dm.? 
1 pt. (dry) =550.614 cc. =0.550614 liters or dm.’ 
1 qt. (liquid) =946.358 ec. =0.946358 liters or dm. 
1 qt. (dry) =1101.228 ec. =1.101228 liters or dm. 
1 cm. =0.0610234 cu. in. 
1 liter = 61.0234 cu. in. 
1 liter =2.11336 pt. (liquid) =1.81616 pt. (dry). 


1 liter = 1.05668 qt. (liquid) =0.90808 qt. (dry). 
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Weights (mass) 


1 grain =0.0647989 gram. 

1 ounce (avoirdupois) =28.3495 grams. 

1 pound (avoirdupois) =453.5924277 grams =0.45359-+ Kg. 
1 ton (short) =907.185 kilograms. 

1 gram = 15.43235639 grains. 

1 kilogram = 2.20462 pounds (avoirdupois). 

1 metric ton = 2204.62 pounds (avoirdupois). 


54. Simplicity of the metric system.—The men who devised 
the metric system endeavored to invent a system of weights 
and measures that would be as simple as possible; and they 
undoubtedly succeeded in making a system that is simpler 
than any other in use. 

Many look upon the system as difficult because they con- 
sider the difficulties of changing from the English to the metric 
system, or from the metric to the English, as difficulties of 
the metric system. In reality this is net the case, as all such 
difficulties would disappear if the metric system were in univer- 
sal use. 

The simplicity of the metric system lies in the two facts: 
first, it is decimal, and therefore fits our decimal notation; 
second, its units for lengths, surfaces, solids, and weights 
are all dependent on one unit, the meter. 

Ability to handle the metric system easily, depends, in 
great part, on understanding thoroughly the terms used. 
It is of first importance then to learn well these terms and their 
meanings. For instance, the word decimeter should mean, 
at once, one-tenth of a meter. 

Because of the decimal relations between the different 
terms used, the changing from one unit to another is a very 
simple matter. In reducing to higher denominations, we 
divide by 10, 100, 1000, ete., by removing the decimal point 
to the left. 


Thus, to change 3768 cm. to meters, we divide by 100 by removing 
the decimal point two places to the left, and have 3768 cm. =37.68 m. 
In a similar manner, 72,468 g. =72.468 Kg., and 
8643 1=86.43 HL. 


It should be noticed that we never write 4 Km. 7 Hm. 
3 Dm. 5 m. but write it 4735 m. The former way of writing 
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it would be similar to writing $7.265 in the form 7 dollars 2 
dimes 6 cents 5 mills. 

In reducing to lower denominations, the multiplication 
is performed by moving the decimal point to the right. 


Thus, 25 m. =250 dm. =25,000 mm. and 16 Kg. = 16,000 g. 


55. Relations of the units.—It cannot be impressed upon 
the mind of the student too strongly that he should understand 
clearly the relations between the units of different kinds of 
measure. He must know that a liter is a cubic decimeter, 
that a kilogram is the weight of a liter of pure water, that an 
are is a square dekameter, and so on. He should notice that 
in the surface measures, when using square meters, dekameters, 
etc., the scale is 100; while in using cubic meters, dekameters, 
etc., for volumes, the scale is 1000. 


Thus, 2m.2=200 dm.?=20,000 cm.? 
and 3m.*=3000 dm.*=3,000,000 cc. =3,000,000,000 mm. 


56. Changing from English to metric or from metric to 
English systems.—The changing from one system to another 
is simply a matter of multiplication or division. 

(1) Thus, to express 17 m. in inches, 

1m. =39.37 in. 
17 m. = 39.37 in. X17 = 669.29 in. 
(2) Also, to express 2468 lb. in kilograms, 
2.2 lb. (approx.) =1 Kg. 
2468 lb. = 2468+ 2.2 =1121.8 Kg. 
Or using the equivalent 1 lb. =0.45359 Kg., 
2468 lb. = 0.45359 Kg. & 2468 = 1119.46 Kg. 
The disagreement in the results is on account of 2.2 lb. being 
a rough approximation. 

The United States Bureau of Standards has compiled 
numerous tables of equivalents for use in the custom houses. 
By the use of these tables, a conversion from one system to 
another, is made by simply referring to the proper table and 
reading the result. 

For further information the following pamphlets can be 
obtained gratis from the Bureau of Standards, Washington, 
D. C.: History of Standard Weights and Measures of the 
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United States, Table of Equivalents, and the International 
Metric System of Weights and Measures. 


EXERCISES 16 


1. Express the following, first, in meters, and second, in millimeters: 

456 cm., 1763 Dm., 27 Km. Ans. 4.56 m., 17,630 m., 27,000 m., 
4560 mm., 17,630,000 mm., 27,000,000 mm. 

2. Express the following in m.?: 75 em.?, 125 mm.?, 0.025 Dm.?, 
0.0029 KKm.? Ans. 0.0075 m.?, 0.000125 m.?, 2.5 m.?, 2900 m.? 

3. Expres the following in terms of m.*: 1756 1., 467 Kl, 4937 dl, 
1067 DL: 735/482 6 duv.4, e764 Dm? wAmse 1c7560ms, 407 oat 

0.4937 m.%, 10.67 m.*, 735.432 m.%, 764,000 m.? 

4. Reduce 7501. to liquid quarts; 326 1. to dry quarts; 75 m. to inches; 
576 cm. to feet; 27 m.3 to bushels; 9276 mm.* to gallons; 12 Dm.* to 
barrels. Ans. 792.51 qt., 296.03408 qt., 2952.75 in., 18.8976 ft., 

766.19 bu., 0.00245 gal., 100,636.19 bbl. 

Solution. From Art. 47 find 1 1. =1.05668 qt. (liquid). 

.. 750 1. =1.05668 qt. X750 =792.51 qt. Ans. 
In the fifth part, 27 m.* to bushels, the change is not so easy from the 
equivalents given. 
27 m.’ =27,000 dm.’ or liters. 
11. =0.90808 qt. (dry). 
“, 27,000 1. =0.90808 qt. X27,000 = 24,518.16 qt. 

Divide this by 32 because 1 bu. =32 qt. 
eat m.°— 760.19 bu. Alms: 

5. Reduce 456 in. to meters; 43.5 ft. to centimeters; 327 gal. to liters; 
92.87 qt. (dry) to liters; 756 bu. to cubic meters; 

Ans. 11.58 m., 1825.88 cm., 1237.84 1., 102.27 1., 26.64 m.° 

6. No. 16 gage sheet steel is ; in. thick and weighs 40 oz. per square 
foot. Find thickness in millimeters (four decimal places), and the weight 
per square meter in kilograms (two decimal places). 

Ans. 1.5875 mm., 12.21 —Kg. per m.? 

Solution. 'To find the weight in Kg. per m.?, first find the weight of a 
square meter in ounces and then change to pounds and to kilograms. 

1 m.2=10,76387 ft.2 

“.1 m.? weighs 40 oz. X10.76387 =430.5548 oz. =26.9097 lb. 

1 Ib. =0.45359 Kg. 

.. 26.9097 lb. =0.45359 Kg. 26.9097 =12.20597 Kg. Ans. 

7. No. 24 gage sheet steel is 0.635 mm. thick and weighs 4.882 Kg. 
per m.?. Find thickness in decimal of inch (three decimal places), and 
weight per ft.2 in ounces. Ans. 0.025 in., 16 oz. per ft.? 

8. Find the difference between 3} in. and 10 cm. 

Ans. 313 in. larger by 0.0005 in. 

9. Feb. 12, 1912, Oscar Mathieson, of Norway, set a new world’s 
record in ice skating. He made 1500 m. in 2 min. 20 sec. This is a 
mile in what time? 
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Solution. 2 min. 20 sec. = 140 sec. 


. 

1500 m, = 1900%30.7 g, 

1500 X 39.37 . 

—jJ2x140. — number of feet in 1 sec. 

528012140 1, _ : 
1500 39.37 150.2 = number of sec. to go 1 mi. 


150.2 sec. =2 min. 30.2 sec. Ans. 


10. The same day in Chicago, Harry Kaad won the mile race in 3 min, 
23% sec. This is 1500 m. in what time? Ans. 3 min. 9.6 sec. 
11. In describing the making of reenforced concrete the necessary 
pressure is given as 25 kilos per square centimeter. How many pounds 
is this per square inch? Ans. 355.58-+. 
12. Find in kilograms the weight of air in a room 10.5 by 8.3 by 4 
meters, air being 0.001276 times as heavy as water. 
Ans. 444.8136 Kg. 
13. Find the weight in kilograms of the mercury in a tube of 1 cm.? 
_cross section and 760 mm. long, mercury being 13.596 times as heavy as 


water. Ans. 1.0333 — Kg. 
14. If a map is made on a scale of 1 to 60,000, how many kilometers 
do 79 mm. on the map represent? Ans. 4.74. 


15. If a person in breathing uses 0.25 m.? of air a minute, how long 
will it take 6 persons to use the air in a room 6 m. long, 3.5 m. high, and 
5.3 m. wide? j Ans. 74.2 min. 

16. A block of stone weighs 7643 Kg. A cubic decimeter of the stone 
weighs 2.7 Kg. Find the volume of the block in cubic meters. 

Ans. 2.83074 m.3 

17, Find the area in hectares of a triangular field whose base is 70 m. 
and the altitude 60 m. Ans. 0.21 Ha. 

18. How many liters of water are contained in a reservoir 10 m. X6 
m.X4m.? What is the weight of the water in kilograms? 

Ans. 240,000 1., 240,000 Kg. 

19. Find the capacity in liters of a rectangular tank 2 m. X9 dm. X8 
dm. Ans. 14401. 

20. What is the length of a centigram of wire 255 mm. of which weighs 
0.172 g.? Ans. 14.83 — mm. 

21. A liter of mercury weighs 13.596 Kg.; how many mm.° of mercury 
weigh 1 g.? Ans. 73.551. 

22. A man’s height is 174m. What is his height in feet and inches? 

Ans. 5 ft. 8.5-+ in. 

23. Express the following readings in centimeters: 29.9 in., 30.0 in., 
30.1 in., 30.2 in. 

Ans. 75.946 em., 76.200 em., 76.454 cm., 76.708 cm. 

24. Express the following in inches to the nearest 0.01: 71.119 cm., 
73.659 cm., 74.929 cm. Ans, 28.00 in., 29.00 in., 29.50 in. 
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25. Cast copper being 8.8 times as heavy as an equal volume of water, 


what is the weight of 5 em.%? Ans. 44 g. 
26. A velocity of 32.2 ft. per second is how many centimeters per 
second? Ans. 981.5—. 
27. A rate of 1 mile in 2 min. 6 sec. is how many kilometers per minute? 
How many meters per second? Ans. 0.7664 —, 12.77-+-. 
28. A rate of 30 miles per hour is at the rate of one kilometer in how 
many minutes? Ans. 1.243—. 


29. A pressure of 14.7 Ib. per square inch is how many grams per cm.?? 


Solution. = number of lb. per sq. cm. 


14.7 
6.45163 
14.7 X 453.5924 


RARIGE  & 1088:Srmiee number of g.rper aq: etre 


CHAPTER VI 
PERCENTAGE AND APPLICATIONS 


57. Per cents as fractions—To one who thoroughly 
understands fractions, percentage offers no new difficulties. 

The words per cent mean by the hundred. The symbol 
% means per cent. Thus, 10% means 10 per cent or 7 
or 0.10. Ina similar way: 


5% =0.05 = 50% =0.50 =} 
10% =0.1 =; 60% =0.60 =3 
123%  =0.123 =} 623%  =0623 =§ 

- 162%  =0.163 =} 75% =0.75  =3 
20% =0.20 =3 80% =0.80 =$ 
25% =0.25 =} 831% =0.83i =3 
331%  <=0.333 =} 874% =0.871 =} 
374%  =0.37} =} 90% =0.90 =% 
40% =0.40 = 


To change a fraction as # to an equivalent form in per 

cent, reduce it to a fraction having 100 for a denominator. 
Thus, ¢ = roo = 40%; 
or % = ¢ of 100% = 40%. 
Similarly 4 = $ of 100% = 874%. 

‘A per cent expressed as 7%, does not mean }? but % of 
1%, which is the same as # of y$y = sé0 = 240 = 0.004. 
In the same way #%=2 of xzbx = goo = 0.00875 = 
0.375%. 

It should be carefully noticed that the sign % does the 
duty of two decimal places. 

Thus, 0.05 = 5%, 0.0005 = 0.05%, 1.07 = 107%, and 4.334 
= 4334 %. 

58. Cases.—The problems of percentage usually occurring 
are of the following forms: 

(1) What is 373% of 720? 

(2) 45 is what per cent of 450? 


(3) 85 is 624% of what number? 
73 
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These three forms can be stated in general terms if the 
following definitions are given: 

The number of which the per cent is taken is the base. 

The number of per cent taken is called the rate. 

The part of the base determined by the rate is the per- 
centage. 

The sum of the base and percentage is the amount. 

The base minus the percentage is the difference. 

The three problems now become the cases: 

Case I. Base and rate given to find percentage. 

Case II. Base and percentage given to find rate. 

Case III. Percentage and rate given to find base. 

These three cases of percentage correspond to the three 
cases in multiplication; when any two of the numbers, multi- 
plicand, multiplier, and product, are given, to find the third. 


multiplicand corresponds 
to base 

multiplier corresponds to 
rate 

product corresponds to 
percentage 


In multiplication, in percentage. 


Case I corresponds to: multiplicand and multiplier given 
to find the product. 

Product = multiplicand X multiplier. 

Case II corresponds to: multiplicand and product given to 
find the mull¢plier. 

Multiplier = product + multiplicand. 

Case III corresponds to: multiplier and product given to 
find the multiplicand. 

Multiplicand = product ~ multiplier. 

59. Rules and formulas.—In the language of percentage 
these become: 

Case I. Percentage = base X rate. 

This may be written as a formula if b stands for base, p 
for percentage, and r for rate. The formula is 


p=odxX?r. 
Case II. Rate = percentage + base. The formula is 
r= p+ 0. 


Case III. Base=percentage + rate. The formula is 
b=ov0=—7r. 
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60. Solutions. Problem (1) is solved thus: 

By fractions. 373% of 720 = 2 of 720 = 270. Ans. 

By formula. Using the formula p= bX yr, gives the 
same result, for then p = 720 X 0.374 = 270. Ans. 

Problem (2). By fractions. 45 is what per cent of 450 
means 45 is how many hundredths of 450, that is, some 
number of hundredths of 450 is 45. 

Then 45 is #35 = yo = yo = 10% of 450. 

By formula. r = p + bgivesr = 45 + 450 = 0.1 = 10%. 

Problem (3). By fractions. 85 is 624% of what number 
is the same as 85 is $ of what number. It is now a simple 
problem in fractions and may be reasoned thus: 

If 85 is § of some number then 17 is } of that number, 
and 136 is $ of that number. 

Hence the number = 136. Ans. 

By formula. b =p +r gives p = 85 + 0.624 = 136. Ans. 


EXERCISES 17 


Solve the following exercises without a pencil if possible. 


1. What is + of 24? 0.25 of 24? 25% of 24? 
2. What is 3? of 36? 0.75 of 836? 75% of 36? 
3. What is 4 of 45? 0.334 of 45? 334% of 45? 
4. What is 3 of 48? 0.662 of 48? 662% of 48? 
5. What is 1 of 60? 0.20 of 60? 20% of 60? 
6. What is # of 70? 0.80 of 70? 80% of 70? 
7. What is 1 of 72? 0.124 of 72? 123% of 72? 
8. What is 5 of 48? 0.625 of 48? 62.5% of 48? 
9. What is 7; of 64? 0.064 of 64? 61% of 64? 
10. What is 25% of 16? of 48? of 90? of 240? 
11. What is 331% of 75? of 42? of 96? of 720? 
12. What is 4% of 25? of 75? of 300? of 1000? 
13. What is 7% of 20? of 14? of 55? of 300? 
14. 5is what per cent of 10? of 20? of 40? 
15. 8 is what per cent of 16? of 40? of 80? 
16. 30 is what per cent of 90? of 240? of 360? 
17. What % is 8 of 150? 73 of 12? Ans. 53%; 623%. 
18. What % is 2 of 124? 27% of 600? Ans. 43%; 43%. 
19. 20% of what number is 3? 7? 14? 17? 
20. 334% of what number is 7? 8? 14? 90? 
21. 623% of what number is 5? 20? &? 49? 
22. 374% of a number is 72; find the number. Ans. 192. 
23. 20% off of what number leaves 48? Ans. 60, 


Suggestion, 20% off a number leaves 80% of the number, 


Boleros SOR Cr Colt cole RICO Halt 
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24. 30% off of what number leaves 50? Ans. 71%. 
25. 331% off of what number leaves 12? Ans. 18. 
26. 68 is 15% less than what number? Ans. 80. 
27. 49 is 30% less than what number? Ans, 70: 
28. 18 is 80% more than what number? Ans. 10. 
29. 80 is 334% more than what number? Ans. 60. 
30. 98 is 40% more than what number? Ans. “E0; 
31. 874 is 374% less than what number? Ans. 140. 


32. If oranges that cost 25 cents a dozen are sold at 3 for 10 cents 
what part of the cost is gained? What per cent? 

33. Pencils are bought at 15 cents a dozen and sold fer 2 cents each. 
What part of the cost is gained? What per cent? Ans. 60%. 

34. Bought a horse for $75 and sold it for $100; find the gain per cent. 

Ans. 333%. 

35. Find the gain per cent in each case if a horse was bought at the 
following prices: $50, $40, $25, $10, $5, and $1; and sold for $100. Find 
the gain per cent if the horse was given to the seller. 

36. I bought a bicycle for $100 and after using it one year sold it for 
$55. Find the per cent of discount. Ans. 45%. 

37. A gas bill was 25% higher last month than this. If it is $6.40 
this month, what was it last month? 

38. A horse was bought for $100 and sold for $90. What was the loss 
per cent? 

39. A man sold a suit of clothes gaining } the cost. What part of the 
cost was the selling price? What was the gain per cent? What per 
cent of the selling price was the cost? 

40. A quantity of wool was bought for $360, and { of it was then sold 
for the cost of the whole. What per cent would have been gained if the 
entire amount had been sold at the same rate? Ans. 383%. 

41. A man spent 163% of his salary for board and room. If he spent 
$6.50 a week for board and room, what was his yearly salary? (52 
weeks per year.) Ans. $2028. 


61. Applications.—Hxample 1. The population of a certain 
city in 1900 was 52,600, and in 1905 was 61,805. Find the 
gain in population in the 5 years. What was the gain for each 
100 of the population during the 5 years? State this increase 
as a per cent of the population in 1900. What was the average 
per cent of increase per year? 

Discussion. 61,805 — 52,600 = 9205 = gain in 5 years. 
9205 +526=17.5=gain per 100 of the population. Since, 
asking for the per cent of gain is the same as asking for the 
number of increase for each 100 of the population, therefore, 
stated in per cent this is 17.5 % of the population. 

17.5% +5=3.5%=average per cent of increase per year, 
based on the population in 1900. 
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Example 2. In a certain machine ? of the energy supplied 
to the machine is lost in friction and other resistances. What 
is the per cent of efficiency? If } of the loss of energy is in a 
certain part of the machine, what per cent of the total loss is 
in this part? 

Discussion. If in a machine it is known that # of the 
energy expended is wasted in frictional and other resistances, 
we say that 40% is wasted, meaning that 74"> is useless for 
doing work. This does not state the actual numerical amount 
of energy wasted; all it tells is that for every 100 units of work 
expended on the machine, 40 units disappear. Such per- 
centages enable comparisons of different machines to be made. 
If one machine has an efficiency of 60% and another of 70%, 
we know that the second is 10% more efficient than the 
first. If we know that ¢ or 123% of the 40% loss is in a 
‘certain part, this gives a percentage of a percentage. The 
solution of the problem is: 


%=part of the energy lost, 
3=60% =efficiency of the machine, 
2 of 3=35 =5%=loss in the particular part of the Hachinel 

62. Averages and per cent of error.—The data for practical 
calculations are in many cases either the result of measuring 
quantities, or of experimental observations, and in each case 
are liable to error. ‘To obtain a result which can be relied 
upon, a number of measurements or observations are taken and 
the average or mean result calculated. 

The average, or mean result, is obtained by adding all the 
measured results together and dividing the sum by the number 
of them. This average is accepted as the best approximation 
to the truth. The error of any particular observation is 
obtained by finding the difference between it and the average. 
This error can often be most conveniently expressed as a per 
cent, and is spoken of as the per cent of error. We always 
take the correct value, or in this case the average value, as 
the base. 

Example. In measuring the diameter of a steel rod with 
a micrometer, the separate measurements are: 0.3562 in., 
0.3569 in., 0.3567 in., 0.3570 in., and 0.3565 in. Find the 
average measurement, and the per cent-of error in the largest 
and the smallest measurements. 
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Solution and discussion. 

0.3562 in. + 0.3569 in. + 0.3567 in. + 0.3570 in. + 0.3565 
ins—alaiSoown: 

1.7833 in. + 5 = 0.35666 in. = average. 

0.3570 in. — 0.35666 in. = 0.00034 in. = error in largest 
measurement. 

Using the formula r = p + b gives 

r = 0.00034 in. + 0.85666 in. = 0.00095 + = 0.095% = 
per cent of error in largest measurement. 

0.35666 in. —0.3562 in. = 0.00046 in. = error in smallest 
mneasurement. 

r = 0.00046 in. + 0.35666 in. = 0.0013 = 0.13% = per cent 
of error in the smallest measurement. 

It should be emphasized that the per cent of error in any 
measurement is always found by using the correct measure- 
ment as the base and the error as the percentage. 

63. List prices and discounts.—The prices of machines 
and materials, printed in catalogs and price lists, are usually 
subject to discounts. Often the discount is so large that the 
list price gives no idea of the actual cost. In preparing an 
estimate, it is necessary to know what discounts are given 
from a price list. 

Discounts are usually given thus: 60% and 10% off or 
simply 60 and 10 or perhaps “sixty and ten.” This does not 
mean a discount of 70%, but that a discount of 60% is first 
made and then a discount of 10% on the remainder. Thus, 
if the list price is $3.50 with 60% and 10% off, we find 60% 
of $3.50, which is $2.10. Then deduct this from $3.50 leaving 
$1.40. Now get 10% of $1.40, which is $0.14, and deduct it 
from $1.40, leaving $1.26 as the actual cost. 

Similarly we may have discounts of 40%, 10%, and 4%, 
or 40, 10, and 4 off. These are deducted in turn as with the 
two discounts. 


EXERCISES 18 


1. 62% of 2000 =? Ans. 1240. 
2. What is 3% of $28.80? Ans. $0.108. 
3. 374% of 4000=? Ans. 1500. 
4. 300 is 73% of what number? Ans. 4000. 
5. What per cent of $104 is $18.20? Ans. 174%. 
6. What per cent of 300 is 272? FAnsy 902%: 
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7. The indicated horse-power of an engine is 10.6, the actual effective 
horse-power is 8.96. What per cent of the indicated horse-power is the 


actual? Ans. 8423 %. 
8. A bankrupt has $5760, and with that sum can pay 40% of his debts; 
find his entire indebtedness. Ans. $14,400. 
9. For collecting a bill an attorney received $2.52, which was 13% of 
the bill; find the amount of bill. Ans, $224. 
10. A milkman sold milk at 7 cents a quart, which was 2334% of the 
cost; find cost per quart. Ans. 3 cents. 


Suggestion. 2334%=4. If 7 cents is § of the cost, what is the cost? 

11. What is the net price per barrel of oil, the list price of which is 
$18.00, subject to-a discount of 123% and 4% off for cash? 

Ans. $15.12. 

12. A tradesman marks his goods at 25% above cost and deducts 12% 
of the amount of a customer’s billfor cash. What per cent does he make? 

Ans. 10%. 

Suggestion. Suppose the cost is $20. The marked price is 25% 

above $20 or $25. <A deduction of 12% on $25 is $3. Hence the selling 
price is $25—$3=$22. The gain is $22—$20=$2. What per cent is 
$2 of $20? This gives the gain per cent. 

13. If 1225 pounds of coal were fired to a boiler and 152 pounds were 
taken out of the ashpit as ash and waste, what per cent of the coal was 
taken from the ashpit. Ans. 12.4+%. 

14. The weight resting on the drivers of a locomotive is 158,700 pounds. 
If this is 68.72% of the total weight; find the weight of the locomotive. 

15. A man who receives 424 cents an hour works a day of 8 hours, and 
4 hours overtime at pay for time and a half. What does he receive in 
all? What per cent is the overtime pay of the total? 

Ans. $5.95; 428%. 

13. A firm increases the wages of its employees 123%. Find the wages 
of a man who was getting $3.40. Of a boy who was getting $1.60 a day. 
A man now receives $6.30 a day. What did he receive before the 
increase? Ans. $3.824; $1.80; $5.60.. 

17. A tank whose capacity is 168 gallons, discharges 72 gallons per 
hour, which equals 25% less than it receives. In what time will it be 
filled? Ans. 7 hours. 

Suggestion. If 72 gal. is 25% or } less than it receives per hour, 72 
gal. = 3 of what it receives per hour. Hence it receives 96 gal. per hour. 
Then the tank receives 24 gal. per hour more than it discharges. 

18. One mill is gaged at 767 barrels of flour a day, which equals 18% 
more than the amount for another. What is the value of the daily out- 


put of the latter at $5 a barrel? Ans. $3250. 
19. The usual allowance made for shrinkage when casting iron pipes is 
$ in. per foot. What per cent is this? Ans. 1.04+%. 


20. Find the cost of an article that is listed at 80 cents, 40 and 6 off. 
Ans. 45.12 cents. 
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21. Find the cost of a machine quoted at $25.50, 40% and 10% off 
with a further discount of 4% for cash. Ans. $13.22. 

22. When rock is crushed or broken into fragments of nearly uniform 
size it increases in bulk and has voids, or inter-spaces, of from 30 to 55 
per cent of the whole volume. Find the number of cubic yards when 
crushed occupied by 1 cu. yd. of solid rock, if voids are (a) 30%; (b) 
35%; (c) 40%; (d) 45%; (e) 55%. 

Ans. (a) 1.43; (b) 1.54; (c) 1.67; (d) 1.82; (e) 2.22. 

Suggestion. The volume of the rock, 1 cu. yd., is 30% less than or 
70% of bulk of crushed rock. Using formula 

b =p +rgives b = 1 + 0.70 = 1.43 —. Ans. 

23. A team of horses and a wagon cost, say $400. If money is worth 
6%, depreciation in value of team and wagon is 25% per year, teamster’s 
wages are $2.00 per day while working, and cost per month for keeping 
team is $18.50; find the amount that should be charged per day for man 
and team, counting 250 days actually worked per year. Ans. $3.384. 

24. In the preceding problem what would be the gain per year from 
the team if $5.00 a day was charged for services, deduction being made 
for depreciation in value? Ans. $404. 

25. In estimating the amount to charge per day for the use of a steam- 
roller, a contractor has the following data: first cost of steam-roller 
$3000; money worth 6%; days actually worked per year, 100; deprecia- 
tion in value of the machine, $200 per year. Find price to be charged 
per day for use of roller. Ans. $3.80. 

26. The actual cost of removing a cubic yard of rock in excavating a 
certain canal is $1.10. What price should be put in the estimate, if 
12% is to be allowed for superintending, and 10% on the cost, including 
superintending, is allowed for profit? Ans. $1.3552. 

27. A house depreciates in value each year at the rate of 4% of its 
value at the beginning of each year, and its value at the end of two years 
is $6451.20. Find the original value. Ans. $7000. 

Suggestion. $6451.20 +96 =$6720. This is the value at beginning of 
second year. 

28. A house valued at $4000 rents for $27.50 per month. The repairs 
on house each year amount to $40, and the taxes are $17.50. What 
interest does the property pay on the investment, no allowance being 
made for change in value of house? Ans. 63%. 

29. In making a certain machine, 750 Ib. of iron are used at an average 
cost of 8 cents per pound. ‘There are used in the work on the machine, 
20 hr. of time at 30 cents per hour, 7 hr. at 60 cents and 4 hr. at 16 cents. 
If 20% is allowed on cost as profit, what is the selling price of the machine? 
What will it be listed at if sold at 30 and 5 off? 

Ans. $85 nearly, $127.82. 

30. An article is listed at $225, and sells at 40 and 10 off. How will 
the 40% discount be changed to offset an increase of 15% in cost of 
production? Ans. 31%, or better, 30%. 
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Solution. It is desired to find a first discount so that the net price, 
that is, the price after the discounts are made from the list price will be 
15% more than the net price when discounts of 40% and 10% are 
used. 

A discount of 40% and 10% off from $225 leaves $121.50. This is 
the old net price. 

$121.50+15% of $121.50 =$139.725 =new net price. 

$139.725 + 0.90 = $155.25 =price after new first discount is deducted 
from list price. 

$225 — $155.25 = $69.75 =amount, of first discount. 

$69.75 + $225 =0.31=31% =the first discount. 

31. The composition of white metal is to be 4 parts by weight of cop- 
per, 9 antimony, and 97 tin. Express these as per cents, and find the 
weight of each material required to make 2376 lb. of the alloy. 

Ans. Copper 374%, 86.4 lb.; antimony 87,%, 194.4 lb.; 
tin 882,%, 2095.2 lb. 

32. For the two months ending Feb. 28, 1908, there were exported 
from the United States $27,531,617 worth of iron and steel, including 
‘machinery. During the same time in 1909 it was $21,276,547. Find 
~ the decrease per cent. Ans. 22.7+%: 

33. The output of Canadian pig iron for 1908 was 563,672 tons, a 
decrease of 3% from 1907. What was the output in 1907? 

Ans. 581,105 tons. 

34. Steel billets that were selling at $26 per ton dropped to $23 per 
ton. What is the per cent of reduction? Ans. 1175%. 

35. The water-power in use in the United States is 5,300,000 horse- 
power. The undeveloped is 8,100,000 horse-power. What per cent of 
the total water-power is developed? Ans. 39.55+%. 

36. A ton of coal from the Rock Island field has 11.57% moisture, and 
6.27% of the dry coal is ash. How many pounds of ash in a ton of the 
coal? Ans. 110.89+. 

37. If 2.346 g. of an ore give 0.362 g. of copper, what per cent of copper 
does the ore contain? Ans. 15.4384. %. 

38. 2.3656 Kg. of ore give 0.7 g. of gold and 2.5 g. of silver. ind the 
per cent of each. Ans. 0.0296 —%; 0.1057 — %. 

39. A merchant buys rubber door mats at $48.00 a dozen less discounts 
of 40%, 15%, and 5%. What should he sell them apiece in order that 
he may make 35%? Ans. $2.62 —. 

40. 1j-in. basin plugs are listed by the jobber at $1.20 a dozen. The 
retailer gets discounts of 50 and 10 off, and sells them at 15 cents each. 
Find his gain per cent. Ans. 2334%. 

41. {f the author gets 10% of the selling price of a book, how many 
books, selling at 75 cents each, must be sold to pay the author $117.30? 

Ans, 1564. 

42. In a compound of two substances A and B, their weights are in . 

the ratio of 1.3498 to 1. What is the per cent of each in the compound? 
Ans, 57.44+%; 42.56—%,. 
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43. Two substances A and B form a compound and have a total 
weight of 3.267 g. If the compound has 24.725% of A and 75.275% of 
B, find the weight of each substance in the compound. 

Ans. 0.8078 — g.; 2.4592+¢. 

44. Find the cost of a steam boiler listed at $500 subject to discounts 
of 40%, 10%, and 72%. Ans. $249.75. 

45. Marshall Field and Co. quotes an article of silverware at $25 with 
discounts of 40, 10, 5, and 6% off in 10 days. Find net cost if paid in 
10 days. Ans. $12.06—. 

46. The recorded measurement of a city block is 528 ft. By chaining 
carefully the length is 527.75 ft. Find the per cent of error in the re- 
corded length. How wide is a man’s lot recorded as 30 ft.? 

Ans. 0.047+ % ; 29.986 — ft. 

47. A sample of nickel-steel contained 24.51% of nickel and 0.16% of 
carbon. How much of each nickel and carbon in 2240 lb. of nickel-steel? 

Ans. 549.024 lb.; 3.584 lb. 

48. If a 34% nickel-steel rail is used to maintain a curve in a street-car 
track, it lasts three times as long as carbon-steel. How much will be 
saved per ton when one nickel-steel rail is worn out, if nickel-steel costs 
$56 per long ton and carbon-steel $28? It costs $2.00 a ton for laying, 
and the old rails are worth $16.00 per ton, besides 20 cents a pound is 
realized on the nickel. Ans. $15.68. 

49. In an experiment to show the loss of pressure for different kinds of 
valves in water pipes, a globe valve in a 3-in. pipe caused the pressure to 
fall from 80 lb. to 41 lb. per square inch; while a gate valve caused a loss 
of pressure of 4 lb. per square inch. Find (a) the per cent of loss for 
globe valve, (b) for gate valve, (c) what per cent loss yin gate valve 
is of loss through globe valve. Ans. 482%; 5%; 10.26—%. 

60. In an analysis of the best quality of crucible cast steel, the follow- 
ing was found: carbon 1. %y silicon 0.112%, phosphorus 0.018%, man- 
ganese 0.36%, sulphur 0.02%, iron 98.29%. Find the number of pounds 
of each substance if the total weight is 176.5 lb. 

Ans, 2.118; 0.1977 —; 0.0318 —; 0.6354; 0.0353; 173.4818 +-. 

61. Find the cost of the following at 88% discount: 


350 ft., 8-in. sewer pipe at $0.50 
4 elbows at $2.00 
3 T branches at $2.25 
4 traps at $6.60 
Ans. $36.75. 


52. The mean effective pressure on the piston of a steam engine, 
found from the indicator diagram, was 59.75 lb. per square inch. The 
boiler pressure was 87 Ib. per square inch. What per cent of the boiler 
pressure was the mean effective pressure? Ans. 68.7—%. 

63. The grade of a railroad track is given in per cent. A grade of 
1% is arise of 1 ft. in 100 ft. If a railroad has a constant grade of 14%, 
what is the rise in 33 miles? Ans. 231 ft. 
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54. The total rise in a 12% grade is 43.6 ft. Find the length of the 


track having this grade. Ans. 2491% ft. 
65. A railroad rises 112.7 ft. in 3h miles. Find the average grade. 
Ans. 0.61—%. 


56. The mechanical efficiency of a machine is the relation between the 
work put into the machine and the work gotten out of it. Mechanical 
efficiency is usually stated as a per cent. Thus, if 100 units of work are 
put into a machine and only 80 units gotten out the mechanical efficiency, 
or simply the efficiency, is 80%. What is the efficiency of the engine of 
exercise 7? 

57. At what advance must a shopkeeper mark goods costing 90 cents 
that he may allow a 20% discount and yet gain 25%? Ans. 50% cents. 

58. A man purchases ice at 50 cents per 100 lb. At what rate must 
he sell it after it has lost 10% of its weight by melting to gain 20%. 


64. Interest.—Interest is money that is paid for the use of 
money. It is usually reckoned at a certain rate per cent per 
year. The base on which the interest is reckoned is called 
_the principal. 

In percentage, the time did not enter, but in reckoning 
interest the time has to be taken into account. The interest 
on a sum of money for one year at a certain rate is the princi- 
pal multiplied by the rate; for two years it is twice as much; 
and for any period of time it is the interest for one year multi- 
plied by the time in years. 

If p stands for principal, J for interest, r for rate per cent, 
and ¢ for time in years, the interest is found by the formula 


I=pXrxt. 


The amount, A, is the principal plus the interest. 
Many short methods for reckoning interest can be given, 
but here it is not the intention to enter into them. 
Example 1. Find the interest and amount of $350 for 
5 years at 6%. 
1 =pXrXt=$350 X0.06 X5=$105.00. Ans. 
A=p+I=$350+ $105.00 = $455.00. Ans. 


Example 2. Find the interest on $750 for 2 yr. 7 mo. 
at 8%. 

Here the time is ?4 years, since in getting the time in years 
we use 12 months for a year, 30 days for a month, and 360 
days for a year. 

*, [=$750 X 0.08 X #4 = $155.00. Ans, 
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It is usually best to use cancellation. 


750 X8X31 
100 X12 


Example 3. Find the interest on $375 for 2 yr. 5 mo. 15 da 
at 5%. 


Here the time is 38% years. 
.. [=$375 X0.05 X $83 = $46.09. Ans. 


Thus, =1/55. 


EXERCISES 19 


Find the interest and amount of each of the following: 


1. $700 for 3 yr. at 8%. Ans. $168.00; $868.00. 

2. $14.30 for 2 yr. 9 mo. at 8%. Ans. $3.15; $17.45. 

3. $245.60 for 2 yr. 7 mo. 21 da. at 8%. Ans. $51.90; $297.50. 

4. $436.75 for 1 yr. 2 mo. 15 da. at 5%. Ans. $26.39; $463.14. 

5. $325.24 for 2 yr. 9 mo, 12 da. at 63%. Ans. $58.84; $384.09. 

6. $87.50 tor 3 yr. 3 mo. at 7%. Ans. $19.91; $107.41. 

7. $480 for 6 yr. 3 mo. at 15%. Ans. $450; $930. 

8. $18.20 for 9 yr. 9 mo. 9 da. at 52%. Ans. $10.28; $28.43. 

9. A note for $225 at 6% runs for 9mo. What is the amount of the 
note when due? Ans. $235.18. 


10. A note for $390.00 at 7% runs for 3 yr.6mo. What is the amount 
due? Ans. $485.55. 


CHAPTER VII 
RATIO AND PROPORTION 


65. Ratio.—There are several ways of stating the relation 
of one quantity to another. If the size or magnitude of 
the quantities are thought of, a very convenient way of com- 
paring them is to state the ratio of one to the other. 

The ratio of one number to another is the quotient of the 
first number divided by the second. 


Thus, the ratio of $6 to $2 is 3, and may be stated in the form > or 
$6 : $2. In either case it is read “the ratio of $6 to $2.” 


_- From the idea of a ratio it is evident that we can state 

a ratio between two magnitudes only when the magnitudes 
are alike. That is, a ratio cannot be stated between such 
quantities as dollars and bushels. 

The two numbers used in a ratio are called the terms of 
the ratio. The first one is named the antecedent and is the 
dividend; the second is named the consequent and is the 
divisor. 

The ratio 2:3 is the inverse of the ratio 3 :2. 

Since a ratio in the form 4:3 is an indicated division 
or a fraction, the principles applying in division or to a fraction 
likewise apply to a ratio. 

The expressions ‘‘in the same ratio as,” “in the same pro- 
portion,” “proportionally,” and “pro rata” all have practically 
the same meaning. 


When it is said that $20 is divided between two men in the ratio of 
2 to 3, it is meant that one gets $2 as often as the other gets $3. That 
is, of each $5, one gets $2 and the other $3. Hence one gets ¢ of $20 or 
$8, and the other gets 2 of $20 or $12. 


EXERCISES 20 


1. Find the value of the following ratios: 8:2; 9:4; 17:23; 44 hours: 
8 hours; 7 bu.:2 bu.; 43:33; 9%: 16. 
2. A room is 16 ft. by 12 ft. What is the ratio of its length to its 
width? 
85 
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8. Two gear wheels have 80 teeth and 30 teeth respectively. What is 
the ratio of the numbers of teeth? 

4. One city has a population of 8000 and a second a population of 
20,000. What is the ratio of their populations? What part is the first 
of the second? What per cent? How many times as large as the first 
is the second? What difference is there in the ideas involved in the 
questions? 

5. Write the inverse ratios to the following: 7:2; 9:24; 10 ft.:90 ft.; 
234:2%. 

6. Divide $50 between A and B in the ratio of 3:7. 

7. A man rode 250 miles partly by rail and partly by boat. What 
distance did he travel by each if their ratio is as 3 to 2? 

Ans. 150 mi.; 100 mi. 

8. Fifty-one students entered a class and 33 of them finished the work. 
What per cent finished? What is the ratio of the number that finished 
to the whole number? 

9. A worm wheel makes 6 turns per minute and the worm 180 turns 
per minute. What is the ratio of the reduction of speed? Ans. 30 to 1. 


66. Proportion.—A proportion is a statement of equality 
between two ratios. 


Thus, 2:3=4:6 and 4 men:8 men = $6:$12, are proportions. 


The first and last terms of a proportion are called the 
extremes. ‘The second and third terms are called the means. 


In the first proportion above, 2 and 6 are the extremes and 3 and 4 
the means. 


By inspecting several proportions the following principles 
will be evident: 

(1) The product of the means of any proportion is equal to the 
product of the extremes. ‘ 

(2) The product of the two means divided by either extreme 
gives the other extreme. 

(3) The product of the two extremes divided by either mean 
gives the other mean. 

Example 1. Find the value of h from the proportion 
25: 100=7 : h. 
100 X7 

25 

Example 2. If 15 tons of coal ‘cost $63 what will 27 tons 
cost at the same rate per ton? 

Solution. Since the same relation holds between the cost 


Solution. Applying principle (2), h= =22. Ans. 
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prices as between the amounts of coal, the ratio of 15 tons to 
27 tons must equal the ratio $63 to the cost of 27 tons. 
Let x stand for the number of dollars 27 tons cost, and we 
can state the proportion, 


.. 27 tons cost $113.40. Ans. 


Example 3. If 25 men can do a piece of work in 30 days, 
in how many days can 35 men do the same work? 

Solution. It is evident that 35 men can do the work in less 
time than 25 men, hence the ratio of the number of days is 
equal to the inverse ratio of the number of men. Using z 
for the number of days required, 


ih 2 Maal) 2.4p: 
2.20 a0 Kaas 
Soak = 2138. 


.”. 35 men can do the work in 214 days. Ans. 


Example 4. An inclined plane as shown in the figure rises 
38 ft. in 100 ft., find the height h it will rise in 28 ft. 


Fie. 15. 


Solution. Here the proportion is 
100 : 28 = 38 :h. 
28 X38 
100 
.. the rise in 28 ft. is 10.64 ft. Ans. 
The proportion could as well be stated 100 :38 = 28 :h. 
Definition. If the rise of a road bed is h ft. in 100 ft., the 


h= = 10.64. 


grade of the road is ay or the ratio of the rise to the horizontal 
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distance. ‘Thus, if a road rises 3 ft. in 100 ft. the grade is 
3 
100 = 3%: 
Example 5. What is the grade of a road bed that rises 
1.2 ft. in a horizontal distance of 40 ft.? 
Solution. Let h stand for the number of feet rise in 100 ft. 
1.2 


: : Pa 13 oo 
It is evident that the ratio 00 = the ratio Pri But 462 


0.03. .°. the grade is 0.03 or 3%, Ans. 
Example 6. If a bell metal is 25 parts copper to 12 parts 
tin, what is the weight of each in a bell weighing 1850 lb.? 
Solution. The ratio of the number of parts of each metal 
to the whole number of parts equals the ratio of the weight of 
each metal to the whole weight. Use c to stand for the number 
of pounds of copper, and ¢ for the tin. Then we have 
25 :37 = c : 1850, 
and 12 :37 = t : 1850. 


25 X 1850 
| —— a ee —I 2 
37 1250, 
and t= Hoos oo = 600. 


“. weight of copper is 1250 lb. and tin is 600 Ib. Ans. 


EXERCISES 21 


Find the value of the letter in the exercises 1 to 6. 


1. 17:45 =14% 2, Ans. 2 =3777. 
2. 32:9 =6:-. Ans. « =15%%. 
8. 16$:294 =502:2. Ans. «=883. 
4. 3:0=6:25. Ans. ¢=15. 
5. 76:85 =2: 170. Ans. «=150. 
6. 311 =17:121, Ans. r=17%. 
7. If a train travels 378 miles in 11 hours, how far will it travel in 17 
hours? Ans. 584; miles. 
8. If 10 men can do a piece of work in 20 days, how long will it take 
25 men to do it? Ans. 8 days. 
9. If a ship sails 256 miles in 11} hours, how far will it sail a the 
same rate in 179 hours? Ans. 398448 miles. 
10. The roof of a house rises 2 ft. in a run of 3 ft., how far will it rise 
in a run of 20 ft.? Ans. 13 ft. 4 in. 


11. A road bed rises 24 ft. in 200 ft., what is the grade? In how many 
feet will it rise 1 ft.? Ans. 14%; 80. 
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12. If 163 tons of hay cost $61.875, find the cost of 28 tons at the 
same rate. Ans. $105. 

13. The mixture for a casting has 4 parts of copper, 3 parts lead, and 
2 parts tin. How many pounds of each in a casting weighing 96 lb.? 

Ans. 422; 32; 214. 

Work the following 4 exercises by proportion. 

14. What per cent is 59.1 of 51.3? 

Solution. 100% stands for the base, then, using x for the number of 
per cent required, the proportion is 


51.3:51.9 =100:2. 


a 59.1 X100 

Joes = ets Be == ible 

.. 59.1 is 115.2% of 51.3. 
15. 46 is what per cent of 79? Ans. 58.23 —%. 
16. 146 is 17% of what number? Ans. 858.82+. 
17. 3% of a number is 426, what is the number? Ans. 14,200. 


67. Measuring heights.—There are several methods for 
‘determining the height of a standing tree. One of the simplest 
is to measure the shadow of the tree and the shadow of a 
straight pole of known length set upright in the ground. 
Then if H stands for the height of the tree, h for the height 
of the pole, S for the length of the shadow of the tree, s 
for that of the pole, we have the proportion 


4° 8=n.2H. 


EXERCISES 22 


1. Find the height of a tree that casts a shadow 115 ft. long when a 
pole 8 ft. high casts a shadow of 5 ft. 
Solution. 5:8=115:H. 


< H= XS 184. 


“. height of tree is 184 ft. Ans. 

2. Find the height of a church steeple that casts a shadow 84 ft. long 
when a pole 11 ft. long casts a shadow of 7 ft. 9 in. Ans. 119 ft. nearly. 

The two following methods with the figures are given in Bulletin 36 
of the Bureau of Forestry, U. S. Department of Agriculture. 

(1) A method used when the sun is not shining is to set two poles in 
a line with the tree as shown in Fig. 16. From a point S on one pole 
sight across the second pole to the base and to the top of the tree. Let 
an assistant note the points a and b where the lines of vision cross the 
second pole and measure the distance between these points, ab, also 
measure the distance from the sighting point on the first pole to the base 
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of the tree, SB, and to the lowest point on the second pole, Sb. Then the 
following proportion is true: 
Sb:SB=ab: AB. 


"aa its i he TR eens 1, Sec 
SMR se a RS ae pad IN 
¢, - ’ y Pa AOD ry ard D2, aves ay \ Ad us a) 
Mig mn Dey TT 18 EN Daft CMWHT IG, SORE tenets zs ih 
net BAY OO el By pa ioe Cuban” Sebi |g OMT CR AS 


Fie. 16. 


d 7 
Wins, é 
“ny T1109 —— 
OY Ml Ve Wh? A gio Ay oe ey 
Bae Gace, 


3. Find the height of a tree when Sb=6 ft., SB =40 ft., and ab=9 ft. 
Ans. 60 ft. 

(2) Another method sometimes used is as follows: The observer walks 

on level ground to a point A at a convenient distance AD from the foot 

of the tree. He then lies on his back as shown in Fig. 17, An assistant 
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notes on an upright staff erected at his feet the exact point C where 
his line of vision to the top of the tree # crosses the staff. The height 
of the staff BC is measured, and his own height AB from his feet to his 
eyes, then the following proportion is true: 
. AB: BC =AD: DE. 
4. Find the height of the tree DE if AB=5} ft., BC=8 ft., and 
AD=90 ft. y Ans. 131 ft. nearly. 


68. The lever.—A stiff bar or rod supported at some 
pivotal point, about which it can move freely, is called a lever. 
The pivotal point is called the fulcrum. The lever enters 
in one form or another into many mechanical devices. 


Fic. 18. 


In Fig. 18, F stands for fulcrum, W for the weight lifted, 
P for the force that does the lifting, D for the distance from 
the fulcrum to the point of application of the force, and d 
for the distance from the fulcrum to the point where the weight 
is attached. In all possible relations of the fulcrum, weight, 
and force the following proportion holds: 


P:W=d:D. 
That is, the applied force is to the weight inversely as their 
distances from the fulerum. This means that a small force 


will balance a larger weight only if the weight is nearer the 
fulcrum than the force. 
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EXERCISES 23 


1. Given P=150 lb., D=124 ft., d=14 ft., find W. Ans. 1250 Ib. 
2. Given P =200 lb., D=9% ft., W =775 lb., find d. 
Ans. 2 ft. 6.2— in. 
3. Given P=160 lb., W=900 
Ib., d=1% ft., find D. 
Atis: «i fie san. 
4, Given W =160 lb., D=83 ft., 
d =8; ft., find P. 
Ans. 381 lb. nearly. 
5. In a wire cutter the wire is 
placed 3 in. from the fulerum and 


the pressure of the hand is 7 in. 
———\~ F from the fulerum. Find the re- 
QS sistance of the wire if the hand 


exerts a force of 40 1b. 
Ans. 560 lb. 
[<a> 6. In pulling a nail froma board 
Rie. 19. with a hammer as shown in Fig. 
19, find the resistance of the nail 
at the start if P=50lb., D=10 in., and d=14 in. Ans. 3334 lb. 


7. In the ordinary steel-yard, Fig. 20, what must be the weight P to 


v 


Fie. 20. 


balance a weight W of 17} Ib. if it is 14 in. from fulerum to application 
of W and 8} in. from application of P to fulerum? Ans. 2 1b. 9.2— oz. 
8. If the steel-yard is turned over so that the distance from the ful- 
crum to W is 4 in., what weight W will 14 lb. at P balance when P is 
204 in. from the fulerum? Ans. 624 Ib. 
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69. Hydraulic machines.—A principle known as Pascal’s 
Law states that pressure exerted on a liquid in a closed vessel 
is transmitted equally and undiminished in all directions. 

In Fig. 21, if the area of a is 1 
sq. in. then a pressure of I lb. at 
a gives a pressure of 1 lb. on each 
square inch of the surface of C. If 
the area of the top of C is 100 sq. 
in. then a pressure of 1 lb. at a 
will lift a weight of 100 Ib. at A. 

If a, A, p, and P are the areas 
and pressures respectively then we 
have the proportion 

ech =oP: 


EXERCISES 24 


1. A pressure of 5 lb. on the cork of a 
jug filled with water gives how many 
pounds pressure tending to force out the Bran Di 
bottom of the jug? The area of the 
cork is 13 sq. in. and the area of the bottom is 245.6 sq. in. 

Ans. 8183 lb. 

2. A hydraulic lifter used to raise heavy weights has the pressure ap- 
plied to a piston having an area of 4 sq. in. by a lever. From the ful- 
crum to the point attached to the small piston is 4 in., and to the point 
where a force of 100 lb. is applied is 22 in. Find the weight that can be 
raised on a piston having an area of 75.6 sq. in. 

Solution. Let x=pressure in pounds applied on small piston. 

Then 100:2=4:22. From which «=550. 
And 0.5:75.6 =550:P. 


550 X 75.6 
0.5 


Hence a weight of 83,160 lb. can be raised. 

3. A supply pipe for a 14-in. plunger hydraulic elevator piston is 1} 
sq. in. in area, and the pressure in the supply pipe is pumped up to 150 
Ib. per square inch. What is the total pressure on the 14-in. plunger if 
it has an area of 153.94 sq. in.? Ans. 23,091 lb. 


= 83,160. 


CHAPTER VIII 
DENSITY AND SPECIFIC GRAVITY 


70. Density.—Experience tells us that some bodies are 
heavier than others; that is, of two bodies of the same size, 
one weighs more than the other. Take a cubic foot of metal 
and one of wood; suppose the metal weighs 500 lb. and the 
wood 50 lb., then the metal is ten times as heavy as the wood, 
or the ratio of their densities isas 10to1. Wealso say that the 
density of the metal is 500 lb. per cubic foot. 

Water has a density of about 62.5 lb. per cubic foot. In 
the metric system the density of water under standard con- 
ditions is one gram per cubic centimeter. 

The density of a body is its mass per unit volume. For 
our purpose the mass is the same as the weight. Strictly 
speaking, the weight of a body near the earth is the force 
with which the earth attracts the mass of the body. 

71. Specific gravity.—The term specific gravity is used for 
the ratio of the densities of two bodies. Thus, the specific 
gravity of the metal with reference to the wood is 10, which 
means that the metal is ten times as heavy as the wood. 
It should be carefully noticed that the specific gravity of a 
substance is an abstract number, that is, a number with no 
name attached. 

72. Standards.—For convenience the standard to which 
other substances are referred, in stating specific gravities, 
is water for solids and liquids. 

Rug. The specific gravity of a substance is obtained by 
finding the weight of a certain volume of it and dividing this 
weight by the weight of the same volume of the standard. 

Thus, to find the specific gravity of a stone it is necessary 
to find its weight, and the weight of an equal volume of water. 
The weight of the stone divided by the weight of the water 
gives the specific gravity of the stone. 

The specific gravity of any other body could be found in 
the same manner. Some difficulty might be found in doing 
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the weighing, but a little ingenuity will devise a plan. Vari- 
ous methods for doing the weighing are discussed in physics. 

Water is taken as the standard because of its abundance. 
All substances can be referred to it, but gases are usually 
compared with air or hydrogen gas. 

If w stands for the weight of the body whese specific gravity 
is to be found, s the weight of the same volume of the stand- 
ard, and g for the specific gravity, the rule may be stated as a 
formula: 

wW+sS=J. 

73. Use.—Tables of the specific gravities of the various 
substances are given for use in making computations. In 
Table VIII are given the specific gravities of a few of the more 
common substances. 

If it is required to find the weight of a block of iron 2 ft. 
‘by 3 ft. by 1 ft. we could find the number of cubic feet in the 
block which is 6. This times the weight of a cubic foot of 
water gives the weight of an equal volume of water, or 62.56 
=375 lb. The weight of the water multiplied by the specific 
gravity of iron gives the weight of the iron, or 375 lb. X7.2 
= 2700 lb. 

In terms of the letters already used, since w+s=g, 

W=S8Xq. 

Example 1. Find the specific gravity of a rock if 1 cu. ft. 
of it weighs 182 lb. 

Solution. Since water weighs 62.5 lb. per cubic foot the 
specific gravity of the rock is found thus: 

182 lb. +62.5 lb. =2.912. 
”. specific gravity of the rock is 2.912. 


Example 2. How many cubic inches are there in 1 lb. of 
cork, if its specific gravity is 0.24? 

Solution. Since 1728 cu in, of water weigh 62.5 lb. 

1728 cu. in. of cork weigh 0.24 X 62.5 Ib. 


: E 1 0.24 62.5 
“.1 cu. in, of cork weighs —7798 Ib 


0.24X62.5 1728 
1728 0.24X62.5 


there are 115.2 cu. in. in 1 lb. of cork. 


And 1+ = 115.2. 
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EXERCISES 25 


1. Find the weight of 176 cu. in. of copper. Ans. 56+ Ib. 

2. Find the weight of 37 cu. ft. of cast iron. Ans. 16,650 Ib. 

3. A stone weighs 3 Ib. in air and 1.75 lb. in water. Find its specific 
gravity. Ans. 2.4. 

4. What is the specific gravity of a substance 40 cu. in. of which 
weighs 6 Ib.? Ans. 4.147+. 


5. Two cubic feet of cast iron immersed in water weigh how much? 

Solution. From Table VIII, 2 cu. ft. of cast iron weigh in air 
2450 Ib. =900 Ib. 

2 cu. ft. of water weigh 262.5 lb. =125 lb. 

Weight of iron in water = 900 lb. —125 lb. =775 lb. 

6. A piece of metal weighing 243 lb. floats in mercury (s. g. 13.6) with 
v7 of its volume immersed. Determine the volume and the specific 
gravity of the metal. Ans. s. g.=7.2; Vol. =933.1 in.® 

7. The specific gravity of ice is 0.92, of sea water 1.025. What part 
of an iceberg is below the surface of the water when floating? 

Ans. 0.8975. 

8. A balloon containing 10,200 cu. ft. will have how great a lifting 
force if filled with hydrogen gas? Ans. 756.5 lb. 

9. An irregular shaped mass of iron (s. g. 7.22) weighed in air 126 lb. 
Find its volume. What would be its weight if immersed in water? 

Ans. 482.5 — in.3; 108.55 — Ib, 

10. A pond { acre in area is frozen over. Find the weight in tons of 
the ice if it is 3} in. thick and the specific gravity of ice is 0.92. 

Ans. 273.95 tons. 

11. Find the weight of a cubic meter of iron (s. g. 7.22) in kilograms. 
What is the weight in pounds? Ans. 7220 Kg.; 15917.4 lb. 

12. Find the number of liters in a vat 2 m.x75 em. X50 em. Also 
find the weight in Kg. of the sulphuric acid (s.g. 1.84) required to fill it. 

Ans. 750 1.; 1380 Kg. 

13. Find the value of 17 1. of sulphuric acid at 5 cents per Kg. 

Ans. $1.56. 

14. Mercury weighs 13.596 times as much as water at its greatest 
density. What is the pressure per square centimeter of a column of 


mercury 76 cm. high? Ans. 1033.296 g. 
15. A column of mercury how high would cause a pressure per square 
inch equal to 14.7 lb.? Ans. 29.89-+ in. 


16. A tank 1.85 m. long, 1.35 m. wide, and 85 em. deep is filled with 
sea water (s. g. 1.025). What is the weight of the water? 
Ans. 2175.95— Keg. 
17. Sandstone of specifie gravity 2.5 is crushed. Find the weight of 
1 cu. yd. of the crushed stone if the voids are 35%. (See Ex. 22, p. 80). 
Solution. If 35% are voids, 65% is rock. 
Weight =0.65 X27 62.5 X2.5 =2742-+ lb. 
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18. Granite of specific gravity 2.8 is crushed. Find the weight of 
1 cu. yd. of the crushed rock if voids are 40%. Ans. 2835 lb. 
19. A casting of iron when immersed in water displaces 2 quarts; find 
the weight of the casting. Ans. 30 lb. 
20. An irregular shaped steel forging was found to displace 6.75 quarts 
of water; find the weight of the forging. (Use s. g. of steel = 7.85). 
Ans. 111 Ib. nearly. 
21. A wooden pattern for a casting weighs 2 pounds. An aluminum 
casting is to be made. Find the weight of the casting if the specific 
gravity of the wood is 0.52 and that of the aluminum is 2.6. 
Ans. 13% lb. 


CHAPTER IX 
POWERS AND ROOTS 


74. Powers.—When we have several numbers multiplied 
together, as 3X4X6=72, we call the numbers 8, 4, and 6, 
factors and 72 the product. If now we make all the factors 
alike, as 3X3X3X3=81, we call the product by the special 
name power. We say 81 is a power of 3, and 3 is the base of 
the power. 

A power is a product obtained by using a base a certain 
number of times as a factor. 

If the base is used twice as a factor the power is called the 
second power; three times as a factor, the third power; and 
so on for any number of times. 

75. Exponent of a power.—Instead of 3X3X3xX3, we 
may write 34. The small figure, placed at the right and above 
the base, shows how many times the base is to be used as a 
factor, and is called an exponent. 

The exponent of a power is a number placed to the right 
and above a base to show how many times the base is used as 
a factor. 

It should be noted that the use of the exponent gives us a 
short concise way of writing a continued product where the 
factors are all alike. 

76. Squares, cubes, involution—The second power of a 
number is called the square of the number, as 32. 

The third power of anumber is called the cube of the number, 
as 53, : 

The higher powers have no special names. 34 is called the 
fourth power of 3, 5’ the seventh power of 5, etc. 

Involution is the process of finding the powers of numbers, 
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EXERCISES 26 
1. Find the square of 7, of 27, of 92, of 736. Find the square of the 
square of 3, of 7, of 10. 
2. Find the cube of 7, of 8. Find the square of the cube of 3. 
Ans. 343; 512; 729. 
3. Find the fourth power of 5. What is the difference between the 
fourth power of a number and the square of the square of the same 
number? 
4, Find values of the following: (a) 7922, (b) 35%, (c) 34, (d) 218, 
Ans. (a) 627,264, (b) 42,875, (c) 81, (d) 65,536. 


77. Roots.—If we take 9 and separate it into the two equal 
factors 3 and 3, that is, 9=3X3, then one of these factors, 
3, is called the square root of 9. The process is just the inverse 
of that by which the power is found. Similarly 64=4x4x4, 
and we say 4 is the cube root of 64. 

The square root of a number is one of the two equal factors 
into which a number is divided. 

The cube root is one of the three equal factors into which 
a number is divided; the fourth root is one of the four equal 
factors; and so on for the higher roots. 

78. Radical sign and index of root.—To indizate a root, we 
use the sign +1/, which is called the radical sign. A small 
figure, called the index of the root, is placed in the opening of 
the radical sign to show what root is to be taken. Thus, 4/64 
indicates the cube root of 64. The small 3 is the index al the 
root. 

Since the square root is the most frequently written root, 
the index 2 is omitted. Thus, the square root of 625 is 
written +/625 and not +/625. Higher roots are indicated as 
~/ 243, V/128. 

Evolution is the process of finding a root of a given number. 

79. Square root.—The numbers 1, 4, 9, 16, 25, 36, 49, 64, 
81, which are the squares of the hiiberantt D3 p45; 6,1, So, 
Peapectively, should be carefully vananiverelt It eal be 
noticed that these are the only whole numbers less than 100 
of which we can find the square roots. Such numbers as 
these are called perfect squares. As we pass to numbers 
above 100, the perfect squares become still more scarce. 

The square root of 49 is 7, but the square root of 56 cannot 
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be expressed as a whole number, nor can it be expressed as a 
decimal exactly. We can find it to any desired number of 
decimal places, and so as accurately as we wish. It remains to 
devise a method by which this may be done. 

The practical man who wishes to find the square root of a 
number does not care greatly why he goes through a certain 
process; but it is very important to him that he shall be able 
to find the root quickly and accurately. In what follows then 
the attempt is made to tell in as simple a manner as possible 
how to find the root. 

80. Process for the square root of a perfect square.— 


Example 1. Find +/522729. 


Explanation. Process. 
First, separate the number 52'27'29 (723 Ans. 
into periods of two figures 49 <r 
each, beginning at the right, 449 | 397 
and placing a mark between 284 
them. The number ofperiods 1443 | 4329 
thus formed is equal to the 4329 


number of figures in the root. 

Find the largest perfect square which is equal to, or less 
than, the left-hand period, 52. This perfect square is 49. 
Write it under 52; and put its square root, 7, to the right as 
the first figure of the root. Now subtract 49 from 52 and 
bring down the next period, 27, and unite with the remainder 
3, thus obtaining 327. 

Take twice 7, the first figure of the root, and write it to the 
left of 8327, Find how many times this, 14, is contained in 32, 
which is 2, for the second figure of the root. Place this figure 
2 in the root, and also to the right of 14, making 142. Now 
multiply 142 by 2, and write the product, 284, under 327. 
Subtract 284 from 327 and bring down and unite the next 
period, 29, with the remainder, 43, thus obtaining 4329. 

In the above work 327 is called the first remainder; 14, 
the trial divisor; 142, the true divisor; and 4329, the second 
remainder. 

Next multiply 72 by 2, and write it at the left of 4329 as the 
second trial divisor. Find how many times 144 is contained 
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in 432, which is 3, for the third figure of the root. Place this 
figure, 3, in the root and also at the right of 144, making 
1443, the second true divisor. Multiply 1443 by 3 and write 
the product under 4329. This gives no remainder. ‘There- 
fore, 723 is the exact square root of 522,729, that is, 723 723 
= 522,729. 

Example 2. Find ~/6780816. 


Explanation. Process. 
First, separate the 6’78/08'16 (2604 Ans. 
number into periods of 4 ime 
two figures each as in 46 (278° 
example 1. As before, \276 


we find the greatest 5204 | 20816 
square, 4, in the left- | 20816 

-hand period, write it 
under 6 and put the square root, 2, of this square for the first 
figure of the root. Subtract the square, 4, from 6, and bring 
down the next period, 78, and unite it with the 2, making the 
first remainder, 278. 

Take twice 2 for a trial divisor. Find how many times it is 
contained in the first remainder, excepting the right-hand 
figure; that is, find how many times 4 is contained in 27. 
The number is 6, which write as the second figure of the root, 
and also at the right of the trial divisor. This makes 46 
the true divisor. Multiply the true divisor by 6, and subtract 
the product, 276, from the first remainder. Bring down and 
unite the next period to the difference, making the second 
remainder, 208. ; 

Multiply the root already found by 2, and get the second 
trial divisor, 52. Find how many times this is contained in 
20, which gives 0 for the next figure of the root. Place this 6 
in the root and also to the right of 52, making 520, the second 
true divisor. Now, since the 0 written in the root is the 
multiplier, nothing is gained by multiplying the true divisor 
by it, and subtracting from 208. This part of the process is 
omitted, and the next period, 16, is united with 208, making 
20,816, the third remainder. 

The third trial divisor is twice the root, 260, which gives 
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520. This is contained in 2081, 4 times. Place the 4 as the 
next figure of the root, and also to the right of 520, making 
5204, the third true divisor. Multiply this by 4 and subtract 
from the third remainder. As the remainder is zero, 2604 is 
the exact square root of 6,780,816. 

81. Square root of a number containing a decimal.— 


Example. Find +~/ 665.1241. Process. 

Here the division into periods . 6’65./12’41 (25.79 Ans. 
is made by beginning at the Xi 
decimal point and going in both 995 


: ae : h 

dinclipns, s The aresv pone a7 0 
work is the same as in examples 3549 

1 and 2, Art. 80. 5149 (46341 


46341 


The student should note that the second trial divisor, 50, 
is contained 8 times in the first three figures of the second 
remainder, 4012. However, if 8 were used as the root, it 
would give a number larger than 4012 when the true divisor 
was multiplied by it. The relations noted here should help 
te make clear why we give to the trial divisor its name. 

The decimal point in the root is so placed that there are 
as many whole number figures in the root as there are whole 
number periods in the number of which the root is extracted. 
The position of the decimal point can also be determined so 
that there will be as many decimal places in the root as there 
are decimal periods in the number of which the root is being 
extracted. 

If the decimal part of the number consists of an odd number 
of figures a cipher is annexed to make a full period at the right. 

Thus, in pointing off 53.76542 into periods it is 53’.76'54’20. 

82. Roots not exact.—Most numbers are not perfect squares, 
but the roots may be found to any desired number of decimal 
places. When extracting the root of a number not a perfect 
square, one must determine how many decimal places he 
wishes in the answer, and then annex ciphers to the right of the 
number till there are as many decimal periods as there are 
to be decimal places in the root. The root is then extracted 
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in the usual manner. We stop when the desired number of 
figures is found in the root. 
Example. Find +/27 to three decimal places in the root. 


Explanation. ; Process. 
Since three decimal places 27.'00'00’00 (5.196 Ans. 
are required in the root, annex 25 
three periods of ciphers to the 101 fol 
right of 27. These are the deci- 1029 "a0 
malperiods. Extract the root 9201 


as before. Place the decimal 10386 163900 
point in the root as in example 62316 

of Art. 81. It will be noticed i oe 

that there is a remainder; 

this is disregarded as it affects the next figures only, that is, 
the fourth and following figures in the decimal part of the root. 

83. Root of a common fraction.—If the numerator and 
the denominator of the fraction are each a perfect square, 
find the square root of each separately. 

Example 1. Find ~/ 343. 

The \/144=12, and ~/625=25. 

Hence +/}44=42. Ans. 

If the numerator and denominator are not each a perfect 
square, reduce the fraction to a decimal and then extract 
the square root as in Art. 81. 

Example 2. Find +/3. 

Reducing to a decimal, #=0.28571428--- . 

+/ 0.2857 1428 = 0.5345. 

Hence, +/2=0.5345 to four decimal places. 

It is worth noting here that the square root of 7 may be 
found by extracting the square root of both numerator and 
denominator, and then dividing the square root of the num- 
erator by the square root of he denominator. T his process 
would require two extractions of roots and one long division, 
and so make the work about three times what it is if the 
fraction is first reduced to a decimal and then the root 
extracted. 

84. Short methods.—Partly division. If it is required to 
extract the square root of a number to, say, five decimal 
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places, making, say, seven figures in the root, the work may 
be shortened by extracting the root in the usual way till four 
figures are obtained, and then dividing the last remainder 
found by the corresponding trial divisor to obtain the last 
three figures of the root. In general, extract root till more 
than half the required number of figures are found, and then 
for the other figures of the root divide the remainder by the 
corresponding trial divisor. 
Process. 
Example 1. Find 1'78.’00’00’00'00(13.384166 Ans. 

4/178 to five decimal ] 


places. 23 178 
69 
263 | 900 
789 
2664 |11100 
10656 
2668) 444000 (166 
The process may be eons 
; 17720 
contracted still 16008 
further by using con- 17120 
tracted division when 16008 
dividing. FT 119 


Method by factoring. When the number of which the square 
root is to be extracted can be factored into two factors, one 
of which is a perfect square and the other the number 2, 3, 5, 
6, or 7, a very useful short method may be obtained. For 
this purpose it is necessary first to have found the following 
square roots: 


4/2 = 1.4142, 4/3 = 1.73205, 4/5 = 2.23607, 
+/6 =2.4494, V7 = 2.6457. 
Of these the most useful are the roots of 2 and 3. 
Example 2. Find the 1/32. 
32=16 X2, so we may write 
4/32 = \/16X0/2=4X 1.4142 =5.6568. Ans. 
Example 3. Find +/125. 
VJ 125 = 0/25 X V5 =5 X2.236 = 11.180. Ans. 
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85. Rule for square root.—After carefully following through 
the solutions of the preceding examples, the following rule 
should be understood: 

Rute. (1) Begin at the decimal point and point off the whole 
number part and the decimal part into periods of two figures each. 
If there is an odd number of figures in the whole number part, 
the left-hand period will have only one figure. If there is an 
odd number of figures in the decimal part, annex a cipher so that 
the right-hand period shall contain two figures. 

(2) Find the greatest square in the left-hand period and place 
it under that period. The square root of this greatest square is 
the first figure of the required root. Subtract the greatest square 
from the left-hand period and bring down and unite with the 
remainder the next period of the number. This is the first 
remainder. 

(3) Take twice the root already found for a trial divisor, which 
write at the left of the remainder. Find how many times this 
trial divisor is contained in the remainder omitting the right-hand 
figure. This gives the next figure of the root, which place in the 
root and also at the right of the trial divisor, forming the true 
divisor. Multiply the true divisor by the figure last placed in the 
root and write the product wnder the remainder. Subtract and 
bring down and unite the next period in the number. This pro- 
cess is repeated for each figure of the root. 

(4) If at any time the trial divisor will not be contained in 
the corresponding remainder, place a cipher in the root and at 
the right of the trial divisor, bring down another period, and 
continue as before. ; 

(5) Point off in the root as many decimal figures as there are 
decimal periods in the number of which the root is extracted. 

86. Cube root.—The extraction of cube root is so seldom 
used that it is thought best to omit the usual consideration of 
it. It is found in a very simple manner by the use of loga- 
rithms, by which means any one root is as easily found as 
another. (See Art. 313.) 


EXERCISES 27 


Find the square root of the following: 
1. 516,961. Ans. 719. 
2. 23,804,641. Ans. 4879. 
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3. 0.3364. Ans. 0.58. 
4. 0.120409. Ans. 0.347. 
5. 1159.4025. Ans. 34.05. 
6. 2 to four decimals. Ans. 1.4142. 
7. 786,432 to two decimals. Ans. 886.81. 
8. 7,326,456 to two decimals. Ans. 2706.74. 
9. 3 to five decimal places. Ans. 1.73205. 
10. 5 to three decimal places. Ans. 2.236. 
11. 6 to four decimal places. Ans. 2.4495. 
12. 7 to five decimal places. Ans. 2.64575. 
13. zes- Ans. 7": 
14. 27 + 156.25 to four decimals. Ans. 0.4157. 


Suggestion. First perform the division, and then extract the root of 
the quotient. 


15. % to four decimal places. Ans. 0.8819. 

In each of the exercises from 16 to 23, carry the root to five decimal 
places: 

16. 143. Ans. 11.95826 20. 287. Ans. 16.94107. 

17. 164. Ans. 12.80624. 21. 396. Ans. 19.89975. 

18. 92. Ans. 9.59166. 22. 416. Ans. 20.39608. 

19. 278. Ans. 16.67333. 23. 539. Ans. 23.21637. 


24, Find the square roots of the following by short methods: (a) 28, 
(b) 72, (c) 288, (d) 75, (e) 147, (f) 192, (g) 432. 
Ans. (a) 5.2915, (b) 8.4852, (c) 16.971, (d) 8.6603, (e) 12.1244, 
(f) 13.8564, (g) 20.7846. 


Sle 9) js 


Fig. 22.—Similar figures. 


87. Similar figures.—The following principles are useful 
in solving many problems: 

(1) The areas of similar figures are in the same ratio as ‘the 
squares of their like dimensions. 

(2) The volumes of similar solids are in the same ratio as 
the cubes of their like dimensions. 

Similar figures are such as have the same shape. 

In Fig. 22 the following pairs are similar: (c) and (b); (ce) 
and (d); (e) and (f); (g) and (h). 
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EXERCISES 28 


1. If the diameter of (a) is 6 in. and of (b) is 4 in., how many times as 
large as (b) is (a)? 

Solution. Area of (a): area of (b) =62:42=36: 16=21- Ans. 

2. Find the ratio of areas of (e) to (f), if the shorter side of (e) is 9 ft. 
and of (f) 5 ft. Anise ouoa, 

3. If a round steel rod } in. in diameter, hanging vertically, will sup- 
port 12,000 lb., what will a rod j in. in diameter support? 

Ans. 36,750 lb. 

4. Given that the electrical resistance is inversely in the same ratio as 
the areas of the cross sections of the conductors of the same material; 
find the ratio of the resistances of two copper wires of diameters } in. 


and 3 in. respectively. Ans. 64:9. 
5. Two steam boilers of the same shape are respectively 12 ft. and 18 

ft. long. Find the ratio of their surfaces. Ans. 4:9. 
6. How many times as much gold leaf will it take to cover a ball 10 

in. in diameter than to cover a ball 6 in. in diameter? Ans. 2 $- 
_- 7. Two balls of steel are respectively 7 in. and 15 in. in diameter. 

The second is how many times as heavy as the first? Ans. 9.84—-. 


8. Which is the cheaper, oranges 23 in. in diameter at 30 cents a dozen 
or 3-in. oranges at 40 cents a dozen? What should the larger ones sell 
at to give the same value for the money as the smaller at 30 cents a 
dozen? Ans. The 3-in. oranges; 52 cents a dozen nearly. 

Suggestion. The price the 3-in. oranges should sell at is given by the 
proportion: (24)#:33=30:z. 

9. Two balls of the same material are 10 in. and 3 in. in diameter 
respectively. If the smaller ball weighs 9 lb. what is the weight of the 
larger? Ans. 3333 lb. 

10. The formula V =+/2gh gives the velocity V in feet per second a 
body will have after falling from a height h. Find the value of V for a 
stone that has fallen 400 ft. In the formula g =32.2. 

Ans. 160.5 ft. nearly. 

Suggestion. As in this exercise, the evaluation of a formula often re- 
quires the extraction of a square root. The numbers that the letters 
stand for are put in place of the letters and we have 


V =V/2X32.2 X400 =-V/ 25760 = 160.5—. 
11. The effective area of a chimney is given by the formula 
E=A-0.06V/A, 


where H =the effective area, and A =the actual area of the flue. Find 


the effective area if A=86 sq. in. If A=3.14 sq. ft. 
Ans. 85.44 sq. in.; 3.03 sq. ft. 


12. When the pressure of water at the place of discharge is known, the 
rate of flow is given by the formula 


V =12.16\/P, 
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where V =velocity of discharge in feet per second, and P =pressure in 

pounds per square inch at the place of discharge. Find the rate of dis- 

charge if the pressure as given by a pressure gage is 50 lb. per square 
inch. Ans. 85.98 ft. per second. 

13. As in the last, find the velocity of discharge if the pressure is 200 
lb. per square inch. Compare the result with that of the preceding. 
Ans. 171.97 ft. per second. 
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CHAPTER X 
PLANE SURFACES. LINES AND ANGLES 


88. In this and the following chapters are discussed some 
of the facts established in geometry, and some of their appli- 
cations to practical problems. The endeavor is to illustrate 
and make clear the principles and thus lay a broad foundation, 

‘rather than to follow narrow special lines. Many special 
problems, however, are given. From these the individual 
student can select those that are suited to his needs. 

There are many terms which, although quite familiar to 
the student, are used in geometry with such exactness as to 
require a careful definition or explanation. Point, line, 
angle, surface, and solid are such terms. Like all simple 
terms, such as number, space, and time, they are difficult 
to define; but it is hoped the explanations given will lead to a 
reasonable understanding of them. 

89. Definitions——A material body, as, for example, a 
block of wood or an apple, occupies a definite portion of space. 

In geometry no attention is given to the substance of which 
the body is composed. It may be iron, stone, wood, or air, 
or it may be a vacuum. Geometry only considers the space 
occupied by the substance. This space is called a geometric 
solid or simply a solid. 

If one thinks of a brick, and then considers the brick removed and 


thinks of the space that the brick occupied, he has an illustration of a 
geometric solid. 


A solid has length, breadth, and thickness. 

A boundary face of a solid is called a surface. 

A surface has length and breadth but no thickness. 
109 
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The boundary of a surface, or that which separates one 
part of a surface from an adjoining part, is called a line. 

A line has length only. 

That which separates one part of a line from an adjoining 
part is called a point. 

A point has neither length, breadth, nor thickness. It has 
position only. 

A point is read by naming the letter placed upon it. A line 
is read by naming the letters placed at its ends, or by naming 


i ere.~, 

a Ss B 

A By int Saale 
elite Gk 


(a) (0) ( 
Fig. 23, 


the single letter placed upon it. Capital letters are usually 
used at the ends of a line, while a small letter is placed upon 
aline. In Fig. 23(a), the line is read “the line AB” or simply 
“the line a.” 

A straight line is a line having the same direction through- 
out its whole extent. See Fig. 23(a). 

A curved line is a line that is continually changing in direc- 
tion. See Fig. 23(b). 

A broken line is a line made up of connected straight lines. 
See Hig, 23(c). 


Plane Surface Curved Surface Parallel Lines 
Bra. 24. 


If a surface is such that any two points in it can be con- 
wected by a straight line lying wholly in the surface, it is 
called a plane surface or simply a plane. 

A carpenter determines whether or not the surface of a 
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board is a plane by laying the edge of his square or other 
straightedge on the surface in different positions, and observ- 
ing if the straightedge touches the surface at all points. 

A curved surface is a surface no part of which is a plane 
surface. Thus, the surface of a circular pipe and the surface 
of a ball are curved surfaces. 

Parallel lines are lines in the same plane and everywhere 
the same distance apart. 

In Fig. 24 are shown pairs of parallel lines. 

90. Angles.—Two straight lines which meet at a point 
form an angle. The idea of what an angle is, being a simple 
one, is hard to define. One should guard 


against thinking of the point where the Z 

two lines meet as the angle. This point 

is called the vertex of the angle. poe? 
The two lines are called the sides of 3 b A 

the angle. The difference in the direc- ae 


tions of the two lines forming the angle is 
the magnitude of the angle. For a further discussion of an 
angle see Art. 317. 

An angle is read by naming the letter at the vertex, or by 
naming the letters at the vertex and at the ends of the sides. 


Vertical 


Pe 
(db) 
Fie. 26. 


When read in the latter way, the letter at the vertex must 
always come between the other two. 

Thus, the angle in Fig. 25 is read “the angle b,” “the angle ABC,” or 
“the angle at B.” 

If one straight line meets another so as to form equal angles, 
the angles are right angles, and the lines are perpendicular 
to each other. 

In Fig. 26 (a), lines AB and CD are perpendicular to each other. 
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A vertical line or a plumb line is the line along which a 
string hangs when suspended at one end and weighted at the. 
other. 

A horizontal line is a line that is perpendicular to a vertical 
line. Fig. 26(6). 

If a right angle is divided into 90 equal parts, each part is 
called a degree. It is usually written 1°. 

An acute angle is an angle that is less than a right angle. 
An obtuse angle is an angle that is greater than a right angle 
and less than two right angles. See Fig. 26(c). 


F 
D 
/ A oe 
EB EB 
Complementary Supplementary 
Angles Angles 


Fie. 27. 


Two angles whose sum is one right angle, or 90°, are called 
complementary angles, and either one is said to be the com- 
plement of the other. Two angles whose sum is two right 
angles, or 180°, are called supplementary angles, and either 
one is said to be the supplement of the other. 


SURFACES 


91. Polygons.—A polygon is a plane surface bounded by 
any number of straight lines. Any one of these lines is called 


Fia. 28. 


a side. The point where two sides meet is called a vertex. 
The distance measured around the polygon, or the sum of the 
lengths of the sides, is called the perimeter of the polygon. 
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A triangle is a polygon having three sides. 

A quadrilateral is a polygon having four sides. 

A pentagon is a polygon having five sides. 

A hexagon is a polygon having six sides. 

An octagon is a polygon having eight sides. 

A regular polygon is one whose sides are all equal and whose 
angles are all equal. 

A diagonal is a line joining any two vertices not adjacent 
in a polygon. 

92. Concerning triangles——A line drawn from any vertex 
of a triangle perpendicular to the opposite side and ending in 
it is called an altitude of the triangle. Since a triangle has 
three vertices, each triangle has three altitudes. The altitude 


Altitude 


& 


(BY 
Fie. 29. Fia. 30. 


may meet the opposite side, as CF’ in triangle ABC, Fig. 29; 
or the opposite side may have to be extended to meet it, as 
AD and BE, Fig. 29. 

A line drawn from any vertex of a triangle to the center of 
the opposite side is called a median. It is evident that in any 
triangle there are three medians. 


In Fig. 30, AD is a median. 


A line drawn through the vertex of an angle and dividing 
the angle into two equal parts is called the bisector of the 
angle. The bisector of an angle of a triangle is often taken as 
the length of the bisector of an angle of the triangle from the 
vertex to the opposite side. 


BE in Fig. 30 is the bisector of the angle ABC of the triangle. 
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It is evident that there are three bisectors of the angles in 
any triangle. 

93. Concerning quadrilaterals.—A parallelogram is a quad- 
rilateral whose opposite sides are parallel. See Fig. 31(a). 

A rectangle is a parallelogram whose angles are right angles. 
See Fig. 31(b). 

A square is a rectangle whose sides are all equal. See 
Big 3 l(c): 


je ge 2 


AG) B Avo ete E (d) B 
Ite SWE. 


A trapezoid is a quadrilateral with only two sides parallel. 
The parallel sides are called the bases. The altitude is 
the distance between the two bases. 

Fig. 31(d) is a trapezoid; AB and DC are the bases, and EF is the 
altitude. 

The forms just discussed are very important, as any figure 
bounded by straight lines may be thought of as composed 
of rectangles and triangles. 


EXERCISES 29 


In the following exercises use a ruler and a hard lead pencil. Letter 
all figures. 

1. Draw two curved lines. Two broken lines. 

2. Draw several parallel lines. 

3. Draw a right angle. An acute angle. An obtuse angle. 

4. Draw perpendicular lines. If two lines are perpendicular to each 
other is one of them vertical? Illustrate by a drawing. 

5. Draw vertical and horizontal lines. Is a vertical line always 
perpendicular to a horizontal line? 

6. Estimate the size as nearly as you can and draw an angle of 45°. 
Of 80". Of 60° Of 120% Of 135°) Of 180°. Which are atute 
angles? Which obtuse angles? 

7. Draw two complementary angles. Two supplementary angles. 

8. Draw a triangle. A quadrilateral. A pentagon. A hexagon. An 
octagon. A regular hexagon. 

9. How many diagonals have each of the polygons of exercise 8? 


10. What are the vertices of each polygon of exercise 8? What are 
the perimeters? 
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11. Draw a triangle having all its angles acute, and draw its three 
altitudes. 

12. Draw a triangle having all its angles acute, and draw its three 
medians. Draw the three bisectors of its angles. 

13. Draw triangles each having one obtuse angle, and follow the direc- 
tions of exercises 11 and 12. 

14. Draw a rectangle. A square. A parallelogram. A trapezoid. 
A quadrilateral that is not any of these. Draw their altitudes. 

15. Name objects in nature, or objects made by man that are of the 
forms asked for in the preceding exercises. 


AREAS OF POLYGONS 


94. The rectangle.—How to find the area of a rectangle 
is illustrated in Fig. 32. Suppose that this represents a 
rectangle whose length AD is 5 ft., 
and width AB is4ft. The rectangle 
4s divided into small squares 1 ft. on 

-a side, and so each represents 1 sq. iB 
ft. Since there are 4 rows of squares 
each containing 5 sq. ft., there are | | 
4X5 sq. ft.=20 sq. ft. in the rectan- 
gle. What is said will also be true if 4 
the lengths of the sides are frac- 
tional. This leads to the following: 

Ruue. The area of a rectangle is equal to the product of 
its length and its width. 

Remark. The length and the width of the rectangle must 
be in the same unit before taking their product. The product 
is then square units of the same kind as the linear units. 

Thus, if the unit of length is the foot, 

the product will be square feet. 
95. The parallelogram.—A_paral- 
lelogram and a rectangle, each hav- 

7 B ing the same base and altitude, are 

Fie. 33. equal in area. This is illustrated in 
Fig. 33. ABCD is the rectangle and 

ABEF is the parallelogram. The altitude BC is the same for 

each, and they have the same base, AB. Since the. part 

BCE of the parallelogram may be cut off and fitted on ADF, 

it is evident that the parallelogram is just equal to the rec- 
tangle. Therefore, we have the following: 


B Cc 


D 
Ha, 32: 


D F Cc 
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Ruue. The area of a parallelogram is equal to the product 
of its base and tts altitude. 

96. Formulas.—A rule stated in letters and signs is called 
a formula. It is a shorthand way of stating a rule. 

If A is used as an abbreviation for area, b for base, and 
a for altitude, the rule for the area of a rectangle or a paral- 
lelogram is given in the following formula: 


[fiPA=ab: 


The form ab means altitude times base. 

Since the altitude times the base equals the area, by using 
well-known principles of division we have for the rectangle or 
parallelogram the following: 

Rute. (1) The altitude equals the area divided by the base. 
(2) The base equals the area divided by the altitude. 

These rules written as formulas are: 


[2] a=A~b, 
[3] b=A+a. 


97. The triangle.—If a triangle and a parallelogram have 
the same base and have their altitudes equal, the triangle has 
half the area of the parallelogram. 

This is illustrated in Fig. 34. ABCD is the parallelogram. 


D c The diagonal BD divides it into two tri- 
angles ABD and BCD, which are equal. 

From this and the rule for the area of 
Aah B a parallelogram, it is clear that the fol- 


lowing is true: 

Rute. The area of any triangle is 
equal to one-half of its base times its altitude. 

If the area and either base or altitude of a triangle are given, 
the other dimension (altitude or base) is found by dividing 
twice the area by the given dimension. 

If A stands for the area, a for the altitude, and b for the base, 
we have these formulas for the triangle: 


Via. 34. 


[4] A=14ab, 
[5] a=2A~b, 
[6] b=2A+a, 
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EXERCISES 30 


1. Compute the areas of the following figures using the dimensions as 
given. 


22 rd. 


Fia. 35. 


2. If the sides only of a parallelogram are given can its area be found? 

3. Draw two triangles and find their areas by drawing the three alti- 
tudes of each and measuring the sides and altitudes. 

98. Area of a triangle when the three sides only are given.— 
If a, b, and ¢ stand for the three sides of a triangle; and if s 
stands for one-half the sum of a, b, and c, then the area A 
of the triangle is given by the formula: 

[7] A=~/sis—a) (s—b) (s—c). 

This formula cannot well be derived here, but it is found in 
geometry. The area of the triangle can also be found by 
constructing it to scale, as explained later. The altitude can 
then be measured and the area be found by taking one-half 
the product of the base and the altitude. 

Since a formula is a rule stated in symbols, the above formula 
may be stated as the following rule for the area of a triangle 
when the three sides only are given: 
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Rute. Find half the sum of the three sides. Subtract 
each side from this half sum. Take the continued product of the 
half sum and the three differences. The square root of this 
product is the area of the triangle. 

This rule can be illustrated best by an example. 

Example. Find the area of a triangle with sides 40 ray 
28 rd., and 36 rd. 


Solution. a=40, b=28, c=36. 
s=}(40+28+36) =52. 
s—a=52—40=12. 
s—b=52—28=24. 
s—c=52—36=16. 

A=/52X12X24X 16 = v/239,616 = 489.506. 

.. area =489,506— rd.2 Ans. 


B 


40 rd. 
Fic. 36. Fia. 37. 


With very ordinary instruments this triangle can be con- 
structed to scale and measured, and the area found to within 
half a square rod of the computed area. 

99. Area of trapezoid.—A diagonal of a trapezoid divides 
it into two triangles which have the same altitude, and have 

as bases the two bases of the trape- 

a E b D zoid. Thus, in the trapezoid of Fig. 
38, the diagonal AD divides the 
trapezoid into two triangles ACD 
3B and ADE. The area of ACD=3 of 
uglese) ACXa and area of ADE=} of 

EDXa’. But a=a’, hence the sum 
of the areas of the two triangles=3(AC+ED) Xa. 

Now the area of the trapezoid can evidently be found by 
finding the sum of the areas of the two triangles into which 


i 
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it is divided; or what amounts to the same thing, by the fol- 
lowing: 

Rute. The area of a trapezoid equals one-half the sum of 
the two bases times the altitude. 

If B and b stand for the two bases and a for the altitude of 
the trapezoid, the formula is 


[8] A=3(B+D) Xa. 


Example. Find the area of a trapezoid whose lower base 
is 20 rd., upper base 14 rd., and altitude 9 rd. 

Solution. By formula [8], A=3(B+))a. Putting the num- 
bers of the example in place of the letters of the formula, 


A=3(20+14) X9 = 153. 
*, area=153 sq.rd. Ans. 


EXERCISES 31 


1. Find the parts not given in the following exercises which refer to 
parallelograms: 
(1) Base 22} in. altitude 19 in. area . 
altitude 47 rd. area 426 rd.? 


(2) Base 
(3) Base 333 ft. altitude area 433% ft.? 
(4) Base altitude 1023 in. area 9367 in.’ 


Ans. (1) 427} in.?; (2) 927 rd.; (3) 137¢5 ft. ; (4) 91464 in. 
2. Find the number of acres in a farm 160 rd. long and 80 rd. wide. 


Ans. 80. 
3. Find the number of square feet in a floor 16 ft. 8 in. by 13 ft. 6 in. 
Ans, 225. 
4. Find the number of square meters in a rectangle 77 m. long and 
5 Dm. wide. Ans. 3850. 
5. A box 6 in. long, 4 in. wide, and 3 in. deep has six rectangular faces. 
Find the area of the surface of the box. Ans. 108 in.? 
6. Find the area of a triangle whose base is 25 ft. and whose altitude is 
12 ft. 4 in. Ans. 154% ft.? 
7. How many acres are there in a triangular lot whose base is 432 ft. 
and altitude 320 ft.? Ans. 1.59—. 
8. Find the number of hectares in a triangular field whose base is 
196.8 m. and altitude 85 m. Ans. 0.8364. 
9. Find the base of a triangle whose area is 20 acres and altitude 80 rd. 
Ans. 80 rd. 
10. A rectangular field 48 rd. long contains 9 acres. Find the width. 
Ans. 30 rd. 


11. If the perimeter of a rectangle is 96 ft. and the length is three 
times the breadth, find the area. Ans. 432 ft.? 
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12. A rectangular garden 56 ft. long and 40 ft. wide has a path 6 ft. 
wide around it. Find the area of the path. Ans. 1296 ft.? 
13. A box of tin sheets for roofing, containing 112 sheets 14 in. by 
20 in., will cover 170 ft.2. What per cent of surface covered is allowed 
for joints and waste? 
Solution. Without allowing for joints and waste each box would 
ae =217% sq. ft. 
217% sq. ft. —-170 sq. ft. =475 sq. ft. =allowance for joints and waste. 
47% sq. ft. +170 sq. ft. =0.28+ =284+ %. 
14. How many bricks each 9 in. by 4} in. by 1% in. will it take to pave 
a court 16 ft. by 18 ft., if bricks are laid flat? If laid on edge? 
Ans. flat 1024; edge 2634. 
16. How many paving blocks each 4 in. by 4 in. by 10 in., placed on 
their sides, will it take to pave an alley 600 ft. long and 12 ft. 6 in. wide? 
Ans. 27,000. 
16. What will be the expense of painting the walls and ceiling of a 
room 12 ft. 6 in. by 16 ft. and 10 ft. 4 in. high at 15 cents per square 
yard? Ans. $13.15. 
17. Find the cost of sodding a lawn 31 ft. wide and 52 ft. long at 18 
cents per square yard. 
Ans. $32.24. 
18. Find the number of 
square feet in the floor of the 
room shown in Fig. 39. 
Ans. 277% ft.2 
Suggestion. Divide into 
rectangles and trapezoids. 
Fre, 80. 19. At 15 cents per square 
foot, find the cost of building 
a cement walk 6 ft. wide, on two sides of a corner lot 33 ft. by 100 ft. 
Ans. $125.10. 
20. Find the area of a trapezoid whose bases are 17 in. and 11 in. 
respectively and whose altitude is 13 in. Ans. 182 in.? 
21. lind the area of a triangle whose sides are 13 in., 15 in., and 21 in. 
Ans. 96.79 — in.? 
22. Vind the area of a triangle whose sides are 54 in., 32 in., and 22 in. 
Ans. 0 in.? 
23. Find the area of a triangle whose base is 27 in. and altitude 14 in. 


cover 


Ans. 189 in:? 
24. Find the area of a board 14 ft. long and 18 in. wide at one end and 
12 in. at the other. Ans. 17.5 ft.2 


25. Find the cost of painting both sides of a solid board fence 260 ft. 
long and 6 ft. high at 60 cents a square. How many gallons of paint 
will it take for two coats if 1 gallon will cover 250 sq. ft. two coats? 
(1 square = 100 sq. ft.) Ans. $18.72; 123 gal. nearly. 

26. How much did it cost to harvest a field of wheat 156 rd. by 76rd., 
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if cutting and binding cost $1.50 per acre, setting up 25 cents an acre, 
and hauling $1.25 an acre? Ans. $222.30. 

27. Find the area in acres of a farm which is represented on paper as 
a rectangle 3% in. by 103 in. on a scale of 7; in. to the rod. 


Ans. 63 A. 
28. Find the area of Fig. 40(a). Ans. 23.592 in.? 
29. Find the area of Fig. 40(6). Ans. 6.02 in.? 
30. Find the area of Fig. 40(c). Ans. 8.625 in.? 


Fia. 40. 


31. Find the area of the footing for a column with a load of 168,000 Ib. 

if the safe bearing load of the soil is 4000 lb. per square foot. 
Ans. 42 sq. ft. 

32. How many square yards of plastering will be required for the four 
side walls of a hall 90 ft. long, 50 ft. wide, and 20 ft. high, with 4 doors 
54 ft. by 10 ft., 14 windows 5 ft. by 11 ft., and a baseboard 9 in. high 
around the room? Find the cost at 40 cents per square yard. Find the 
contractor’s profit at 20%. 


LUMBER 


100. Measuring lumber.—Lumber is measured in board 
measure. ‘Timber used in framework is counted as lumber. 
Lumber and timber are sold by the 1000 ft. board measure. 
This is sometimes written 1000 ft. B.M., but more often it is 
indicated by the single letter M. 
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One board foot is 12 in. square and 1 in. thick, and so con- 
tains one-twelfth of a cubic foot. The number of board feet 
in a stick of timber is the number of cubic feet times 12. 
The following rule may be used to find the number of board 
feet in a stick of timber: 

Rute. Take the product of the end dimensions in inches, 
divide by 12, and multiply the quotient by the length in feet. 

The student should make clear to himself the correctness 
of this rule. 

Example. Find the number of board feet in a stick of 
timber 6 in. by 8 in. and 14 ft. long. 

Solution. oX8 x 14=56 ft. B.M. Ans. 

Lumber less than 1 in. is counted as if 1 in. thick in buying 
and selling. In widths a fraction of } in. or more is counted 
as | in. 

Usually lumber is cut in lengths containing an even number 
of feet, as 12, 14, and 16 ft. Longer lengths than these 
are usually special, but classifications vary greatly. There 
are sixteen or more associations in America with specifications 
- governing the classification of lumber, and these specifications 
differ more or less. 

Timber work is usually paid for at an agreed price per M, 
the timber to be measured in the work. 

101. Estimations.—There are various rules regarding the 
estimating of the amount of lumber required in a structure. 
In general, all that is necessary is to find the number of board 
feet in the lumber required and add a certain per cent for 
waste in cutting, matching, etc. Regardng this, the student 
can consult a handbook specially prepared for those in this 
line of work. 

102. Shingles.—Shingles are 16 in. or 18 in. in length, are 
counted as 4 in. wide, and put up in bunches of 250. The part 
of the shingle that is exposed when laid is said to be “laid to 
the weather.” The part so exposed varies from 4 in. to 6 in. 
So a single shingle covers a space 4 in. wide and from 4 in. to 
6 in. long. 

In laying shingles, the estimating is often made by the 
square, an area 10 ft. by 10 ft. or containing 100 sq. ft. 
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In stating the number of shingles, give the number so that 
only whole bunches will be required. Thus, do not give a 
number as 5650 but as 5750. 

The following table allows for waste and gives the number 
of square feet covered by a thousand shingles, and also the 
number of shingles required to cover a square, when laid at 
various distances to the weather. 


Inches to the Area covered by 1000 No. to cover 
weather shingles a square 
Ae ch le SOI LOOISGRM GE eee ce ese. See 1000 
1 REE es ee eT ORSCSEEDS a2iRi enter 910 
Ae ote om ois eee cae 120 sqh ttre ah ke ce ee 833 
ee ee ode oe DSS isc Thee tee cen oosere 752 
aE haa ae LAB ISGHite wae cl rae voces 690 
Bieter hearers Sc coe ene ee WES fast 0 Pap 9 wc ng ee ees Pee 637 


EXERCISES 32 


1. Find the number of feet of lumber it will take to build a tight board 
fence 5} ft. high and 70 ft. long, boards 1 in. thick and nailed at top and 
bottom to pieces of 2 in. by 4 in. stuff. (No waste allowed. ) 

Ans. 478. 

2. Find cost of lumber at $32.00 per M to build a walk 30 ft. long and 
8 ft. wide; plank to be 2 in. thick and laid crosswise on 4 pieces of 4 in. 
by 4 in., running lengthwise. Ans. $20.48. 

3. Find the amount of lumber to floor a room 30 ft. by 40 ft. with 
strips 3 in. wide, allowing 4 for matching and 15% for waste. 

4. Find how many shingles it will take to shingle a roof 36 ft. by 40 ft. 
if shingles are laid 43 in. to the weather. (Use the table of Art. 102.) 
36 x40 

100 

833 X 14.4 =11,995 =number of shingles required. 

. 12,000 shingles must be bought. 

5. How many board feet in 26 pieces of 2 in. by 4 in. by 14 ft. long, 
20 pieces of 3 in. by 10 in. by 16 ft. long? Ans. 1043. 

6. What will it cost at $28 per M to cover the floor of a barn 382 ft. 
by 42 ft. with 2-in. plank? Ans. $75.26. 

7. How many board feet are there in 3 sticks of timber 12 in. by 14 in. 
and 22 ft. long? Ans. 924. 

8. Find the total cost of shingling the two sides of a roof each 18 ft. 
by 40 ft. Redwood shingles at $4.75 a thousand are used, and the laying, 
nails, etc., cost $1.90 per square. Shingles are to be laid 5 in. to the 
weather. (Use the table of Art. 102.) Ans. $79.61. 


Solution. = 14.4 =number of squares. 
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9. What does the following cost at 25 cents a foot: 
1 piece $ in. by 6 in. by 10 ft. 
I piece fin. by 8 in. by 12 ft. 
1 piece } in. by 18 in. by 4 ft. 
2 pieces } in. by 6 in. by 8 ft.? 
: Ans. $6.75. 
10. Find the cost of the following bill of lumber if the quarter sawed 
is $90 per M and the common sawed is $65 per M: 
2 pieces 1} in. X2} in. X12 ft. quarter sawed 
2 pieces 3 in. xX 8 in. X12 ft. quarter sawed 
lpiece ?in. X2} in. X12 ft. quarter sawed 
1lpiece {in.X 2 in. X12 ft. quarter sawed 
5 pieces $in.X 3 in. X12 ft. quarter sawed 
1piece jin. X10 in. X12 ft. quarter sawed 
lpiece }in.X10in.X 6 ft. common sawed 
6 pieces }in.X 6 in.X 12 ft. common sawed 
4 pieces }in.X 6 in. X12 ft. common sawed. 
Ans. $9.18. 


Length 60’ 
Roof extending 
2’at each end 


Fic. 41. 


11. Fig. 41 is the end of a barn. Find the area of one end. Find the 
area of the roof. The rafters are placed 16 in. from center to center. 
Find the number of board feet in the rafters if made of 2 in. X 6 in. 
(Use 12-ft. stuff for short rafters.) Find number of feet of lumber to 
cover ends, sides and roof. Find how many shingles it will take for the 
roof if laid 4} in. to the weather. 5 

Ans. 1310 ft.?; 34342 ft.2; 2744; 8935; 28,750. 

12. A ship builder gave $300 for a standing oak tree to make a long 
ship timber. The cost of felling, hewing, and hauling was $275. If the 
timber was 18 in. square and 98 ft. long, find the number of board feet 
in it and the cost per thousand feet. Ans. 2646; $217.31, 
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13. Find the number of board feet in the following list of framing tim- 
ber for a house: 


LOiiiet (nr eats yee ied ore es 5 pieces 6 in. X 8 in. X20 ft. 
SITUS Akagi diet Senate Seawe, eats ee Siar 16 pieces 6 in. X 6 in. X16 ft. 
Hirst: HOO DCAIIS Seats oe re le 45 pieces 3 in. X10 in. X28 ft. 
Second floor beams............. 45 pieces 3 in. X 8 in. X28 ft. 
Ribbonserc.dsekicnt tes ret sae 16 pieces 1 in. X 8 in. X20 ft. 
PARLOR dle Gace oot vaetemea suerte toe 32 pieces 2 in. X 4 in. X16 ft. 
Outside wall studs. eece0 as4731 - 156 pieces 2 in. X 4 in. X20 ft. 
inside wall StWGSta<gicmr or o> eter 200 pieces 2 in. X 4 in. X12 ft. 
Rarter stuidsia.s) 21 er obe 90 pieces 2 in. X 8 in. X 24 ft. 
Wollar beams. .7 bic ect tews ie users 45 pieces 2 in. X 6 in. X16 ft. 


Ans. 14,673. 


CHAPTER XI 
TRIANGLES 


THE RIGHT TRIANGLE 


103. A right triangle is a triangle having one right angle. 
The side opposite the right angle is called the hypotenuse, 
and the sides about the right angle are called base and altitude, 
the base being the side the triangle is supposed to rest upon. 

The right triangle is of great importance as it is of very com- 
mon occurrence in practice. The solution of the right triangle 

depends upon the following relation es- 
tablished in geometry. 
The square formed on the hypotenuse 7s 

7] equal to the sum of the squares formed on 

|_| | the other two sides. 

[Il This may be illustrated as in Fig. 42. 
AC is the hypotenuse and is 5 units in 
length. AB is the base, 4 units long. 
BC is the altitude, 3 units long. Here it 
is easily seen that the square on AC is 

equal to the sum of the squares on AB and BC. Hence 

AC’= AB*+ BC’, or in general, if c stands for the hypotenuse, 

b for base, and a for altitude, then c?=a?+b%, From this 

are derived the three following formulas, by which any side 

can be found if the other two are known. 


[9] c=-V/a2+b?2. 
[10] a=~/c?—b?2. 
[11] b=~V/c?—a?. 


Example. Find the hypotenuse of a right triangle whose 
base is 14 ft. and altitude 16 ft. 
Solution. Using formula [9], c=+/a2+b2. 


1. C= 0/1624 142= 1/452 = 21.264 ft. Ans. 
126 
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EXERCISES 33 


In the following right triangles, solve for the parts named in the exer- 
cise: 
1. a=25, b=16, find c and area. 
Ans. c=29.68; area =200 square units. 
2. c=46, b=30, find a and area. 
Ans. a=34.87+; area =523.05-+ square units. 
3. Area =2 acres, a=15 rd.; find 6b and c. 
Ans. b =42.667 — rd.; c= 45.23 — rd. 
4. a=16, c=20, find b and area. 
Ans. b =12; area =96 square units. 
5. Find length of the diagonal of a rectangle 16 ft. by 14 ft. 
Ans, 21.26 ft: 


A b C 
Fic. 43. 


6. Find the diagonal of a cube 9 ft. on an edge. Ans. 15.588-+ ft. 

Suggestion. In Fig. 44, the line marked D is called the diagonal 
of the cube. First find d and then D. 

d=V/92 +92 =V/ 162. 
D=V/162+92 =V/ 243. 
=V/81X3 =9V3. 

7. A man swims at right angles to the bank of a stream at the rate of 
3.5 miles per hour. If the current is 7.5 miles per hour, find the rate 
the man is moving. Ans. 8.28— miles per hour. 

Suggestion. The rate the man is moving is the length of the hypote- 
nuse of a right triangle having a base =3.5 mi. and an altitude =7.5 mi. 

8. The diagonal of a rectangle is 130 and the altitude is 32. Find the 


area. Ans. 4032 square units. 
9. What is the length of the longest line that can be drawn within a 
rectangular box 12 ft. by 4 ft. by 3 ft.? Ans. 13 ft. 


10. The hypotenuse of a right triangle, with base and altitude equal, 
is 12 ft. Find the length of the base and altitude. Ans. 8.485-+ ft. 

11. The base of a triangle is 20 ft. and the altitude is 18 ft. What is 
the side of a square having the same area? Ans. 13.416+ ft. 

12. The area of a rectangular lawn is 5525 m.?, and the length of one 
of its sides is 8.5 Dm. Find the length of its diagonal in meters to three 
decimal places. Ans. 107.005— m. 
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13. A steamer goes due north at the rate of 15 miles per hour, and 
another due west at 18 miles per hour. If both start from the same place, 


how far apart will they be in 6 hours? Ans. 140.58-++ miles. 
14. What is the length of the diagonal of a room 20 ft. by 16 ft. by 
WP) sees Ans. 28.284-+ ft. 


15. Find cost at $20 per M of roof boards on a third-pitch roof of a 
barn 45 ft. by 65 ft., if projections at ends and eaves are 2 ft. (In a 
third-pitch roof the distance of the ridge above the plate is one-third 
the width of the building.) Ans. $80.15. 

Suggestion. Distance of ridge above plate =} of 45 ft. =15 ft. 

Length of rafters without projection =+/22.52+152 =27.04 ft. 

Total length of rafters =2 ft. +27.04 ft. =29.04 ft. 

Area of one side of roof = 29.04 X69 = 2003.76 sq. ft. 

16. How many thousand shingles will it take to cover the above roof, 
if shingles are laid 43 in. to the weather and a double row is put at the 
beginning on each side? (No allowance for waste.) 

Ans. 32,500 nearly. 

17. In fitting a steam pipe to the form ABCD, Fig. 45, making a bend 
of 45°, the fitter takes BC =CE+;:CH. What is the error if CE =18 in.? 
What is the correct length of CB, and what is the per cent of error by 
the fitter’s method? 

Ans. Error, 0.0442 —; correct, CB =25.4558+ in.; % of error, 0.17+. 


B 


A Cc D 
Fie. 45. Fie. 46. 


18. In cutting a rafter for a half-pitch roof a carpenter makes the 
length of the rafter AB =1 ft. 5 in. for every foot there is in AC, Fig. 46. 
If AC =8 ft., find AB by this rule. What is the per cent of error by this 
method? Ans. Carpenter’s method, 11 ft. 4 in.; correct, 11 ft. 

3.76-+ in.; error, 0.17+ %. 

19. To find the diagonal of a square, multiply the side by 10, take away 
1% of this product, and divide the remainder by 7. Test the accuracy 
of this rule. Ans. 0.006 —% too large. 

Solution. Take a square with a side of, say, 25 in. 

10X25 =250 
1% of 250 = 9215 
Remainder = 247.5 
247.5 +7 =35.357 + in. =diagonal, by rule. 
By formula for hypotenuse, diagonal =+/ 2524 252 =35.355-+ in. 
Hence error = 35.357 in. —35.355 in. = 0.002 in. 
0.002 + 35.355 =0.006 — % =per cent of error. 


TRIANGLES 129 


It is evident that this rule is very accurate and is also easy of applica- 
tion. 

20. Show that the following rules are correct. They are very useful 
in many problems connected with a square. 

(1) The diagonal of a square equals a side 
of the square multiplied by ~/2. a 

(2) The side of a square equals one-half the 8 
diagonal multiplied by ~/2. i 

The number of decimal places used in «1/2 -L—- 
will depend upon the degree of accuracy 
desired. Pipe fitters usually use «1/2 =1.41. 
It is often necessary to take three or more 
decimal places. ~+/2=1.4142136 to seven 
decimal places. 

21. Use rule (1) in obtaining the correct values in exercises 17, 18, 
and 19. 

22. What is the distance across the corners of a square nut that is 
32 in. onaside? Use rule (1). 


cunt} 


Fic. 48. Fig. 49.—Cap screw. 


Fic. 47. 


23. What must be the diameter of round stock so that a square bolt 
head 12 in. on a side may be milled from it? 

24. Find the distance across the flats of the square head of a cap screw 
that may be milled from round stock 1} in. in diameter. Use rule (2) 


of exercise 20. 


ES (ae pear) S$ 
ection 
Plan 


_— 1107-4 


Fie. 51. 


25. Fig. 50 shows a “‘scissors’’ roof truss with the lengths AB=BC = 
AC =30 ft., CD=CF =16 ft., and CG=CH=8 ft. Find the lengths of 
NC and FG. Ans. NC =25 ft. 11% in.; FG =18 ft. 104 in. 
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26. A smokestack is held in position by three guy wires that reach 
the ground 49 ft. from the foot of the stack. Find the length of a guy 
wire if they are fastened to the stack 70 ft. from the ground. 

Ans. 85.4-+ ft. 

27. An engine shaft is centered 9 ft. below 
and 3 ft. to the left of the center of a line 
shaft. Find the distance between the cen- 
ters of the two shafts. Ans. 9 ft. 57 in. 

28. The dimensional sketch, Fig. 51, 
shows plan and section of a roof. It has to 
be boarded. What will be the number of 
feet of boards required? Ans. 356. 

29. In the gambrel roof shown in section 

Fre. 52. in Fig. 52, find the lengths of rafters and 
parts not given. 

Ans AB U5itti(e ms DE —15 th 22m sO 14th 8 ins AlEto 
the nearest + in. 


SIMILAR TRIANGLES 


104. Triangles that have the same shape are said to be 
similar. 


In Fig. 53(a), ABC and ADE are similar. In (b) ABC and A’B’C’ 
are similar. 


Fra. 53: 


Draw two triangles as in (a) and measure the sides a, 6, c 
and a’, b’, c’. Then determine the ratios a:b, a:c, b:6¢, 
a’:b’, a’:c’ and b’:c’. Follow the same directions for 
the triangles in (b). Now compare the values of the ratios 
‘and notice whether or not they are equal. 

The results of the above should lead to the forlowing: 
Go b=a0": bas e=a sc tand bse =o Ne. 
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Two triangles that have the angles of one equal respectively 
to the angles of the other are smilar. 

The sides about the equal angles in the similar triangles 
are called corresponding sides. 

Thus, c and c’ are corresponding sides. Other corresponding sides are 
a and a’, and b and b’. 

From the proportions given above, we arrive at the fol- 
lowing principle: 

Corresponding sides of simélar triangles form a proportion. 

Example. To find the distance between the points P and Q 
on opposite banks of a stream, Fig. 54, where P is inaccessible. 


Solution. As shown in the figure, measure distances AQ = 
16 ft., AB=10 ft., and BC=60 ft. Because triangles AQB 
and APC are made similar we have the proportion 

wb  AQ=ACoAP 
ett! 7164.70 16, '2AP 


. PQ=112 ft.—16 ft. =96 ft. Ans. 


105. Tapers.—The man in the machine shop often finds 
it necessary to determine the taper per foot of a piece that 
is to be turned, in order that he may set his lathe properly. 
By the taper per foot is meant the decrease in diameter 
if the piece is 1 ft. long. 

In Fig. 55(a), the taper is evidently 45 in.—3 in.=1 
per foot. In (b) the taper is 23 in.—2 in. =- in, in 4 i in. 


Hence the taper per foot is 3 times as much or 13 in. 
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If J stands for the length of tapered part in feet, ¢ for the 
taper in inches in this part, and T for the taper in inches per 
foot, then the following proportion is true by similar triangles: 

(LZ) speek 

The taper for the total length of the piece is evidently 
the taper per foot times the length in feet. 

Example. In Fig. 55(c), what is the taper per foot? 
What would be the taper for total length of piece? 

Solution. Substituting in [12], 55 :1=4: 7. 

2 =1X9+35=14 in. Ans. 


1} in. X7$=2.3 in. = taper if it were tapered the full length. 


‘ ar 
a Raaeuaet SaRS as ieee SU ee ee 
Nak -- 
wy. ES 
Sox 38 
oy |) | es 
af ' 


Fia. 55. 


106. Turning.—In turning a piece in a lathe the taper is 
sometimes made by shifting the tailstock of the lathe. Since, 
when the piece is revolved, the same cut is made on all sides, it 
is necessary to set the tailstock over one-half of what the taper 
would be if the piece were tapered the full length. Thus, a 
piece | ft. long with a taper 14 in. per foot requires the tail- 
stock to be set over § of 14 in. =§ in. 

If D=the large diameter and d the small diameter of 
the tapered portion, L the total length of the piece, and | 
the length of the tapered portion, then the offset x of the tail- 
stock is determined by the following formula: 

D—d_L 
[13]x=—5— x7. 

Example. A shaft 3 ft. long is to have a taper turned on 
one end 10 in. long, the large end of the taper being 4 in. 
in diameter and the small end 33 in. Find the distance to 
set over the tailstock. 

_ 4-34 36 


X7,=0.9 in. Ans. 


Solution. «x 9 10 
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EXERCISES 34 


1. The following tapers per inch are what tapers per foot: 0.0026 in.; 
0.0473 in.; 0.0379 in.? 
2. How much will the tailstock need to be set over to give a taper of 
1} in. per foot if the work is 1 ft. in length? If 8 in. in length? 
Ans. 35 in.; 3 in. 
3. The standard pipe thread taper is ? in. per foot. How much is 


this per inch? Ans. #5 in. 
4. Find the taper per foot to be used in turning a pulley with a 14-in. 
face crowned 35 in. Ans, 0.382+ in. 


5. If the crowning of a pulley is »'; of the width of the face, find the 
taper per foot to be used in turning a pulley with a 10-in. face. 
7: a be 


Taper pin. Taper } in. per foot. 


Taper-pin reamer. Taper } in. per foot. 
Fic. 56. 


6. A taper-pin reamer has a taper of { in. per foot. If the diameter 
of the small end is 0.398 in. and the length of the flutes is 5} in., find the 
diameter of the large end of the flutes. 

7. A taper reamer has a taper of § in. per foot and the flutes are 3} in. 
long. If it is ? in. in diameter at the large end, find the diameter at 
the small end. Ans. 0.5677 in. 

8. Find the taper per foot of a taper reamer that has a diameter of 
11 in. at the large end of the flutes, and §4 in. at the small end if the flutes 
are 23 in. long. Ans. 3 in. 

9. A taper reamer has a taper of 3 in. per foot. If the diameter of the 
large end is 1,3,, find the diameter of the small end, the flutes being 3{ in. 
long. Ans. $4 in. 

10. In Fig. 57, the timbers CB, DF, and KG are perpendicular to CA. 
From the given dimensions find the lengths of DF, EG, CF, DG, and 


AB. Ans. EG =4 ft.; DG =10.770 ft.; AB =32.311 ft. 
Suggestion. CA: CB=DA: DF. 
Or S012 — 20s 
12 X20 _ 
oer ae 


CF =+/ 10? X82 =/ 164 =12.806+ 
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11. How much should the tailstock be offset to turn a taper on 4 
piece of work 10 in. long, if the tapered portion is 45 in. long and measures 
1.275 in. in diameter at the large end and 0.845 in. at the small end? 

Ans. 0.5212 in. 

12. What is the offset of the tail center for turning a taper 18 in. long 
on a bar 26 in. long, if the diameters at the ends of the taper are 3% In. 
and 2% in.? Ans. 0.27+in. 


B 


Hien Ole 


12. To find the distance across the lake in Fig. 58, measure AB =80 rd. ; 
AD=30 rd.; DE=25 rd., and find BC. Is it necessary to make 
right-angled triangles? Ans. 663 rd.; a0 

14. Show how to find the height of a smokestack CD of Fig. 59, when 
the foot of the stack cannot be reached. 


D 


Stack 


og we 
Fia. 58. Fie. 59. 


Suggestion. On a level place measure from A to B in a line with C, 
and measure angles BAD and CBD. Suppose the line AB is 40 ft. and 
the angles are 40° and 60° respectively. Construct a figure to scale on 
paper and measure the line that corresponds to the smokestack. 


THE STEEL SQUARE 


107. One of the most useful instruments known to man is 
the ordinary steel square or carpenter’s square shown in 
Fig. 60. It is made in various sizes but the most common 
size is with the longer arm, called the body, blade, or stock, 
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24 in. in length and 2 in. in breadth, and the shorter arm, 
called the tongue, 16 in. or 18 in. in length and 1% in. in 
breadth. 

Many books, having in some cases five or six hundred pages, 
have been written on the uses of the steel square. Here we 
wish only to call attention to the fact that the principles 
involved in using the steel square are mainly those involved 
in the solution of the right triangle and in similar triangles. 
One who understands the right triangle can devise many uses 


8 


Fic. 60. Fie. 61. 


for the steel square, and can readily see the principles under- 
lying the various uses of this instrument given in the treatises 
on the steel square. 

Upon the ordinary steel square are found many figures, 
telling lengths of braces, board measures, etc. No attempt 
will be made here to explain these. 

Example. By use of a steel square, find the length of the 
hypotenuse of a right triangle that has a base of 8 in. and an 
altitude of 7 in. 

Solution. Measure the line drawn from the 8-in. mark 
on the blade to the 7-in. mark on the tongue. This measures 
about 10% in. which is near enough for most practical purposes. 
By the right triangle method the hypotenuse = +/8?+72= 
10.63+in. (See Fig. 61.) 

This method can readily be applied to find the lengths of 
braces supporting two pieces that are perpendicular to each 
other; to find rafter lengths, lengths of the parts of a trestle, 
etc. 

108. Rafters and roofs.—The run of a rafter is the distance 
measured on the horizontal from its lower end to a point under 
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its upper end. The rise is the distance of the upper end above 
the lower end. In Fig. 62, AC is the run and CB the rise. 

The slant of a roof is usuaily told by stating the relation of the 
rise to the run. It is often given by stating the rise per foot 
of run; as 6 in. to 1 ft. 
Another way is to state 
what is known as the 
pitch of the roof. A roof 
is said to be half pitch, 
quarter pitch, full pitch, 
etc., when the rise is 3, 
t, 1, ete., times the full 
width of the building as 
represented in Fig. 62, where AD is the width of the building. 

The relation between rise and pitch is shown by the following 
table: 


12 ft. run to 4 ft. rise is § pitch. 

12 ft. run to 6 ft. rise is % pitch. 
12 ft. run to 8 ft. rise is 3 pitch. 

12 ft. run to 10 ft. rise is 7°; pitch. 
12 ft. run to 12 ft. rise is } pitch. 
12 ft. run to 15 ft. rise is 3 pitch. 
12 ft. run to 18 ft. rise is ¢ pitch. 
12 ft. run to 24 ft. rise is full pitch. 


PI eH 


109. Uses of the square. 
—The bevel or slant on 
the end of a _ brace or 
rafter, necessary to make 
it fit the part it rests 
against, can easily’ be 
marked by the square. 

Example 1. Required to 
cut the lower end of a Pies 63: 
rafter that is to rest on the 
plate if the rise of the rafter is 8 ft. and the run 12 ft. 

Discussion. Place the square as shown in Fig. 63 and mark 
along the lower edge. This gives the proper slant. Marking 
along the tongue gives the slant for the upper end of the rafter. 
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In placing the square on the stick it is only necessary to take 
the distances on the blade and tongue in the same ratio as the 
ratio of the run to the rise. In this case we could as well have 
taken 24 in. and 16 in. or 9 in. and 6 in. 

Example 2. Required to cut a rafter for a V-shaped roof 
on a building 12 ft. wide if the rise of the rafter is to be 4 ft. 
The rafter is to be made of a piece of 2 in. by 4 in. and half its 
width is to project 18 in. beyond the plate. 


Cc 


Tic. 64. 


Discussion. Determine the slant for the plate end as de- 
scribed in example 1. Then place the square as shown in 
Fig. 64 so as to give a run of 24 in. to a rise of 16 in. The 
square is replaced with point A on C and this repeated as 
often as necessary to give a runof half the width of the building. 
In this case, it is necessary to place the square three times. In 
the last position, a mark along the tongue gives the slant of the 
upper end of the rafter and determines the length of the rafter. 
Any rafter can be cut in this way. 


EXERCISES 35 


1. Show with a carpenter’s square how to determine the length of a 
brace for a run of 4 ft. 6 in., and a rise of 3 ft. 6 in. Show how to cut 
bevels on ends. 

2. Show how to mark the slants for the legs of the sawhorse shown in 
Fig. 65. Compute the length of legs. Ans. 297 in. nearly. 

3. In Fig. 66 is a plan of one end of a roof on a house 18 ft. in width 

and 28 ft. long. CB, DE, etc., are common rafters; AB and NB are hip 
rafters; and FG, HI, etc., are jack rafters. Find the lengths to cut the 
‘several rafters if the roof is } pitch. Show how to determine the slants 
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at both ends of each. The rafters do not extend beyond the plates and 
are placed 1 ft. 6 in. from center to center. 

4. Find lengths of the common, hip, and jack rafters for the roof of 
which Fig. 67 is the plan. It is 4 pitch, rafters 1 ft. 6 in. from center to 
center, and extend 2 ft. beyond the plates. 


98, Ww 


uae 


Fie. 65. 


Fic. 69. 


5. Fig. 68 is a plan of the roof of a hexagonal tower. Find lengths of 
the rafters that end at the plates. Full pitch and rafters 1 ft. 6 in, 
between centers. Width of tower is 12 ft. 
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6. Fig. 69 represents the plan of a roof of a house 20 ft. square, with 
a flat circular portion 8 ft. in diameter. If the circle is one-third the 
width of the building above the plates and the rafters 2 ft. between centers 
on the plates, find the length of each rafter and show how to cut slants. 


ISOSCELES AND EQUILATERAL TRIANGLES 


110. Two other forms of triangles of common occurrence 
are isosceles and equilateral triangles. 

A triangle which has two equal sides is called an isosceles 
triangle. 

A triangle which has all of its sides equal is called an equi- 
lateral triangle. 

The following facts are proved in geometry. The student 
should satisfy himself that they are true by constructing the 
figures and measuring the parts. 

- 111. The isosceles triangle—In Fig. 70 the isosceles 
triangle ABC has equal sides AC and BC. 

The angles A and B opposite the equal sides are equal. 


Cc 


A B N 


Fia. 70. 


The line CD drawn bisecting the vertex angle, C, is per- 
pendicular to and bisects the base, AB. That is, AD=DB. 
It also divides the isosceles triangle into two equal right trian- 
gles, BDC and ADC. 

The line CD is then the bisector of the angle C, and also a 
median and an altitude of the triangle. 

The diagonal of a square divides the square into two equal 
right isosceles triangles. In these isosceles triangles each of the 
equal angles is 45°. 

112. The equilateral triangle-—In Fig. 71, triangle ABC has 
its three sides equal and is an equilateral triangle. 
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The angles opposite the equal sides are equal, and therefore 
each angle equals 60°. 

The line drawn from the vertex A and bisecting the angle is 
perpendicular to and bisects the opposite side BC. It also 
divides the equilateral triangle into two equal right triangles, 
ABD and ADC. 

Furthermore, each of the lines BE and CF divides the trian- 
gle in the same manner that it is divided by AD. 

Each of these lines then is a bisector of an angle, and also a 
median and an altitude of the equilateral triangle. 


A 


Fie. 71. 


‘The point O where these three lines meet is called the 
center of the equilateral triangle. It is one-third the distance 
from one side to the opposite vertex. That is, DO=3DA, 
FO=1FC, and EO=1EB. 

It follows then that AO=2D0, BO=2EHO, and CO=2F0. 

Fither of the triangles formed when an equilateral triangle 
is divided into two triangles by an altitude is a right triangle 
having acute angles of 380° and 60°. This triangle is very 
important in practical work. It is readily seen that, in such 
a right triangle, the hypotenuse is twice the shortest side. 
That is, NR=2MR. 

An altitude of an equilateral triangle equals one-half of a 
side times 1/3. As a formula, a=}s1\/3=4sX1.732, where 
a=an altitude and s=a side. 

This is obtained by solving the right triangle AFC for FC. 
The student can easily carry through the work for any par- 
ticular value of a side. The following is the derivation in 
general and involves some algebra. 

Let s stand for one side of the equilateral triangle. 


Then FC=V AC?— AF*=V s?— (38)?= V 38? =3sV 3. 
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From this it follows that: 

A side of an equilateral triangle equals twice the altitude 
divided by 1/3. As a formula, s=2a++/3. 

Since the area of any triangle is one-half its base times its 
altitude, it follows that: 

The area of an equilateral triangle equals the square of one-half 
a side times \/3. As a formula, A = ($s)?/3 = (48)? X 1.782, 
where A is the area. 

113. The regular hexagon.—Another form often used in 
practice is the regular hexagon. From geometry we learn 
the following facts which will ap- 
pear true from a careful considera- 
tion of Fig. 72. The diagonals, 
drawn as shown, divide the hexa- 
gon into six equal equilateral 
triangles. The distance from the 
center O to any vertex is the same 
as the length of a side. The area 
of the regular hexagon is equal to 
six times the area of an equilateral Fic. 72. 
triangle with sides equal to the 
sides of the hexagon. The altitude NO may be found by 
solving the right triangle ANO; or may be found by taking 
AN times +/3. 


EXERCISES 36 


1. Find the altitude of an isosceles triangle whose equal sides are 


16 ft. and base 14 ft. Ans. 14.387-+ ft. 
2. Find the base of an isosceles triangle if equal sides are 18 in. and 

altitude 16.5 in. Ans. 14.387-+ in. 
3. Find the altitude of an equilateral triangle the sides of which are 

12 ft. Ans. 10.892+ ft. 
4. In Fig. 72, find ON if AB is 10 ft. Ans. 8.660-+ ft. 


5. Find the area of an equilateral triangle 18 in. on a side. 
Ans. 140.3 — in.? 
6. Find the area of an isosceles triangle whose base is 6 in. and equal 
sides 9 in. Ans. 25.456 — in.? 
7. Compute the area of a regular hexagon one of whose sides is 5 ft. 
Ans. 64.95-+ ft.? 
8. An equilateral triangle has an area of 21.217 in.? What is the 
length of one side? Ans. 7 in. 
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Solution. On page 141 it is stated that the area of an equilateral 
triangle equals the square of one-half a side times V/3. 

Or A = ($s)? X1.732. 

Then 48 =v/ A + 1.782. 

But A is given equal to 21.217. 

. 48 =0/21.217 + 1.732 =V 12.25 =3.5. 

Or s$=2X3.5=7. 

9. An isosceles triangle has a base 16 in. long and the equal sides 18 
in. What is the area’ Ans. 128.996+ in.” 

10. Find the length of the steam pipe ABCD, Fig. 73, if AD=6 ft., 
CE =16 in., and angle HBC =30°. Ans. 76.29— in. 


ev oe 


| 
| 
| 
A 


Suggestion. BO—2HO—2<1Gans—se2iins 
BE =+/3 XEC =1.732 X16 =27.71+ in, 

Increase along BC =32 in. —27.71+ in. =4.29— in. 

Length of ABCD =72 in. +4.29— in. =76.29— in. 

11. The hypotenuse of a right triangle is 5 ft. and one side is 4 ft. 
Show that the equilateral triangle made on the hypotenuse is equal to 
the sum of the equilateral triangles made on the other two sides. 

Suggestion. Find the areas of the three triangles and show that the 
sum of the areas of the two smaller triangles equals the largest triangle. 
Use the formula A = (4s)? 1.732. 


Isosceles 30-60 Right 
Right Triangle Triangle 
Fie. 74. 


12. Two very convenient forms of triangles used by draftsmen are 
right triangles made of celluloid or rubber; one a right isosceles triangle 
having the acute angles each 45°, and one having acute angles of 30° and 
60°. If one of the equal sides of the isosceles right triangle is 6 in., find 
the hypotenuse. Ans. 8.485 in. 

13. If the shortest side of the 30°-60°-right triangle is 4 in. find the 
other sides. Ans. 6.928 in. and 8 in. 
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14. Using the draftsman’s triangles, show how to construct the follow- 
ing angles: 15°, 75°, 105°, 120°, 135°, 150°. 
15. A hexagonal nut for a +4-in. screw is 1} in. across the flats. Find 
the diagonal, or the distance across the corners, of such a nut. 
Ans. 1.448 ir. 


16. What is the distance across the corners of a hexagonal nut that is 

3 in. on aside? What is the distance across the flats of the same nut? 
Ans. 1.5 in.; 1.299 in. 

17. Show that the distance across the corners of a hexagonal nut is 
approximately 1.15 times the distance across the flats. 

_ Suggestion. It is readily seen that the distance across the corners is 
twice the side of an equilateral triangle whose altitude is one-half the 
distance across the flats. 

By Art. 112, s=2a++/3. 

*. 28 =4a++/ 3 =2aX1.15. 

But 2s =distance across corners, 

and 2a =distance across flats. 

18. In a standard hexagonal bolt nut the distance across the flats is 
given by the formula F=1.5D+4%, where F is the distance across the 
flats and D the diameter of the body of the bolt. 

Find the distance across the flats and across the corners on a hexagonal 
nut for a bolt 13 in. in diameter. Ans. 2.75 in.; 3.1754 in. 

19. To what diameter should a piece of stock be turned so that it 
may be milled to a hexagon and be 1} in. across the flats? 

Ans. 2.0207 in. 

20. Find the size of round stock to make bolts with hexagonal heads 
and having bodies of the following diameters: 4 in., 1} in., 1g in., 1;% in. 

Ans. 1.0104 in.; 2.7424 in.; 2.0929 in.; 2.4177 in. 

Suggestion. Distance across flats, ¥=1.5D+%. 

When D=} in., F=1.5 X0.5+0.125 =0.875 in. 

0.875 X2 ; 

Diameter of stock =distance across corners eng =1.0104 in. 

By the rule of exercise 17, distance across corners =0.875 X1.15= 
1.006 in. 


SCREW THREADS 


114. In the United States there are in use several different 
kinds of screw threads. Here we will consider: first, the 
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sharp V-thread, or common V-thread; and second, the United 
States standard screw thread. Other kinds will be considered 
on page 437. 

115. Sharp V-thread.—The sharp V-thread, or common 
V-thread, is a thread having its sides at an angle of 60° to 
each other and perfectly sharp at the top and bottom. 

The objections urged against this thread are, first, that the 
top, being so sharp, is injured ‘by the slightest accident; 
and second, that in the use of taps and dies the fine sharp 
edge is quickly lost, thus causing constant variation in fitting. 


Fig: 76. iG. 7d 


The common V-thread with a pitch of 1 in. has a depth 
equal to the altitude of an equilateral triangle 1 in. on a side. 
Hence its depth =4+/3=0.866 in. The root diameter equals 
the diameter of the bolt less twice the depth of the thread. 
We have then the following formulas: 


ok, 
(ite N’ 
d=0.866p —— 


where p=pitch, d=depth of thread, N=number of threads 
to the inch, D=diameter of bolt, and D,=root diameter. 

116. United States standard thread.—The United States 
standard screw thread (U. 8. 8.) has its sides also at an angle 
of 60° to each other but has its top cut off to the extent of § 
its depth and the same amount filled in at its bottom, thus 
making the depth ® that of the common V-thread of the same 
pitch. The distance f on the flat is § its pitch. 
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This thread is not so easily injured, the taps and dies 
retain their size longer, and bolts and screws having this 
thread are stronger and have a better appearance. 


Fic. 78. 


For the U.S. S. screw thread we have the following formulas: 


eck 
aes 
0.6495 

N 


b 


d=0.6495p = 
1.289 


[15} Die Do 2d= Do ow 


Blank nut Tapped nut 


The blank nut for a bolt is drilled with a tap drill the same 
size as the root diameter of the screw or bolt, or very nearly 


that size. 
Table V can be used in computations connected with screw 


threads. 


EXERCISES 37 


1. Find the depths of common V-threads of the following number of 
threads to an inch: 10, 20, 5, 8, 40, 13. 
Ans. 0.0866 in.; 0.0433 in.; 0.1732 in.; 0.1083 in.; 0.0217 in. ; 0.0666 in. 
2. Find the depths of U. S. S. threads of same pitches as in exercise 1. 
Ans. 0.0649 in.; 0.0325 in. ; 0.1299 in. ; 0.0812 in. ; 0.0162 in.; 0.0500 in. 
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3. Find the root diameter of a screw of outer diameter } in. and 14 
sharp V-threads to the inch. Ans. 0.3763 in. 

4. Show that the depth of any sharp V-thread in inches is 34/3 divided 
by the number of threads per inch, or, what is the same thing, 0.866 
divided by the number of threads per inch. 

5. Check the depth of the sharp V-thread for five of the sizes given 
in Table V. 

6. Using the formula, find the root diameter of the following common 
V-threads: { in. diameter and 20-pitch, 3 in.-16, 4 in.-13, 1} in.-6, 
275 in.-44, 34 in.-31. 

Ans. 0.1634 in.; 0.2668 in. ; 0.3668 in.; 1.2118 in.; 1.9276 in. ; 2.9671 in. 

7. Find the size of tap drill for a ¥-in. 12-pitch sharp V-thread nut. 

Ans. 0.4182 in. 

8. What is the tap drill size of a 3s-in. 20-pitch common double- 


threaded nut? Ans. 0.4759 in. 
9. Find the depth of the U.S. S. serew thread when there are 15 threads 
to the inch. 16 threads. Ans. 0.0433 in.; 0.0406 in. 


10. Show that the depth in inches of any U. S. S. is 4/3 =0.6495 
divided by the number of threads per inch. 

11. Using the diameter of the screw, check the depth of the U. 8. S. 
thread for five of the sizes given in Table V. 

12. Using the formula, find the root diameter of the following U. S. 8. 
threads: § in.-11, 1 in,-8, 1$ in.-5. 

Ans. 0.507 in.; 0.838 in.; 1.490 in. 
13. Check the root diameters for five sizes of screws found in Table V. 


CHAPTER XII 
CIRCLES 


117. The importance of a geometrical form in the study of 
practical mathematics is determined, to a great extent, by the 
frequency of its occurrence in the applications. The circle 
occurs often, perhaps more frequently than any other geomet- 
ric form in applied mathematics. Wires, tanks, pipes, steam 
boilers, pillars, etc., involve the circle. In the present chapter 
will be considered the more useful facts about the circle, and 
_ some of their applications. Again, the student is recom- 
mended to select those parts that are most closely connected 
with his work or interests. 

118. Definitions.—A circle is a plane figure bounded by a 
curved line every point of which is the same distance from 
another point, called the center. E 

The curved line is called the circumfer- 
ence. D 
A line drawn through the center and B 
terminating in the circumference is called 
a diameter. C 

A line drawn from the center to the cir- 
cumference is called a radius. 

Any part of the circumference is called an arc. 


In Fig. 80, BC is an arc. 


we 


Fie. 80. 


If the arc equals zy of the circumference it is 1° of arc. 
There are then 360° of arc in one circumference. 
The straight line joining the ends of an arc is called a chord. 


In Fig. 80, DE is a chord. 
The chord is said to subtend its are. 
The chord DE subtends the are DmE. 
The area bounded by an arc and a chord is called a segment. 


In Fig. 80, the area DmE is a segment. 
147 
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The area bounded by two radii and an arc is called a sector. 
In Fig. 80, the area BOC is a sector. 


Circles are said to be concentric when they have a common 
center as in Fig. 81. 


Hh , 
©UO 


Fie. 81. Fig. 82. Fig. 83. 


A polygon is inscribed in a circle when it is inside the circle 
and has its vertices on the circumference. The circle is then 
circumscribed about the polygon. 


The polygon ABCDE in Fig. 82 is inscribed in the circle O. 
A line is tangent to a circumference when it touches but 
does not cut through the circumference. 


In Fig. 83, AT’ is tangent to the circle O at the point 7. 


The point 7 where it touches the circle is called the point 
of tangency. 


1B) Cc 
D ES E 
E ds 
B 
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Fie. 84. Fig. 85. 
A polygon is circumscribed about a circle, or the circle is 


inscribed in a polygon, when the sides of the polygon are all 
tangent to the circle. 


In Fig. 84, the polygon ABCDE is circumscribed about the circle O. 


A central angle is an angle with its vertex at the center of 
the circle. 


In Fig. 85, angle AOB is a central angle. 
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An inscribed angle is an angle with its vertex on the cir- 
cumference of the circle. 

In Fig. 85, angle CDE is an inscribed angle. 

An inscribed or a central angle is said to intercept the are 
between its sides. 

The sides of the angle AOB intercept the arc AB, and the sides of the 
angle CDE intercept the are CE. 

119. Properties of the circle-——The student should become 
familiar with the following properties, and satisfy himself 
that they are true by actual drawings and measurements. 

(1) In the same circle or in equal circles, chords that are the 
same distance from the center are equal. 

(2) A radius, drawn to the center of a chord, is perpendicular 
to the chord and bisects the arc which the chord subtends. 


_ In Fig. 86, the radius OC is drawn through the center of the chord AB. 
It is perpendicular to AB, and makes arc AC =are CB. This appears 
true by measuring the parts in the drawing. 


A 


Fic. 86. 


(3) The angle at the center, that intercepts an arc, is double 
the inscribed angle that intercepts the same arc. 

In Fig. 87, the central angle AOC =60°, and the inscribed angle ABC 
is measured and found to equal 30°. 

The student should draw several such figures and measure the angles. 
(See Art. 137 for measuring angles.) 

(4) The central angle has as many degrees in it as there are 
in the arc its sides intercept; and it is said that the central angle 
is measured by the arc its sides intercept. 

This is so because there are 4 right angles or 360° in the angles at the 
center, and the circumference also contains 360°. 

(5) The inscribed angle has one-half as many degrees as the 
arc its sides intercept, and hence the inscribed angle is measurea 
hy one-half the arc its sides intercept. 
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(6) A radius drawn to the point of contact of a tangent is 
perpendicular to the tangent. 

In Fig. 88 ,OP is drawn to the point of contact of the tangent AB. The 
angles can be measured and found to be right angles. Hence the 
radius is perpendicular to the tangent. 

120. The segment.—In practical work it is often necessary 
to find the radius of the circle when we know the chord AB 
and the height of the segment DC of Fig. 89. If r stands 
for the radius of the circle, h for the height of the segment, 
and w for the length of the chord, we have the following 
formulas for finding 7, h, and w: 

(3w)?+h? 

(16) 7 =— oe ae 

[17] h=r—+/r?— (4w)?, 
[18] w=2./h(2r—h). 


\ 
y 


Fig. 89. 


For the derivation of formula [16] the student is referred 
to exercise 35, page 306. 

It should be noticed that these formulas are found by 
applying the principles of the right triangle. 

Example. If the chord of the segment of a circle is 5 ft. 
6 in. and the height of the segment is 10 in., find the radius 
of the circle. 

: ; eer ~33?-+ 10? 
Solution. From formula [16], r= 3x10~ 


. radius = 59.45 in. 


= 59.45 


The method given in this article for finding the radius of 
the circle when the length of the chord and the height of 
the segment are known is used by street car trackmen as 
follows: A straightedge 10 ft. long is laid against the rail 
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on the inside of the curve. The distance from the center of 
the straightedge to the rail is measured. This is the height 
of the segment, or, as it is usually called, the “middle ordinate.” 
The radius can now be found by the formula given. 

For the use of the practical man, tables are arranged which 
give the radius corresponding to any “middle ordinate’’ for 
the 10-ft. chord. 

121. Relations between the diameter, radius, and cir- 
cumference.—If the diameter and the circumference of a 
circle be measured, and the length of the circumference be 
divided by the length of the diameter the result will be nearly 
31. This value is the ratio of the circumference to the di- 
ameter of a circle, and cannot be expressed exactly in figures. 
‘In mathematics the ratio is represented by the Greek letter 
x (pi). The exact numerical value of 7 cannot be expressed. 
_ The value to four decimal places is 3.1416. (See Table II.) 

Because of this relation, if the diameter, the radius, or the 
circumference is known, the other two can be found. 

Ruue. The radius equals one-half the diameter, or the diam- 
eter equals twice the radius. 

The circumference equals the diameter times 3.1416. 

The diameter equals the circumference divided by 3.1416. 

If r stands for the radius, d for the diameter, and C for the 
circumference, the rules are stated in the following formulas: 


[19] C=7d. 
[20| d=C+7 
[21] C=2zar 
[22] 2r=C+7 


122. Area of the circle —The method of finding the area 
of a circle when the radius, diameter, or circumference is given 
is established in geometry. The following will show the 
reasonableness of the rules. 

In Fig. 90, suppose the half of the circle AnB is cut as indi- 
cated from the center nearly to the circumference, and then 
spread out as in (b). The length AnB of (6) is the half cir- 
cumference. Let the other half of the circle be cut in the 
same manner and fitted into the first half. It is evident that, 
if we make the number of the cuts large, the figure formed will 
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be approximately a rectangle whose length is equal to one- 
half the circumference, and whose width is equal to the radius. 
We then have the following: 


: : A AAATATATAT 
A n B 


Fie. 90. 


Rue. To find the area of a circle, multiply one-half the 
circumference by the radius. 

This may be put in either of the following forms which are 
usually more convenient to use. 

Ruue. The area of a circle equals r times the square of the 
radius; or the area of a circle equals one-fourth of x times the 
square of the diameter. 

If A stands for the area, C for the circumference, d for the 
diameter, and r for the radius, these rules are stated in the 
following formulas: 


[23] A= Cr. 
[24] A=ar?=3.1416 xr’. 
[25] A= 4rd?=0.7854xd2. 
From formula [24], if the area of the circle is given, the 
radius equals the square root of the quotient when the area 
is divided by 7. Or, in a formula, 


[26] r=+/A+7. 
From formula [25], we get 
[27] d=~V/A+127 =~ A+0.7854. 


Example. ind the radius of a circle whose area is 28 ft.? 
Solution. Using formula [26] and putting in the numbers, 


r= +/ 28+3.1416 =+/8.9126 =2.985. 
.. radius =2.985 ft. 
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123. Area of a ring.—In the ring, which is the area between 
the circumferences of two concentric circles, the area can be 
found by subtracting the area of the small circle from the area 
of the large circle. 


as 


(a) (b) 
Fic. 91. 


If A anda, R andr stand for the areas and the radii respec- 
- tively of the two circles, and A, for the area of the ring, then 


[28] A-=A—a=7R?*—2r?=7(R?—r1r’) =7(R-+1)(R—1). 


This last is a very convenient formula to use. It may be 
stated in words as follows: 

Rute. To find the area of a ring, multiply the product of 
the sum and the difference of the two radii by r. 

Example. Find the area of a ring of inner diameter 8 in. 
and outer diameter 12 in. 

Solution. Using formula [28] and putting in the numbers, 


A,=3.1416(6+4) (6—4) 
=3.1416*10K2=62.832. 
.. area = 62.832 in.” 


{t should be noted that the rule holds even though the 
circles are not concentric, that is, the circles may be as in 
Fig. 91(6). 

124. Area of a sector.—The area of a sector of a circle is 
equal to that fractional part of the area of the whole circle 
that the angle of the sector is of 360°. Thus, if the angle of 
the sector is 90°, the area of the sector is #'5 of the area of 
the circle. 

Example. Find the area of a sector of 60° in a circle of 
radius 10 in. 
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Solution. In Fig. 92, the sector AOB has an angle of 60°. 
Its area equals %°yXar?. If the radius is 10.in., the area 
of the sector is 

B A=4X3.1416 X10?=52.36 in.? Ans. 


D If 6 (the Greek letter theta) stands 
A for the number of degrees in the angle 
of the sector, and the other letters the 
same as before, the area of the sector 
is given by the formula, 
0 2 
[29] A= 969%": 
Fic. 92. 

125. Area of a segment.—In Fig. 92, 
it is evident that the area of the segment ABD equals the area 
of the sector AOB minus the area of the triangle AOB. 
Since it requires a knowledge of trigonometry to find the 
area of a triangle when we have only two sides and an angle, 
or to find the area of a sector when the angle is unknown, 
we cannot usually find the area of a segment by geometry. 
(See page 434.) 

If the angle and the lines in the segment are measured, 
the area of, first, the sector, and second, the triangle, can be 
found. The difference be- _ ae ee: 
tween these areas is the 
area of the segment. 

Example 1. Find the 
area of a segment in a 
circle of radius 11} in. and 
subtending an angle at the 
center of 105°. 

Solution. The dimen- 
sions are as shown in Fig. 
93, where the parts are 
constructed accurately to scale and measured. 

The area of sector OADB=%¢% of the area of the circle. 

..area of sector =403 3.1416 X (114)? =115.97 in.? 

Area of triangle O0AB=} X18 X62=60.75 in.? 

Area of segment =area of sector—area of triangle 

= 115.97 in.?— 60.75 in.2=55.22 in.? Ans. 


Fie. 93. 
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Many approximate rules are given to find the area of a 
segment. Perhaps the following are as good as any. 


h3 
[30(a)] A= ghwt 9? 


[30(b)] A= gn’, |"—0.608. 

In these rules A is the area of the segment, A the height, and 
w the width, while r is the radius of the circle to which the 
segment belongs. 

If the height of the segment is less than one-tenth the radius 
of the circle, formula [30(a)] may be shortened to A = jhw. 

Steam engineers often wish to find 
the area of a segment when the height 
is large compared with the radius, say, 
two-thirds of the radius. They then © 
proceed as follows: In Fig. 94, let it 4 3 
be required to find the area of the 
segment CnD. Find the area of the 
half circk; AnB, and then the area of 
the part ACDB considered as a rectan- 
gle. The area of the segment is roughly the difference be- 
tween these. 

Example 2. Find the area of the segment whose chord is 
10 ft. and height 1.5 ft. 

Solution. By formula Coe 


Fie. 94. 


Oe a= se 2 
A=3Xi1. bXl0+g5= 10.17 — ft. 
By formula [30(b)], first finding r by formula [16], 
5?+1.5? 
came Lexie > = = 9.083. 


= 7X1. pee ASELDE 6p 608 =10.175 ft.? 


126. The ellipse-—The ellipse is a figure bounded by a 
curved line such that the sum of the distances of any point in 
the boundary from two fixed points is constant, that is, always 
the same. 


Thus, in Fig. 95, any point P has the distances PF +PF’ equal to the 
distances P’F +P’F’, drawn from any other point P’. 
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F and F’ are the two fixed points and are called the foci 
(singular focus). The point O is the center of the ellipse. 
NA is the major axis, and MB is the minor axis. OA and OB 
are the semi-axes. 

B If a stands for OA and 6 for 


a 
a. OB, it has been proved that 
a the area of the ellipse is given 

N 


A by the formula, 


[31] A=-7ab. 
M Example 1. Find the area 
Fig. 95. of an ellipse whose two axes 


are 30 ft. and 26 ft. respectively. 
Solution. Using formula [31] and putting in the values, 
A =3.1416X15X13=612.612 ft.? 

While the area of an ellipse is easily found when the major 
and minor axes are given, the circumference, or perimeter, of 
the ellipse is determined with difficulty. Various approximate 
formulas are given for finding the circumference of an ellipse. 
If the ellipse is very nearly the shape of a circle, that is, if 
the major and minor axes are nearly equal, then 

[32(a)] P=z(a+b), 
where P is the perimeter or circumference, a the semi-major 
axis, and b the semi-minor axis. 

When the ellipse differs considerably from a circle, that is, 
when there is considerable difference between the major and 
minor axes, either of the following rules may be used to good 
advantage: 

[32(b)] P=a[}(a+b)—~/ab], 
[32(c)] P=r/2(a?-+b?). 

The exact formula derived by the methods of higher mathe- 

matics may be stated in the following form: 


Patrol —te? gre sige setae — -- *), 


z— he 
where e _V@ un This formula is not given with the inten- 
a 


tion that it should be used, as the computation required is 
considerable. 

Example 2. Find the circumference of an ellipse whose 
major axis is 18 in. and whose minor axis is 6 in. 
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Solution. Here a=9 and b=3. 

By [82(a)], P=3.1416(9+3) =37.699 in. 

By [82(b)], P=3.1416[3(9+3) — 1/9 X3] = 40.225 in. 

By [82(c)], P=3.1416+/ 2(92+ 32) =42.149 in. 

Formula [32(b)] is the best to use when the two axes are not 
very nearly equal. 


EXERCISES 38 
1. Using d for diameter, C for circumference, r for radius, and A for 
area of a circle, given the values in the first column to find those in 
the last two. 


(a) d=75 ft. CG =235.62 ft.; A =4417.86 ft.? 
(b) r=23 ft. GO =144.51 ft.; A =1661.90 ft.2 
(ec) d=34.6 in. C =108.70 in.; A =940.25 in.? 
(d) d=24.5 in. C=7697 ins A =471.44 in? 
(e) C=86.08 in. d=27.4 in.; A =589.65 in.2 
(f) C=158.02 in. d=50.3 in.; A =1987.13 in.? 
“(g) A=1452.20 ft.” OAS tte: C =135.09 ft. 
(h) A =27171.6 ft.? r=93 ft.; C =584.34 ft. 


2. Find the area of the cross section of a half-inch rod. 
Ans. 0.196-+ in.? 
By the cross section is meant the area of the end of the rod when cut 
square off. 
3. Find the area of the ring enclosed between two circles, the outer 
9 in. and the inner 8 in. in diameter. Ans. 13.352 in.? 
4. The inner and outer diameters of a ring are 93 and 10 in. respec- 
tively. Find the area of the ring? Ans. 7.658 in.? 
5. Find the area of the ring in the cross section of a water main 40 in. 
in external diameter, if the iron is 1 in. thick in the shell. 
Ans. 122.52-+ in.? 
6. In an elliptical garden the longest diameter is 36 ft. and the shortest 


22 ft. Find the area of the garden. Ans. 622.04 — ft.? 
7. Inasteel plate 3 ft. by 23 ft. are 26 round holes, each 14 in. in diam- 
eter. Find the area of steel remaining. Ans. 1017.46+ in.? 


8. At the center of one side of a barn 40 ft. on a side a horse is tied 
by a rope 70 ft. in length. Find the area he can graze over in square 
rods. Ans. 43.27-+ rd.? 

Suggestion. When the figure is drawn it is seen that the horse can 
graze over a half-circle having a radius of 70 ft., two quarter-circles having 
a radius of 50 ft., and two quarter-circles having a radius of 10 ft. 

9. A 6-in. water pipe can -carry how many times as much as an inch 
pipe? 

Solution. Area of 6-in. pipe =0.7854 <6? in.? 

Area of 1-in. pipe = 0.7854 X 1? in.? 
Area of 6-in. pipe _ 0.7854 x6? _ 6? _ ahs Anat 
Area of 1-in. pipe 0.7854X1? 1? i : 
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The quotient or the ratio of the areas of two circles can always be found 
by dividing the square of one diameter by the square of the other. The 
radii may be used instead of the diameters. 

The above is simply the principle that similar areas are in the same 
ratio as the squares of their like dimensions, applied to circles. 

10. In putting up blower pipes, two circular pipes 11 m. and 14 in. 
in diameter respectively join and continue as a rectangular pipe 14 in. 
in width. Find the length of the cross-section of the rectangular pipe. 

Ans. 17.78-+ in. 

11. How many times the area of the cross section of a 75-in. wire is 
a half-inch wire? Ans. 64. 

12. If an inch pipe will empty 2 barrels in 15 minutes, how many 
barrels will an 8-in. pipe empty in 24 hours? (Make no allowance for 


friction.) Ans. 12,288. 
13. How many 3-in. steam pipes could open off from an 18-in. steam 
pipe? Ans. 36. 


14. The diameter of the safety valve in a boileris 3in. Find the total 
pressure tending to raise the valve when the pressure of the steam is 
120 lb. per square inch. Ans. 848.23 lb. 

15. If the diameter of a piston is 30 in., find the total pressure on the 
piston when the pressure of steam is 100 lb. per square inch. 

Ans. 70,686 Ib. 

16. A circular sheet of steel 2 ft. in diameter increases in diameter by 
z$o when the temperature is increased by a certain amount. (a) Find 
the increase in the area of the sheet. (b) Find the per cent of increase 


in area. Ans. (a) 0.03149 ft.*; (b) 1%. 
17. How many No. 20 B. and 8. copper wires will have the same cross 
section area as one No. 00? (See Table VII.) Ans. 1380.3 —. 


Fie. 96. Fie. 97. 


18. A hot-air pipe 9 in. in diameter passes into a boot as shown in 
Fig. 96, and a rectangular pipe of same capacity passes upward from the 
boot. If the rectangular pipe is 4 in. wide, find its length in cross section. 

Ans. 15.9-+ in. 

19. Given two joining pipes 12 in. and 8 in. in diameter respectively, 
to find the diameter « of the continuation which has the same area. 
(See Fig. 97.) Ans. 14.4+ in. 

20. Giyen an elliptical pipe of longest and shortest axes 16 in. and 1¢ 
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in. respectively, to find the diameter of the circular pipe having the same 
area of cross section. Ans. 12.65— in. 

21. Show by means of the carpenter’s square how to find the diameter 
of a circle having the same area as the sum of the areas of two given 
circles. 

Discussion. Suppose we take two circles 6 in. and 8 in. in diameter 
respectively. Lay off on one arm of the carpenter’s square, as shown in 
Fig. 98, the diameter of the 6-in. 


Area of 8-in. circle =8? 0.7854 in.’ 
in., which is the hypotenuse of the right triangle as drawn in the figure. 


: oo aS 
circle and on the other arm the 
diameter of the 8-in. circle. The 
line joining the ends of these, or the " 
hypotenuse of the right triangle, is 
the diameter of the circle having 

Sum of areas= (6?+8?) X 0.7854 in.? 
But 62+82=10?, and if 6 in. and 8 

A similar discussion would apply to any two circles. 

22. Show by means of the carpenter’s square how to find the diameter 


the same area as the sum of the 
areas of the two given circles. 
This is seen to be true in this 
particular case as follows: D 

Area of 6-in. circle = 6? X 0.7854 in.’ 
in. are respectively the altitude and 
base of a right triangle then 10 in. is Set 
the hypotenuse. ig Os: 

Hence the area of the circle equal 
to the sum is 102 0.7854 in.2 The diameter of this circle is evidently 10 
of a circle having the same area as the sum of the areas of any number of 
given circles. 

23. If the drive wheels of a locomotive are 66 in. in diameter, find the 
number of revolutions per minute to go 40 miles per hour. 

Ans. 203.7+. 


40 X 5280 X12 


60 X66 X 3.1416 EOE 


Solution. It is usual to work such problems as this by cancellation. 
Above the line are the numbers which give the inches in 40 miles. Below 
the line is 60, which we divide by to get the number of inches the train 
goes in 1 minute; and 66 X3.1416, which is the number of inches in the 
circumference of the wheel. 

24. Supposing that the driving wheels of a locomotive are 16 ft. in 
circumference, what number of revolutions must they make per minute 
so that the locomotive may attain a speed of 60 miles per hour? 

Ans. 330. 

26. A locomotive wheel 5 ft. in diameter made 10,000 revolutions in a 
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distance of 24 miles. What distance was lost due to the slipping of the 


wheels? Ans. 5% miles. 
26. If an arc of a circle is equal in length to the radius, what is the value 
of the central angle which it measures? Ans. 57.2958° — 


Solution. Since 2m times the radius equals the circumference, and the 
entire circumference measures an angle of 360° at the center of the circle, 
- the number of degrees =360 +27 =57.2958 —. 

27. The radii of two circles are 2 ft. and 4ft. The area of the second 
is how many times the first? Ans. 4. 

28. The length of the circumference of a encled is 1382 ft. Calculate 
the length of the diameter, the length of an are of 40°, and the area of a 
sector of 80°. Ans. Arc 14.67 — ft.; dia. 42.017 — ft.; area 308.1-++ ft.2 ° 

29. Find the weitht of the iron hoops on a tank 15 ft. in diameter, 
there being 16 hoops weighing 3 lb. per linear foot. Ans. 2261.9+ Ib. 
A B 30. A regular hexagon, the perimeter of 
which is 42 ft., is inscribed in a circle. Find 
the area of the circle. Ans. 1538.9+ ft.? 

31. What is the waste in cutting the 
largest possible circular plate from a piece 
of sheet steel 17 in. by 20 in.? 

Ans. 113.02 in.? 

32. Four of the largest possible equal 
sized pipes are enclosed in a box of square 
cross section 18 in. on an edge. What part of the space do the pipes 
occupy? Ans. 0,7854. 

33. Find size of the box to enclose five 6-in. pipes, placed as in Fig. 99, 
and find the part the area of the pipes is of the area of the box. 

Ans. Box 12 in. by 16.3892 in.; part occupied 0.7187-+. 

Solution. AC=12in., AB=2DM. 

DM =DN+NM, but DN =3 in. and 

NM =\/0M?— ON? =V 62-32 =V/ 27 =5.196 in. 
*. DM =3 in. +5.196 in. =8.196 in. 
- AB=2X8.196 in. =16.392 in. 
“. area = 12 16.392 =196.704 in.? 

Area of 5 circles =5 X0.7854 X62 = 141.372 in.? 

Part occupied by pipes = 141.372 + 196.704 =0.7187-+. 

34. If the diameter of a circle is 3 in., what is the length of an are of 


19 


Fia. 99. 


80°? Ans. 2.0944 in. 
35. The minute hand of a tower clock is 6 ft. long. What distance 
will the extremity move over in 36 minutes? Ans. 22 ft. 7.4+ in. 


36. The maximum circumferential velocity of cast-iron flywheels is 
80 ft. per second. Find the maximum number of revolutions per minute 
for a cast-iron flywheel 8 ft. in diameter. Ans. 191 nearly. 

37. An emery wheel may have a circumferential velocity of 5500 ft. 
per minute. Find the number of revolutions per second an emery wheel 
9 in. in diameter may make. Ans. 39 nearly. 
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38. The peripheral speed of a grindstone of strong grain should not 
exceed 47 ft. per second. Find the number of revolutions per minute a 
grindstone 3 ft. in diameter may turn. Ans. 299 nearly. 

39. The area of a square is 49 sq. ft. Find the length of the circum- 
ference and the area of the circle inscribed in this square. 

Ans. 21.99-+ ft.; 38.48-+ ft.? 

40. Find the size of the largest square timber which can be cut from 
a log 24 in. in diameter. Ans. 16.97-+ in. 

41. A roller used in rolling a lawn is 6.5 ft. in circumference and 2.5 ft. 
wide. If the roller makes 10 revolutions in crossing the lawn once and 
must go up and back 12 times, what is the area of the lawn? 

Ans. 3900 ft.? 

42. Three circles are enclosed in an equilateral triangle. If the circles 
are 10 in. in radius, find the sides of the triangle. Ans. 54.64 in. 


B 


Fie, 100. 


Suggestion. The circles are as shown in Fig. 100. The triangle 
DEG =triangle DAH. Hence AH =GE =10Xv/3 =17.32 in., HI =the 
diameter of one of the circles =20 in., and [C= AH =17.32 in. 

43. Using 4000 miles as radius of earth, find length in feet of one second 
of arc on the equator. Ans. 102.4—-ft. 

Note. 1°=60 minutes and 1 minute =60 seconds of arc. 

44. Using 4000 miles as radius of earth, find the length in miles of are 
of 1’ (a) on the parallel of 45° north; (b) on the parallel of 60° north. 

: Ans. (a) 0.823— miles; (b) 0.582 — miles. 

Suggestion. For the parallel of 45° north, CB is the radius. But CB= 
OC since the triangle OCB is a right triangle with two equal angles. The 
relations are as shown in Fig. 101. 

45. A bicycle is so geared that one revolution of the feet makes two 
revolutions of the wheels which are 28 in. in diameter How many 
revolutions per minute of the feet are necessary to go at the rate of 25 


miles per hour? Suppose that the pneumatic tires are not well inflated, 
v1 
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what is the per cent of loss in distance made if the compression in the 
tire is 4 in.? Ans. 150+; 3.6—%. 
Suggestion. {f the compression of the pneumatic tire is 4 in., the wheel 
acts as if it were 4 in. less in radius. 
46. What is the per cent of error in taking 4 times CA in Fig. 102 as 
the circumference of circle O? Ans. 0.66—% too large. 


4000 mi, 


acer KON 


47. In the same circle, what is the per cent of error in taking 
4(DE+3AB) as the circumference? Ans. 0.65—% too small. 
48. If statements in numbers 46 and 47 gave the exact length of the 
circumference, what would be the value of 7 in each case? 
Ans. In No. 46,  =+/10 =3.16228 —; in No. 47, r =3.1213-+4. 
49. Make a construction as shown in Fig. 103, and AB is approxi- 
mately the quadrant of the circle. Find the per cent it differs from the 
correct value. Ans. 0.4+ % too large. 


ZIN 
ATF 


WY 


Fic. 103. Fig. 104. 


Suggestion. By the quadrant of the circle is meant the length of the 
are BN, 

50. Justify the following rule used by sheet-metal workers, or show 
the per cent of error if it is not correct: Divide the radius AO, Fig. 104, 
into four equal parts; place one of these parts from A to C and another 
from B to D, the ends of two perpendicular diameters. Connect C and 
D, which gives the side of the square of the same area as the circle. 

Ans. 0.5+% too small. 
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51. The stem of a 4-in. safety valve, Fig. 105, is 2$ in. from the ful- 
crum. Supposing the valve will blow when the gage reads 7 lb. without 
any weight on the lever (@e., eS 
that 7 lb. per square inch on the 2x" 
valve overcomes weight of valve 
and lever), at what pressure 
would it blow with a weight of 
75 lb. 32 in. from the fulerum? 

Ans. 76.4-+ lb. per square inch. 

Solution. If P represents the 
total number of pounds pressure 
on the valve necessary to lift the 
weight, then 

2.75:32=75:P. From which Fie. 105. 

P =872.73. 

Area of valve =0.7854 X4? = 12.5664 sq. in. 

Pressure to raise weight =872.73 + 12.5664 =69.4 lb. per sq. in. 

Total pressure = 69.4 lb. +7 lb. =76.4 Ib. per sq. in. 

52. What weight of ball would be required to allow the valve in exer- 
cise 51 to blow off at 80 lb.? Ans. 78.8-+ lb. 

53. If the original weight of 75 lb. is used, at what distance from the 
fulerum should it be placed to allow the valve to blow off at 80 lb.? 

Ans. 33.6-+ in. 

54. The following is an approximate formula for determining the 

number of inscribed tangent circles in a larger circle: 


—— = i 


D 2 
N =0.907 & ~0.94) +3.7, 


where N is the number, D the diameter of the enclosing circle, and d 
the diameter of the inscribed circles. This formula can be used to find 
the number of wires that can be put in a casing of given size. 
Apply the above formula and find how many wires % in. in diameter 
can be placed inside a 5-in. pipe. Ans. 78. 
55. How many steel balls 0.4 in. in diameter can rest at the bottom 
of a closed pipe 2 in. in diameter? Ans. 29. 
56. In a circle of radius 5 ft. there is a chord 6 ft. 6 in. in length. Find 
the height of the segment. Ans. 1.200-+ ft. 
57. A segment of a circle cut off by a chord 4 ft. 6 in. in length has a 
height of 1 ft. 10 in. Find the radius of the circle. Ans. 27.57— in. 
58. Find the area of a sector in a circle whose radius is 28 cm., if the 


sector contains an angle of 50° 36’. Ans. 346.19— cm.? 
59. Find the area of a sector whose arc is 99.58 m. long and radius 
86.34 m. Ans. 4298.87 — m.? 


60. Test formula [30(a)] by taking the segment as half tne circle 
60 in. in diameter. 
Ans. By [30(a)] A=1425 in.? As Zacircle A =1414— in.? 
61. Find the radius of a cirele in which a chord of 10 ft. has a middle 
ordinate of 3 in. Ans. 50 ft. 1.5 in. 
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62. The Gothic Arch is formed by two ares each } of a circle. The 
center of each circle is at the extremity of the width of the arch, that is, 
the radius equals the width. Find the area of such an arch of radius 
6 ft. (See Fig. 106.) Ans. 22.11 ft.? 


Fie. 106. Fie. 107. 


63. In Fig. 107, W, W is a wall with a round corner, of dimensions as 
given from A to B, on which a molding, gutter, or cornice is to be placed; 
find the radius of the circle of which are ANBisapart. Ans. 3ft. din. 

64. Each of four steam engines is supplied by a 6-in. steam pipe. 
These open off from a single steam 
pipe. Find the diameter of the larger 
pipe that it may have the same 
capacity as the four 6-in. pipes. 

Ans. 12 in. 

65. A milling cutter 44 in. in 
diameter is cutting soft steel at the 
rate of 45 ft. per minute. Find the 
number of revolutions per minute. 

Ans. 38.2—. 

66. How many turns per second 
must a drill } in. in diameter make so that the outer edge of the lip will 
have a cutting speed of 35 ft. per minute? Ans. 4.46—. 

67. The distance between the center of the crank pin C, Fig. 109, and 
the center of the flywheel at Dis 20in. What is the length of the stroke 


el 


Fie. 109. 


Kia. 108.—Milling cutter. 


Cc 


of the piston? If the flywheel makes 144 R. P. M., find the average 
speed of the piston in feet per minute. Ans. 40 in.; 960 ft. per min. 
68. The “piston speed”’ in a Corliss engine should be 600 ft. per minute. 
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How many revolutions per minute should be made by an engine having 
a 20-in. stroke? By an engine having a 36-in. stroke? 
Ans. 180; 100. 
69. Which would occupy the greater portion of the square shown in 
Fig. 110, the four small circles or the large circle? Ans. Both the same. 
70. The drivers on a locomotive are making 210 R. P. M., and are 
76 in. in diameter. Find the speed of the loco- 
motive in miles per hour if 2% is allowed for 
slipping. Ans. 46.53 mi. per hr. 
71. In a Corliss engine the high-pressure cylin- 
der is 22 in. in diameter. What must be the 
diameter of the low-pressure cylinder in order that 
it may have double the area of the high-pressure 
cylinder? Ans. 31.1+ in. 
72. If the total pressure on the piston of a. brake Tree ally 
cylinder is 8100 lb., what is the diameter of the 
cylinder if the pressure is 60 lb. per square inch? Ans. 13.1-+ in. 
73. A 10-in pipe is to be branched off into two equal pipes. What 
- must be the diameter of each of these pipes if the two pipes shall equal 
the area of the 10-in. pipe? Ans. 7.07-+ in. 
74, A machine screw in. in diameter has 12 sharp V-threads to the 
inch. Find the root diameter. Find the tensile strength at 50,000 lb. 
per square inch. Give answer to the nearest 100 lb. Ans. 9100 Ib. 
75. What should be the area of the opening of a cold-air box for a hot- 
air furnace in order to supply 7 hot-air pipes 9 in. in diameter and one 
pipe 14 in. in diameter, if the area of the cold-air opening is { the area of 
the hot-air pipes? Ans. 449.4-+ sq. in. 
76. A cylinder of a double-acting engine is 26 in. in diameter and the 
length of the stroke is 30 in. Compute the pressure on each side of 
the piston if the piston rod is 34 in. in diameter and the steam pressure 
in the cylinder is 150 Ib. per square inch. (Use formula [28].) 


Ring 
Sprung 


Ring as Ring 
Parnied with Piece j 
into Place 


Cut-out 


Fie. 111. 


77. In practice piston rings for a steam engine are turned so that they 
are 14% larger in diameter than the diameter of the cylinder barrel. 
They then have a piece cut out and are sprung into place. Find the 
diameter of the ring for a cylinder 24 in. in diameter. Find the length 
of the piece to be cut out if when sprung into place it has a clearance of 
zs in. between ends. Give dimensions to the nearest 32nd of an inch. 

Ans, 243 in.; 13; in. 
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78. Find the speed of a belt running over a pulley having a diameter 
of 22 in. and making 320 R. P. M., if 3% is allowed for slipping. 
Ans. 1834— ft. per minute. 
79. If the greatest and least diameters of an elliptical manhole are 
2 ft. 7 in. and 2 ft. 3 in. respectively, find its area. Find its perimeter, 
using formulas [32(b)] and [32(c)]. 
Ans. 4.565 ft.2; 91.2+ in. and 91.3 in. 
80. Find the length in feet of the are of contact of a belt with a pulley, 
if the pulley is 3 ft. 6 in. in diameter and the are of contact is 210°. 
Ans Git. 5— m- 
81. As in the preceding, find the length of the arc of contact if it is 
120° and the diameter of the pulley is 16 in. Ans. 162 in. 


REGULAR POLYGONS AND CIRCLES 


127. It is often necessary to determine the dimensions of a 
regular polygon inscribed in or circumscribed about a given 
circle, or to determine the size of a circle that can be inscribed 
in or circumscribed about a given polygon. 

Such problems are readily solved by trigonometry, and some 
of them may be solved by geometry. In either case, though, 
the computation may be long and tedious. For this reason 
handbooks give rules by which the computations can be readily 
made. In the table on page 167 are classified certain facts 
about the regular polygons named. ‘These facts can readily 
be applied to polygons of any size. 

(1) To find the area of a polygon when the length of one 
side is given.—Multiply the square of the side by a number 
given in column (3). 

This rule is an application of the principle that similar areas 
are in the same ratio as the squares of their like dimensions. 
Show that this is the case. 

Example. Find the area of a regular pentagon having 
sides of 7 in. 

Area = 72 1.7204774 in.? = 84.30339 in.? 

(2) To find the side of a polygon when its area is given.— 
Divide the area of the polygon by a number from column (3). 
The square root of the quotient is the required side of the polygon. 

Example. The area of an octagon is 4376 ft.?; find a side 
of the polygon. 

Side = 1/4376 + 4.828 =30.106 ft. 
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(3) To find the radius of the circumscribing circle when 
a side of the polygon is given.— Multiply the length of a side 
by a number chosen from column (5). 

This can be used to good advantage in drawing a regular 
polygon of a given side. 

Example. Construct a regular decagon having sides of 23 in. 

Radius of circumscribing circle=2}1.618 in. =4.045 in. 
With the compasses construct a circle of this radius. Then 
with the dividers open 23 in. step around the circle, which 
should be divided into 10 parts. Connect these points succes- 
sively and the construction is complete. 

(4) To find the radius of the inscribed circle when a side of 
the polygon is given. V/ ultiply the length of a side by a number 
chosen from column (6): 

(5) To find the length of the side of a polygon that can be 
inscribed in a circle of given radius.—MV ultiply the given 
radius by a number chosen from column (7). 

Example. Construct a regular heptagon in a circle of 3-in. 
radius. 

A side of the polygon =3 X0.8677 in. =2.6 in. 

With the dividers open 2.6 in. step around the cir cle, which 
should be divided into 7 equal parts. Connect these points 
successively and the construction is complete. 


EXERCISES 39 


1. A round shaft is 3} in. in diameter. Find the length of the side 
of a triangular end that can be made on the shaft. Find the length of 
the side of a square end. Of a hexagonal end. Of an octagonal end. 

Ans. 2.81+ in.; 2.80— in.; 1§ in.; 1.24+4 in. 


Triangular Pentagonal Hexagonal 
Fie. 112. 


2. Find the diameter of a circular shaft so that it may have a triangular 
end 27 in. on a side. A pentagonal end 14 in. on a side. An octagonal 
end 14 in. on a side. Ans. 2.887 — in.; 2.552 — in.; 2.940— in. 

Suggestion. Use rule (8). 
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3. A square taper reamer is to be made which must ream 1 in. at 
the small end and 18 in. at the back end. What must be the distance ' 
on the flat face at each end? Ans. 0.795-+ in.; 1.149-+ in. 

4. What is the diameter of the bearing that can be turned on a tri- 
angular shaft of side 2 in.? On a hexagonal shaft of side 13 in.? 

Suggestion. Use rule (4). Ans. 1.155 — in.; 2.815 — in. 

5. Find the difference between the area of a circle of radius 5 in. and 
the area of the inscribed regular triangle. The inscribed regular penta- 
gon. Hexagon. Octagon. Decagon. 

Ans. 46.065-+ in.?; 19.10— in.?; 13.59 — in.?; '7.84-++ in.?; 5.08 — in.? 

Suggestion. Find the side of the inscribed polygon by rule (5) and 
its area by rule (1). 

6. Find the radius and area of the largest circle that can be cut from 
a triangle every side of which is 4 ft. Ans. 1.155— ft.; 4.19— ft.? 

7. The triangular end on a round shaft is 1.7 in. on a side. Find the 
diameter of the shaft. Ans. 1.96+ in. 

8. The area of a regular hexagon inscribed in a circle is 24./3. Find 
the area of the circle and the length of the circumference. 

; Ans. 50.266 —; 25.1383 —. 

9. A square end 0.875 in. on a side must be milled on a shaft. What is 
the diameter to which the shaft should be turned? Ans. 1.237-+ in. 

10. A pipe 10 in. in diameter is connected to a hexagonal pipe of the 
same area in cross section. Find the edge of the hexagon of the cross 
section of the hexagonal pipe. Ans. 5.50— in. 


TURNING AND DRILLING 


128. Rules.—The cutting speed of a tool is the rate at 
which it passes over the surface being cut. This applies to a 
lathe tool in turning a piece of work, such as a car axle; or to 
a drill used in making holes in a metal of any kind. 

The rate at which the tool can cut the metal without in- 
juring the tool depends upon the material in the tool, as well as 
upon the kind of work being turned. 

Since cutting speeds are usually given in feet per minute, 
the rate at which a tool is cutting can be found by the following: 

Rutz. Multiply the circumference of the piece, or of the 
drill, in feet by the number of revolutions per minute. This 
gives the cutting speed in feet per minute. 

This applies to work turned in a lathe or to the drill in a 
drill press. | 

It follows from the above that the number of revolutions, 
allowable per minute, is found by the following: 
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Rute. Divide the cutting speed in feet per minute by the 
circumference of the work in feet. This gives the number of 
revolutions per minute. 

129. Feed.—The feed of a tool is the sideways motion 
given to the cutting tool. Itis expressed in one of the follow- 
ing ways: 

(1) The feed is the part of an inch that the tool advances 
along the work for each revolution or stroke, as a feed of 7's inch. 

(2) The feed is the number of revolutions or strokes neces- 
sary to advance the tool 1 inch, as a feed of 20 turns to the inch. 

(3) The feed is the number of inches the tool advances in 
1 minute, as the feed is 2 inch per minute. 

Thus, in turning a car axle, the shaving may be } in. wide, 
which means that the tool must advance that distance along 
the axle for every revolution of the axle. That is, it will take 
4 turns of the axle to cover 1 in. of its length with the turning 
tool. 

130. Cutting Speeds.—Cutting speeds for carbon steel tools 
should be about 30 ft. per minute in steel, 35 ft. per minute 
in cast iron, and 60 to 100 ft. per minute in brass. 

The general rule is to run high-speed steel tools, in steel, 
about double, and in iron about three times the speed of the 
carbon-steel tool. 

The maximum speed given to any tool must be governed by 
the density and toughness of the material being cut, and by 
the way the tool “holds up.” 

The feed of a drill should be from 0.004 in. to 0.01 in. per 
revolution. 

EXERCISES 40 


1. In turning a brass rod 2 in. in diameter, what is the proper number 
of revolutions per minute if the cutting speed for brass is 100 ft. per 
minute? Ans. 191. 

2. In turning a locomotive wheel 78 in. in diameter, what is the proper 
number of revolutions per minute, in order that the cutting speed may 
be 10 ft. per minute? Ans. 0.49 nearly. 

3. In turning a tool-steel arbor, a carbon-steel turning tool is used. 
The cutting speed is 18 ft. per minute. How many revolutions per 
minute should the work make if the arbor is 3 in. in diameter? 

Ans. 22.9. 

4. A din. drill, cutting cast iron, may cut at the rate of 40 ft. per min- 
ute. How many revolutions per minute can it make? Ans. 203.7, 
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5. In turning a car wheel 27 in. in diameter, it makes 13 revolutions 
per minute. What is the speed of the cutting tool? 

Ans. 12.87 ft. per minute. 

6. How long will it take to turn off one layer from the surface of a 
ear wheel 4 in. thick and 30 in. in diameter, if the cutting is 15 ft. per 
minute and the feed } in.? Ans. 16% minutes nearly. 

7. How long would it require to make one cut over the surface of a 
tool-steel arbor 2 in. in diameter and 10 in. in length, if the cutting speed 
is 18 ft. per minute and the feed of the cutting tool 75 in. per revolution 
of the work? Ans. 4.65-++ minutes. 

8. In Kent’s Mechanical Engineer’s Pocket-book are given the follow- 
ing formulas for finding results in cutting speed problems: 

Let d=the diameter of the rotating piece in inches, 
n =the number of revolutions per minute, and 
S =the cutting speed in feet per minute, then 
adn S 3.828 3.8258 
Show that these are true and apply them to the preceding exercises. 

9. The diameter of a piece of cast iron to be turned is 7 in. If the 

lathe makes 22 revolutions per minute, what is the cutting speed? 
Ans. 40.3-+ ft. per minute. 

10. A piece of brass 4 in. in diameter is making 80 R. P. M. in a lathe. 
What is the cutting speed? Ans. 83.8— ft. per minute. 

11. A wrought-iron shaft 2 in. in diameter and 30 in. long is turned 
at a cutting speed of 25 ft. per minute and a feed of #y in. Find the 


time for turning the shaft. Ans. 25.1-+ minutes. 
Solution. 30 +75 =1200 =number of revolutions. 
23.1416 « 1200 


12X25 

12. The cutting speed in a certain case must not exceed 40 ft. per 

minute. The piece to be turned is 1{ in. in diameter. How many 
revolutions per minute can it make? Ans. 87.3. 

13. Give to the nearest sixteenth of an inch the length of a 3-in. steel 

rod that is turned per minute, if the cutting speed is 36 ft. per minute 
and the feed #5 in. Ans. 725 in. 

14. In turning a car wheel 3 ft. in diameter, the highest rate of speed 

allowable for the cutter is 40 ft. per minute. How many revolutions 
per hour can the wheel make? Ans. 254.6. 

15. A car axle may be turned with the cutter moving 9 ft. per minute. 

If the axle is 43 in. in diameter, how many revolutions can it make 
per minute? Ans. 7.64. 


= 25.1328 =number of min. 


BELT PULLEYS AND GEAR WHEELS 


131. The relation of size and speed of driving and driven 
gear wheels are the same as those of belt pulleys. In calcu- 
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lating for gears we use the diameter of the pitch circle, or the 
number of teeth as may be necessary. 

A mechanic should be able to determine quickly and accu- 
rately the speed of any shaft or machine, and to find the size 
of a pulley in order that a shaft or machine may run at a 
desired speed. He should master the principles underlying 
the rules and formulas used as well as know how to use them. 
It is well then for the student to work many problems on pulley 
speeds before special formulas are taken up. This will help 
him to master the principles, and will make him independent 
of the formulas. It will also put him into position to derive 
the formulas. 

For a complete discussion of questions connected with 
belts and belting see any mechanical engineer’s handbook. 


EXERCISES 41 


1. A shaft having a pulley 6 in. in diameter makes 840 R. P. M. If 
this speed is to be reduced to 320 revolutions, what size of pulley should 
be used? 

Solution. If the 6-in. pulley makes 840 R. P. M., a point on the belt 
moves 63.1416 X840 in. per minute. Then in order to make 320 


6 X3.1416 x 840 . 
390 in. in circumference, and 


R. P. M., the pulley must be 


.1416 x 84 meee oe 
hence en oS 2 =15$ in. in diameter. 


2. The pulley on the armature shaft of a dynamo is 4 in. in diameter. 
This is to be belted to a driving shaft which makes 500 revolutions per 
minute. The speed of the dynamo must be 1700 revolutions per minute. 
What must be the size of the pulley placed on the shaft? 

Ans. 133 in. in diameter. 

3. A shaft has upon it two pulleys, each 8 in. in diameter. The speed 
of the shaft is 400 revolutions per minute. What must be the size of 
the pulleys of two machines if, when belted to the shaft, one of them has 
a speed of 300 revolutions per minute and the other 900? 

Ans. 103 in. and 35 in. in diameter. 

4. The pulley on the headstock of a lathe is 3 in. in diameter. This 
is belted to an 8-in. pulley on a shaft that makes 420 revolutions per min- 
ute. At what rate will a block of wood placed in the chuck revolve? 

Ans. 1120'R. P.M. 

5. If the wheels of an electric car are 2 ft., the axle cogwheel 8 in., and 
the cogwheel attached to the motor 12 in. in diameter, what millet be 
the speed of the motor to carry the ear a mile in 5 iiites? 

Ans. 112.04+ R. P. M. 
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6. In two connected belt pulleys, or gear wheels, if D is the diameter 
of the driving wheel, d the diameter of the driven wheel, & the number of 
revolutions per minute of driver, and r the number of revolutions per 
minute of driven, find r in terms of D, d, and R. Cine aapsas 

i d 

Discussion. In Fig. 113, A is the driving pulley and B is the driven 

pulley. It is evident that, since the belt 


does not slip, a point on the circumfer- 

ence of B must move as far in a minute 

as a point on the circumference of A. 
Since A makes FR revolutions per min- iy (Sig 

ute, a point on its circumference will 

move RxD units per minute. Similarly BY 


a point on the circumference of B will 


move rd units per minute. ee TN 


.. RxD =rrd 
RD 


or RD=rd and r= q 


7. In any system of pulleys or gears, the general rule holds: that the 
product of the diameters, or numbers of teeth, of the driving wheels and 
the number of revolutions per minute of the first driver must be equal 
to the product of the diameters, or the numbers of teeth, of the driven 
wheels and the number of revolutions per minute of the last driven wheel. 
As a formula this may be stated 


XDD! XD" xD" xete. 


Wed! dd)“ XU; 


where D, D’, D’, etc., are the diameters of the driving pulleys, d, d’ d’”, 
etc., are the diameters of the driven pulleys, F is the R. P. M. of the first 
driver, and r is the R. P. M. of the last driven pulley. Show why this 
is true. 

8. The number of revolu- 
tions the governor of a steam 
engine is intended to run is 
given by the builder. If the 
speed of the governor is 120 
R. P. M., size of governor 

Fic. 114. pulley 8 in., and the desired 

speed of the engine 90 R. P. M., 

find the diameter of the pulley to be put on the engine shaft to run the 
governor pulley. Ans. 103 in, 

9. An endless knife runs on pulleys 48 in. in diameter as shown in 

Fig. 114, at a rate of 180 R. P. M. If the pulleys are decreased 18 in. 

in diameter, how many R. P. M. will they have to make to keep the 

knife traveling at the original speed? 
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Solution. 1803.1416 X48 in. = rate per minute. 
3.1416 X30 in. =circumference of reduced pulleys. 


180 3.1416 X48 00 
3 141630 = 288 =number of R.P.M. of reduced pulleys. 


Fie. 116. 


Engine Shaft } 


Line 
Shaft 


Counter 
Shaft 


ie nluliage 


10. Adapt the formula of exercise 7 to the following: A train of wheels 
consists of four wheels each 12 in. in diameter of pitch circle, and three 
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pinions 4 in., 4 in., and 3 in. in diameter respectively. The first three 
large wheels are the drivers and the first makes 36 revolutions per minute. 
Required the speed of the last wheel. Ans. 1296 R. P. M. 

11. In the train of the preceding exercise, what is the speed of the first 
large wheel if the pinions are the drivers, the 3-in. pinion being the first 
driver and making 36 revolutions per minute? GDS We NR, VEX IME 

12. Pulleys are arranged as in Fig. 115. Pulley A makes 192 R. P. M., 
is the driver, and is 14 in. in diameter. Pulley B is 8 in. in diameter. 
Pulley C is 6 in. in diameter and is to make a required 1400 R. P. M. 
Find the diameter to make the pulley D, fastened to the same shaft as 
B, in order that C may have the desired number of revolutions per minute. 

Ans. 25 in. 

13. Find the number of R. P. M. of the last gear shown in Fig. 116, 
if the gear having 84 teeth makes 36 R. P. M. 

14. In Fig. 117, if a 160-in. pulley on the engine shaft drives a 60-in. 
pulley on the line shaft, and a 40-in. pulley on the line shaft drives an 
18-in. pulley on the counter shaft, find the number of revolutions per 

minute of the counter shaft if the engine shaft runs at 80 R. P. M. 

- Ans. 474 nearly. 


THE MIL 


132. The circular mil.—In most cases, electrical conductors 
have a circular cross section. We know that the area of a 
circle is found by the formula A =jqd?, which brings in the 
inconvenient factor $2, or 0.7854. In order to avoid 
this factor, a new unit has been adopted for commercial work. 
This unit is the circular mil (abbreviation C. M.) which is 
the area of a circle one mil, or 0.001 inch, in diameter. 

If A is the area in circular mils of any circle and d the di- 
ameter in mils, then, since a circle 1 mil in diameter has an area 
of 1 C. M., we have the proportion 

Ted? 

A @ 
for the areas of the circles are in the same ratio as the squares 
of the diameters. This proportion gives 

A=d?, 
This stated in words is the following: 


Rue. The area of a circle in circular mils is the square of 
the diameter in mils, or thousandths of an inch. 


Thus, a 0000 gage B. and S. wire is 0.46 in. =460 mils in diameter, 
and hence has an area of 460? =211,600 C. M. 
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If the area in circular mils is given, the diameter in mils can 
evidently be found by taking the square root of the area, or 


d=~V/A. 
133. The square mil.—The square mil is sometimes used, 
and is the area of a square 1 mil on a side. Since the area of 
a circle is 0.7854d?, it is seen that 0.7854 square mil=1 C. M. 


EXERCISES 42 


1. Find the number of circular mils in the area of B. and 8S. gage wires 
Nos. 40, 20 and 10. (See Table VII.) 
Ans. 9.88+; 1021.5+; 10,383 —. 
2. How many square mils in a bar 3 in. by § in. in cross section? 
Ans. 187,500. 
3. How many circular mils are equal to 20,000 square mils? 
Ans. 25,464.8—. 
4. Find the diameter in mils and in inches of a circular rod having a 
cross section of 237,600 C. M. Ans. 487.4+ mils; 0.4874-+ in. 
5. In ordinary practice, trolley wire is 0 or 00 B. and 8S. hard-drawn 
copper wire. What is the area of the cross section of each in circular 
mils? Ans, 105,585— C. M. or 133,076+ C. M. 


CHAPTER XIII 
GRAPHICAL METHODS 


ANGLES 


134. Units.—In measuring any magnitude, a unit of measure 
is necessary. In measuring length, there are various units, 
as the inch, foot, meter, and mile. Likewise in the measure- 
ment of angles, there are in use, as units, the right angle, the 
degree, and the radian. 

_ Right angle as unit. When using the right angle as a unit, 
we speak of an angle as such a part of, or as so many times, a 
right angle. 

The degree as a unit. The degree as a unit for measuring 
angles may be defined as the value of the angle formed by 
dividing a right angle into 90 equal parts. The degree is also 
used as a unit for measuring arcs. It is then defined as gt 
part of a circumference. In either case the degree is divided 
into 60 parts called minutes, and the minute into 60 parts 

called seconds. Degrees, minutes, and seconds of angle or 
are are indicated by the signs °, ’, and ”’. 


For example, a measurement of 27 degrees, 47 minutes, 35 seconds is 
written thus: 27° 47’ 35”. 


As already defined, if an angle has its vertex at the center 
of a circle and its sides formed by the radii of the circle, it is 
spoken of as an angle at the center of a circle. ‘The number of 
degrees in the angle so placed is equal to the number of degrees 
in the are of the circle intercepted between the sides of the 
angle. 

Thus, in Fig. 118, AOB is an angle at the center. The number of 
degrees in this angle equals the number of degrees in the are AB. 


The angle AOB is said to be measured by the are AB. 


135. Circular measure, radian.—The unit of circular meas- 
ure of angles is the radian. The radian is defined as the 
177 
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angle which at the center of a circle is measured by an are 
equal in length to the radius of the circle. 


In Fig. 118, are AB =radius OA, hence angle AOB is one radian. 


B Since a circumference is 27 times 

the radius, there are 27 arc lengths 

a equal to the radius in a circumfer- 

a. ence; and hence 27 radians are meas- 

ured by the circumference of a circle, 
or 27 radians = 360°. 

From this, 7m radians=360°+2= 
180°, and 

1 radian = 180° +2 =57.29578° —. 

Reduced to degrees, minutes, and seconds: 

1 radian =57° 17’ 44.8”. 
In a similar manner, if 180° =7 radians, then 
1°=7 radians+ 180 =0.01745+ radians. 

136. The protractor.—The protractor consists of a circular 
or semicircular scale of convenient diameter. The circum- 
ference of this scale is divided into degrees, half degrees, and 
sometimes into quarter degrees, as shown in Fig. 119. The 


Kres L18: 


Fie. 119. 


divisions of the scale are numbered from 0° to 180°, beginning 
at each end. The sum of the two readings at any point is 
180°. This method of numbering enables one to measure an 
angle from either end of the protractor, or it enables one to 
set off angles in either a right- or a left-hand direction. 
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137. To measure an angle with protractor.—Place the 
protractor over the angle to be measured, so that the point 
C is on the vertex of the angle, and either half of the side AB 
will fall upon one side of the angle. The other side of the 
angle should pass through some mark on the scale of the pro- 
tractor. The reading on the scale where this side of the 
angle crosses it is the measure of the angle in degrees. In work 
with the protractor, a hard pencil with sharp point should be 
used. 

138. To lay off an angle with a protractor.—Draw one side 
of the angle and locate the vertex. Place side AB of protractor 
on side drawn and point C on the vertex. Locate reading of 
value of angle required on scale of protractor, and connect this 
with the vertex. The degree of accuracy with which an angle 
can be laid off depends upon the instruments and the one who 


“uses them, but largely upon the size of the protractor. It is 


well then to use a fairly large protractor, one 5 or 6 in. in 
diameter. 


EXERCISES 43 


1. Draw three triangles and measure their angles. Find the sum of 
the angles of each triangle. Are their sums equal? 
2. Draw a right triangle and measure the two acute angles. What is 
their sum? 
3. Draw an equilateral triangle and measure the angles. What is 
their sum? 
4. Draw an isosceles triangle and measure its angles. Are there two 
equal angles? 
6. Construct angles of 26°, 75° 30’, 106° 45’, and 146° 15’. 
6. Describe how an angle of 14 radians may be constructed. 
7. How many radians in each of the angles: 27° 45’, 47° 26’, 109° 30’? 
Ans. 0.484-+; 0.8279 —; 1.911+. 
8. What is the value in degrees and decimals of degrees of each of the 
angles: 2 radians, ? radian, 1.75 radians? 
Ans. 114.5916°—; 42.9718°+; 100.2676°--. 
9. Draw a line AB 23 in. long; at A lay off an angle of 115° 30’ and 
draw line AC 4 in. long; at B lay off an angle of 97° and draw line BD 
2 in. long. Find length of CD by measuring. 
10. Draw a parallelogram and measure its angles. What is their sum? 
How do the angles compare? 
11. Draw @ quadrilateral and measure its angles. What is their 
sum ? 
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ANGLES BY CHORDS 


139. An angle can usually be laid off more accurately by 
means of a table of chords than by the protractor, and the 
method is often more convenient. While with the protractor 
it is not easy to measure more accurately than to half degrees, 
with the table of chords the angle may be laid off to tenths of 
a degree. 

In Table VI are given the lengths of the chords in a circle of 
radius 1, for central angles from 0° to 89.9°. 

140. To find a chord length from the table.—To find the 
length of the chord for an angle of, say, 27.6°, find 20° in 
the left-hand column of the table; go to the right to column 
headed 7° and there find 0.467, the length of the chord for 27°. 
Now add to 0.467 the number 0.010, found still further to the 
right in the column headed 0.6°. This gives 0.477 as the 
length of the chord for 27.6°. This means that, if the vertex 
of the angle is at the center of a circle of radius 1 in., the chord 
has a length of 0.477 in. 

For the length of the chord in a circle of any other radius, 
multiply this chord by the length of the radius of the given 

circle. Thus, for a circle of 6-in. 
radius, the chord for a central angle 
C of 27.6° is 6X0.477 in. =2.862 in, 

141. To lay off an angle-—How 
this can be done is best shown by 
an actual construction. 

Example. Lay off an angle of 48.3°, 

From Table VI, the chord for 48.3° 
is 0.818. Draw a line OP, Fig. 120. 

Fig, 120. With O as a center and radius 1 in., 

draw theare AB. With A asa center 

and with radius 0.818 in., strike the are cutting AB at C. 
Connect O with C, and AOC is the angle 48.3° required. 

For this construction there are required a pair of compasses, 
a ruler divided into 0.01 in., and a sharp pencil. 

An angle larger than a right angle may be laid off by first 
constructing a right angle, and then laying off the remainder 
adjacent to this. 


B 
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The table can be conveniently used if a radius is taken 10 
units in length. 

142. To measure an angle.—With the vertex of the angle 
as center and radius 1, draw an are cutting both sides of the 
angle. Measure the chord drawn between these two points, 
and refer to the table of chords to find the angle. 

An angle larger than 90° may be measured by first laying 
off an angle of 90°, and then measuring the remaining angle. 
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1. In a circle of radius 1 in., find the lengths of the chords for the 
following angles: 


(a) 43.8°. Ans. 0.746 in. (e) 63° 48’. Ans. 1.057 in. 
(b) 29.1°. Ans. 0.503 in. (f) 10° 40’. Ans. 0.186 in. 
Gabe Ans. 0.231 in. (g) 48° 30’. Ans. 0.741 in. 
(d) 79.2°. Ans. 1.275 in. (h) 78° 15’. Ans. 1.263 in. 


2. Construct the following angles: (a) 60°, (b) 10° 45’, (c) 72.8°, 
(d) 115° 30’, (e) 145.3°, (f) 39.9°. 

3. Draw the chords in a circle of 1 in. radius to form a regular polygon 
yf 5 sides. (Each angle at the center is 72°.) 

4. Inscribe regular polygons of 6, 7, 8, 9, 10, and 15 sides in a circle of 
cadius 3 in. 

Suggestion. Divide 360° by the number of sides to find the angle 
at the center of the circle determined by the side. From Table VI 
determine the length of the side, and space off the circumference using 


this length. 
If the number of sides is 9, the angle at center is 360°+9=40°. When 


the radius of the circle is 3, the side of the polygon is 2.052. 
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143. Drawing to scale.—If we wish to draw to scale the 
floor of a room 10 ft. by 20 ft., we may conveniently represent 
1 ft. in the dimensions of the 100m by in. in the drawing. 
Whatever dimension is measured in the drawing and given 
in eighths of an inch can be interpreted as feet when applied 
to the floor. The map of a country may be drawn on a scale 
of 50 miles to an inch, or any other convenient scale. 

144. To construct a triangle having given two sides and 
the angle between these sides.—Let the side AB=10 ft., 
and AC =8 ft., and the angle A between these sides be 47° 45’. 
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Choose a convenient scale, say, % in. for 1 ft. Draw line 


AB, Fig. 121, in length 4,° in.; lay off angle BAC =47° 45’; 
make AC $ in.; and draw CB. Then the triangle ACB is 
the required representation of the triangle. 

If it is required to find the area of the triangle, the measured 
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Fie. 121. Fie. 122. 
length of the altitude DC in eighths of an inch times one-half 
of the base AB in the same unit, would give the area of the 
triangle in square feet. 

145. To construct a triangle when given two angles and 
the side between these angles.—Let the side AB=30 ft., the 
angle A=37°, and the angle B=49°. Choose a scale, say, 
ys in. for 1 ft. Draw line AB, Fig. 122, in length 3? in.; lay 
off angle A =37°, and B=49°; and extend the sides of these 

C angles till they meet. Then 
the triangle ACBis the required 
triangle represented on a scale 
of 7; in. to 1 ft. The area of 
this triangle can easily be found 
by measuring the altitude DC 
and applying the rule for the 
area of a triangle. 

146. To construct a triangle 
when the three sides are 
given.—tLet AB=60 rods, 

A B AC =70 rods, and BC =80 
Fie. 128. 

rods. Choose a scale of, say, 

40 rods to the inch. Then 60 rods is represented by 14 in., 

70 rods by 1¢ in., and 80 rods by 2in. Draw AB, Fig. 123, 

in length 13 in. With the compasses and a radius of 12 in. 

draw an arc with A as center. With B as center, and radius 
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2 in., draw an arc to intersect this at C. Draw the lines 
AC and BC. Then triangle ABC is the required triangle. 

In a similar manner other shaped figures may be constructed 
to scale. In many cases these drawings may be divided into 
triangles, squares, and rectangles, which may be measured, 
and so the entire area of the figure be found. 


Fie. 124. 


Example. A piece of ground in the form of a quadri- 
lateral is represented by Fig. 124 to a scale of 40 rods to 
an inch. The area can be found by drawing the diagonal 
AC and the altitudes of the triangles ACD and ABC. The 
sum of the areas of these tri- 
angles equals the area of the 
quadrilateral ABCD. sf | 

147. Areas found by the use 1 
of squared paper.—It is often 
convenient to find the area of | CaS A 
an irregular figure by drawing it 
on squared paper (paper accu- 
rately ruled into small squares). oe 
The figure will usually be drawn L 
to some scale that uses the side 
of one of the small squares as 
a unit. 

The method is most nearly accurate on irregular figures, 
and is liable to considerable error when the boundary has 
long straight lines, nearly parallel to the lines forming the 
squares. 


LB 
1 


me] el S4e 


Fie. 125. 
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- As an illustration of the method, find the area of the circle 
in Fig. 125, if the circle is drawn on a scale of 1 in. to a side 
of the squares. 

First, determine how many squares are wholly within the 
circle. 

Second, count as whole squares the squares that are half or 
more than half within the circle, and neglect those squares that 
are less than half within the circle. 

Here it is most convenient to count the squares in one quar- 
ter of the circle, and then multiply by 4 to get the area of the 
whole circle. 

From the figure, it is seen that there are 30 whole squares in 
the quarter of the circle AOB. Counting the squares marked 
1, gives 8 partial squares to be taken as whole squares. The 
squares marked 0 are not counted. 


30+8 =38 squares for the quarter circle. 
38 X4=152 squares for the circle. 
*. area of the circle is 152 in.? 
By formula [24], area =3.1416 X72=154— in.? 


148. Other methods for approximating areas.—(a) The 
planimeter is an instrument for estimating areas. There 
are several forms of this device; but, as instructions for its 
use are given with each instrument, it will not be described 
here. 

(b) The area, when very irregular, can often be estimated 
quite accurately by cutting full size or to scale out of card- 
board or sheet tin. Weigh on accurate scales the piece of 
tin or cardboard; also weigh a square unit of the same material. 
Divide the weight of the piece by the weight of the square 
unit. The quotient is the number of Square units in the 
figure. 

(c) Other methods will be found in Chapt. XXXIII. 


EXERCISES 465 


1. The two sides of a triangle are 18 ft. and 24 ft., respectively, and 
include an angle of 98°. Find the length of the other side, and find the 
area of the triangle by two separate sets of measurements, that is, draw 
two altitudes and use two sides as bases, 
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2. The base of a triangle is 10 ft., and the other two sides are 7 ft. and 
5 ft. respectively. Find graphically the length of the altitude to the 
base. What is the area of the triangle? 

3. Find the area of the triangle in exercise 2 by rule for the area of a 
triangle when the three sides are given. Ans. 16.25 — ft.? 

4. In a triangle, one side is 28 ft. and the adjacent angles are 39° 45’ 
and 49° 30’. Find the lengths of the other sides and the area of the 
triangle. 

5. The angles of a triangle are 48°, 78°, and 54°. Find the length of 
the side opposite the angle 78°, if the side opposite 48° is 32 ft. 

6. The two sides AB and BC of a triangle 
are 44.7 ft. and 96.8 ft., respectively, the angle 
ABC being 32°. Find (a) the length of the 
perpendicular drawn from A to BC; (b) the ae 
area of the triangle ABC; (c) the angles at A aI 
and C. 

Ans. (a) 23.69 ft.; (b) 1147 ft.2; (c) 22°; 126°. Fic. 126. 

7. Find the area of AbcD, Fig. 126, which is 
on a scale of 1 in. to the side of a square, by counting the squares. 

8. Find the area of the ellipse in Fig. 127, which is on a scale of 
4 rods to the side of a square, by counting squares. Find the area by 
formula [31], and compare results. 

9. The quadrilateral in Fig. 128 is on a scale of 16 rods to the inch. 
Find its area by dividing into triangles. 

10. Draw a triangle on a scale of } in. to the foot, having sides of 
17 ft., 19 ft., and 23 ft. respectively. Draw any altitude of the tri- 
angle, measure it, and compute the area of the triangle. Check by 
drawing the other altitudes and computing the area again. 


Fie. 127. Bie. 1128; 


11. Draw the following to scale, using 7s in. to the rod, then find 
the area in acres. Start at a point A, go east 20 rd. to B, north 10 rd. 
to C, east 10 rd. to D, north 40 rd. to Z, west 40 rd. to F, south 20 rd. 
to G, east 20 rd. to H, and then to A. Ans. 975 A. 

12. Find the area of the following plot of ground: Start at A, go east 
10 ft. to B, north 20 ft. to C, northeast 14.14 ft. to D, north 10 ft. to H, 
west 20 ft, to Ff, and south to A. Ans. 550 ft,? 
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VARIOUS USEFUL CONSTRUCTIONS 


149. To divide a line of any length into a given number of 
equal parts.—In Fig. 129, let AB be the line which it is re- 
quired to divide into seven equal parts. Draw a line AC, 
making any convenient angle with AB. Take some con- 
venient length, as a half inch, and beginning at A mark seven 
of these lengths on AC. This determines the points a, b, c, 


OC 


A = B 
Fie. 129. 


d, e, f, and g. Draw a line from g to B, and draw lines 
parallel to gB through f, d, c, b, and a. These lines divide 
AB into seven equal parts. 

It is readily seen that this method can be used to divide 
any line into any number of equal parts. 


Fig. 130. 


Example. The carpenter makes use of this construction 
when he uses his steel square, as shown in Fig. 130, to divide 
a board of any width into any number of equal strips. Here 
an 8-in. board is to be divided into five equal strips. A number 
of inches divisible by 5, as 10 in., is taken on the square, and the 
square is placed as shown. A mark is made on the board at 
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the 2-in. divisions on the square. This divides the board 
as desired. 

150. To cut off the corners of a square so as to form a 
regular octagon.— Draw the diagonals of the square, Fig. 131. 
With the compasses open a distance rf d 
AO, one-half a diagonal, and with Dey Sa 


each vertex of the square as a center, 


strike the arcs at a and a’, b and 0’, o 

c and c’, d and d’. Connect these 

points as shown in the figure, and get q c’ 

the regular octagon bac’b'dca'd’. x < 
151. To divide a given circle into A > 3 B 

any number of equal parts by con- et 


centric circles.—Let the largest circle 

_ of Fig. 132 be the given circle, and let it be desired to divide 
it into four equal parts. Draw the radius OA and divide it 
into the same number of equal parts. Draw a semicircle 
on this radius as a diameter. 

Erect perpendiculars to OA at each division point a, b, 
and c, and let them inter- 
sect the circumference of 
the semicircle at a’, 0’, 
and c’ respectively. Using 
Oc’, Ob’, and Oa’ as radi 
and O as a center, draw 
the three concentric circles. 
These circles divide the 
original circle as desired. 

152. To inscribe regu- 
lar polygons.—(See Arts. 
127 and 140.) (1) To lay 

Fie. 132. out a square in a circle. 
Draw two perpendicular diameters as shown in Fig. 188, 
and connect their successive extremities. ‘This gives the in- 
scribed square ACBD. 

(2) To lay out a pentagon in a circle. Draw two perpen- 
dicular diameters AB and CD, Fig. 134, bisect AO at F. 
With Z as a center and ED as a radius, draw the are DF. 
The length DF is equal to the side of the inscribed pentagon. 
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(3) To lay out a hexagon in a circle. The radius of the 
circle is equal to a side of the inscribed hexagon. 

(4) To lay out an equilateral triangle in a circle. Connect 
the alternate vertices of the hexagon as shown in Fig. 135. 

(5) To lay out a regular heptagon in a circle. Make a con- 


WZ 


Bra, 1383. Fie. 134. 


struction as shown in Fig. 136, and AB is very nearly the 
side of the inscribed regular heptagon. 

(6) To lay out a regular octagon in a circle. Bisect the 
arcs of the inscribed square. 

(7) To lay out a regular decagon in a circle. Bisect the 
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Jhiceds aya, Fig. 136. 


arcs of the inscribed regular pentagon. 

153. To draw the arc of a segment when the chord and 
the height of the segment are given.—This method is to 
be used when it is not convenient to find the radius and use 
it. In Fig. 137, AB is the chord and FC is the height. Draw 
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AC; AD perpendicular to AC; CD parallel to FA; AF per- 
pendicular to AF’; and divide AF, DC, and AE into the same 
number of equal parts. Letter them as in the figure. Draw 
da, eb, fc, C1, C2, and C8. The points of intersection of 
these are points on the arc. The more equal parts the lines 
are divided into, the more points of the are will be determined. 
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154. To find the radius of a circle when only a part of 
the circumference is known.—It often happens that one has 
a part only of a wheel or pulley from which he must determine 
the size of a new wheel or pulley. The method by bisecting 
the ares is shown in Fig. 138. Let ABC be the arc given. 
Draw two chords AB and BC of any convenient lengths. 
Draw perpendicular bisectors of these. They will intersect 


(ex (VP 
A \/ 


O 
Fie. 138. Fia. 139. 


at a point O which is the center of the circle of which the given 
arc 1S a part. 

What amounts to the same thing and is more quickly 
done is shown in Fig. 139. Draw three equal intersecting 
circles with their centers on the arc, then the lines drawn 
through the intersecting points as shown meet at the center 
of the circle of which the given arc is a part. 
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155. How to cut a strikeboard to a circular arc.—The 
standard specifications of the American Concrete Institute 
recommend that the surface of concrete highways be finished 
to a crown corresponding to the are of a circle. The height 
of the crown at the center of the highway above the margin 
of the pavement is recommended to be not more than 35 
and not less than 74> of the width of the pavement. A car- 
penter or mechanic can readily lay out a curve of this kind 
on a strikeboard. The method shown in Fig. 140 is based 
upon a simple geometric fact and if properly followed will 
give a true curve. 

If the lower edge of the piece from which the strikeboard 
is to be cut is not straight, the lay-out can be made to a chalk 


Fia. 140. 


line, AB of the figure. Drive a stiff nail at each of the points 
A and B, which mark the width of the pavement. Find the 
mid-point between these nails and mark on the board a line 
perpendicular to the line AB. Drive a nail at M as far above 
the mid-point of the line AB as required by the cross section 
for the crown height at center. 

Take two light pieces of lumber which have straight edges, 
and fasten them rigidly together so that they form the angle- 
frame AMK. The line MK must be parallel to AB. Then if 
one side of this angle-frame is held against the nail at M 
and one at A, the intersection of the sides of the angle will be 
a point of the curve desired. By shifting the angle-frame, the 
intersection may be moved from M to A and points on the 
curve marked as often as desired. By turning the angle-frame 
over, the curve on the other half may be similarly marked. 
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156. The vernier.—The vernier is a device, invented 
by Pierre Vernier, by which measurements can be read with 
a much greater degree of accuracy than is possible by mere 
mechanical division and subdivision. There are two kinds 
of verniers, known as the direct and reverse. Only the direct 
will be described here. 

The principle is shown in its essentials in Fig. 141, which 
is a portion of a graduated scale, having below it a sliding 


Vernier 
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- scale, which is the vernier. The vernier is so divided that 
10 divisions of its scale just equal 9 divisions of the graduated 
scale. If the 0 mark on the vernier coincides with a division, 
say, the 0 division as in Fig. 141, of the graduated scale, 
then the division 1 on the vernier stands at 0.9 on the scale; 
2 on the vernier at 1.8 on the scale; and so on for the other 
divisions. 

If the vernier be moved along so that one of its divisions, 
as 4 in Fig. 142, coincides with a division of the scale, then the 
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division on the vernier just to the right or left of the coinciding 
division lacks 0.1 of a scale division of coinciding with a scale 
division. The next division of the vernier to the right or 
left lacks 0.2 of a scale division of coinciding with a scale 
division, and so on. In this case, the 0 point on the vernier 
is removed 0.4 of a division to the left of a scale division. 

The reading then in Fig. 142, that is, the distance from the 
0 division on the scale to the 0 division on the vernier, is 7.4. 
If the scale division is tenths of an inch, then the reading is 
0.74 in. 
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If the vernier is moved to the left so that 6 on the vernier 
coincides with a division on the scale, then 0 on the vernier 
is 0.6 of a scale division to the left of a scale division. 

It is evident that any number of divisions on a scale could 
be equal to one greater number of divisions on a vernier, and 
the readings could be made in a similar way. For instance, 
in instruments for measuring angles, if the scale divisions are 
to 3°, then a vernier with 30 divisions equaling 29 divisions of 
the scale will give a reading to 3/5 of 4° or 1’ of angle. 

157. Micrometer with vernier——A micrometer that reads 
to thousandths of an inch may be made to read to ten-thou- 
sandths of an inch by putting a vernier on the barrel, so that 
10 divisions on the vernier correspond to 9 divisions on the 


Fie. 143. 


thimble. There are eleven parallel lines on the sleeve occu- 
pying the same space as ten lines on the thimble. These lines 
are numbered 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0. The difference 
between one of the ten spaces on the sleeve and one of the nine 
spaces on the thimble is 7y of a space on the thimble or za}oo 
inch in the micrometer reading. 

In Fig. 148(b), the third line from 0 on the thimble coincides 
with the first line on the sleeve. The next two lines do not 
coincide by 75 of a space on the thimble, the next two marked 
5 and 2 are 75 of a space apart, and so on. When the mi- 
crometer is opened the thimble is turned to the left and each 
space on the thimble represents z¢y>7 inch. Therefore, when 
the thimble is turned so that the lines 5 and 2 coincide the 
micrometer is opened 35 of zaoy inch or yp3o0 inch. If the 
thimble be turned further, so that the line 10 coincides with 
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the line 7 on thesleeve as in (c), the micrometer has been opened 
rvé00 inch. 

To read a micrometer graduated to ten-thousandths, note 
the thousandths as usual, then observe the number of divisions 
on the vernier until a line is reached which coincides with a 
line on the thimble. If it is the second line marked 1, add 
10b00; if the third marked 2, add z925,, ete. 

As an exercise give the different readings shown in the figure. 


CHAPTER XIV 
PRISMS 


158. Definitions.—Two planes are said to be parallel when 
they will not meet however far they be extended. That is, 
they are everywhere the same distance apart. 

A line is parallel to a plane when it will not meet the plane 
however far it may be extended. 

A line is perpendicular to a plane when it is perpendicular 
to every line of the plane that passes through its foot. 

A prism is a solid whose ends, or bases, are parallel polygons, 
and whose sides, or faces, are parallelograms. 

Fig. 144 isa prism. The bases ABCD 

G and EFGH are parallel polygons. The 
faces AHF B, BFGC, etc., are parallelo- 
grams. The lines AB, BC, etc., and 
EF, FG, ete., are base edges. ‘The lines 
AE, BF, etc., are lateral edges. 

If the lateral edges are per- 
pendicular to the bases of the 
prism, the prism is a right prism. 

If the lateral edges are not per- 
pendicular to the bases, the prism 
is an oblique prism. 

In an oblique prism, the faces are parallelograms; but, in a 
right prism, they are rectangles. 

A prism is called triangular, square, rectangular, hexagonal, 
etc.; according as its bases are triangles, squares, rectangles, 
hexagons, etc. Fig. 145 is a right triangular prism. 

A cross section of a prism is a section that is perpendicular 
to the edges of the prism. 


In Fig. 145, MNO or either base is a cross section. 


The sum of the edges of the base is the perimeter of the base. 
194 
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The altitude of a prism is the perpendicular line between 
the two bases, as mn, Fig. 144. In aright prism, the altitude is 
the same length as an edge. In an oblique prism, this is not 
true. 

A right prism that has rectangles for bases is called a rec- 
tangular solid. The cube is a rectangular solid all of whose 
six faces are squares. 

159. Surfaces.—The right prisms are the forms of prisms 
that are met with usually in practical work. They are the 
ones considered here. 

The lateral area of a right prism is the area of its faces, not 
including the two bases. Since the faces are rectangles 
their areas can be easily found. As 
the area of each face is the product 
of its base by its altitude, the sum 

‘of the areas of the faces, or the 
lateral area of the prism is given by 
the following: 

Rute. The lateral area of a right 
prism equals the perimeter of the base 
times the altitude. 

The total area of the prism equals 
the lateral area plus the area of the Fie. 148. 
two bases. 

Since the cube has six equal square faces, the total area is 
six times the square of an edge. 

If S stands for lateral area, T for total area, A for area 
of each base, p for perimeter of the base, h for altitude, 
and a for an edge, the rules are stated in the following 
formulas: 


(33) s=ph. 

[34] T=ph+2A. 

[35] T=6a?2, for the cube. 
[36] p=S+h. 

[37] h=S-+p. 


Example. Find the total area of a right triangular prism, 
of altitude 20 ft., if the edges of the base are 2 ft., 3 ft., and 
A ft. 


196 PRACTICAL MATHEMATICS 


Solution. p=2+3+4=9. 
By [7], A=~/s(s—a) (s—b) (s—o). 
But s=}(2+38+4) =43, 
s—a=44—2=21 
s—b=43—3=11, 
s—c=43—4=}1, 
7 A=~/4.5X2.5X1.5X0.5= /8.4375 = 2.9047. 
By [34], T=ph+2A. 
“. T=9X20+2 2.9047 = 185.81 —ft.2 Ans. 
160. Volumes.—In Fig. 146, there are as many cubic inches 
on the base ABCD as there are square inches in its area, and 
since there are as many layers of cubic inches in the rectangular 


Fie. 146. 


solid as there are inches in the altitude AZ, the total number 
of cubic inches in the solid is found by multiplying the number 
of square inches in the base by the number of linear inches in 
the altitude. Any right prism can be taken in the same man- 
ner as the rectangular solid; hence the following: 
Rute. The volume of a right prism equals the area of the 
base times the altitude. 
If the prism is a rectangular solid this rule becomes: 
Ruue. The volume of a rectangular solid equals the con- 
tinued product of the length, breadth, and height. 
If V stands for volume, and the other letters as before, we 
have these formulas: 
[38] V=Ah, for any prism. 
[39] V=a, for the cube. 
[40] h=V+A. 
41] A=V+h. 
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Example 1. One of the concrete pillars to hold up a floor 
in a concrete building has a cross section that is a regular 
hexagon. The dimensions are as shown in Fig. 
147. Find its weight if concrete weighs 138 |b. 
per cubic foot. 

Solution. The volume is found by formula 
[38] V=Ah, where h is 12 ft. and A the area 
of a hexagon with one side 8 in. 

6 X4?X 1.732 


= 


2 7209 
. pa l2X6x4?Xx 1.732. 
144 
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Example 2. How deep is a cistern in the form 
-of a hexagonal prism to hold 100 bbl. if the base 
is 4 ft. on an edge? 
Solution. By formula [40], h=V+A. 
V =100 bbl. = 100 314X281 cu. in. 
A =area of hexagon with edge of 4 ft. 
Alt. of one triangle of hexagon = 2 1.732 


= 3.464 ft. 
Area of hexagon =6 X 4(4 X3.464) = 41.568 
a: it: 
41.568 sq. ft. =41.568 x 144 sq. in. 
_ 100X314 X231 


= ————————<—<__ — = DOr i i plo tite . 
41.568 144 WPAN toys}, thay, ALO) t. Ans 
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1. Find the volume of the following rectangular solids: 


(a) 8 ft. by 11 ft. by 32 ft. Ans. 2816 ft.3 
(b) 3 ft. by 44 ft. by 72 ft. Ans. 1048 ft.3 
(c) 30 ft. 6 in. by 41 ft. 6 in. by 12 ft. Ans. 15,189 ft.3 


(d) 17 ft. 2 in. by 19 ft. 3 in. by 3 ft. 7 in. to nearest 0.001 ft.3 
Ans. 1184.142-+ ft. 
(e) 3 ft. 4 in. by 14 ft. 7 in. by 11 ft. 11 in. to nearest 0.001 ft.3 
Ans. 579.282-+ ft.3 
2. If the inside dimension of a cubical tank is 4 ft., find the number 
of barrels it will hold when full. Ans. 15.2— bbl. 
3. Find the number of cubic yards of earth to be excavated in digging 
a cellar 40 ft. by 26 ft. by 7 ft. Ans. 269.63 —. 
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4. A rectangular solid has the three dimensions: 5.25 ft., 17.23 ft., 


and 4.062 ft. Find its capacity in bushels. Ans. 295.3 — bu. 
5. Find the weight of a block of granite (specific gravity 2.9) 6 ft. 
lony 2 ius lone alee ai Ans. 11,4183 lb. 


6. Find the weight of a solid cast-iron pillar in the form of a hexa- 
gonal prism 12 ft. high and 3 in. on edge of base. 

Ans. 875 |b. nearly. 

7. A common brick is 2 in. by 4 in. by 8 in. Find the number of 
bricks in a pile 84 ft. by 4 ft. by 10 ft. (Use cancellation.) Ans. 9180. 

8. How many rectangular solids 3 in. X4 in. X9 in. will fill a box 4 ft. x 
Ott. <8 itor Ans. 3072. 

9. One hundred eighty square 
feet of zine are required for 
lining the bottom and sides 
of a cubical vessel. How many 
cubic feet of water will it hold? Ans. 216. 

10. A box car that is 363 ft. long and 84 ft. wide, inside measurements, 
can be filled with wheat to a height of 54 ft. Find how many bushels 
of wheat it will hold if = cu. ft. are 1 bushel. Ans. 131738. 

11. How many cubic yards of soil will it take to fill in a lot 50 ft. by 
100 ft., if it is to be raised 3 ft. in the rear end and gradually sloped to 
the front where it is to be 14 ft. deep? Ans. 4163. 

Suggestion. The vertical cross section the long 
way of the lot is a trapezoid having parallel sides 
of lengths 3 ft. and 1} ft. respectively, and an 
altitude of 100 ft. : 

12. Find the number of cubic yards of crushed 
rock to make a road one mile in length and of cross 
section as shown in Fig. 148. 

Solution. The area of the vertical cross section 
can be found by considering it as two trapezoids each 
having parallel sides of 8 in. and 1 ft. respectively, 
and altitudes of 10 ft. 

Area of cross section = (-+1)10 =163 sq. ft. 

No. of cu. ft. of rock =5280 X16? =88,000. 

No. of cu. yd. of rock =88,000 +27 =32593"-. Ans. 

13. One cubic inch of steel weighs 0.29 lb. An I-beam has a cross 
section as shown in Fig. 149, and a length of 22 ft. Find its weight. 

Ans. 1531+ |b. 

14. Find the weight of steel beams 10 ft. in length and of the cross 

sections given in Fig. 40, page 121. 
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Ans. 821 lb.; 209.5 Ib.; 300.2 Ib. 
15. Find what weight of lead will be required to cover a surface 48 ft. 
long and 382 ft. wide, with lead yy in. thick, allowing 5% of weight for 
joints. Ans. 4 tons nearly. 
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16. A rectangular box is made with }-in. sheet steel. Find weight 
of box (no allowance fur corners) if it is 4 ft. by 3.4 ft. by 2.6 ft. 


(Leu. in:=0.29 Ib.). Ans. 342.8 lb. 
17. What length must be cut from a bar of steel 4 in. by 13 in. in 
cross section in order to make 1 cu. ft.? Ans. 230.4 ft. 


18. The base of a right prism is a triangle whose sides are 12 itis 
15 ft., and 17 ft., and its altitude is 83 ft. Find the lateral area. 

Ans. 374 ft.2 

19. Find the volume of the above prism. Ans. 745.872— ft.3 

Suggestion. Use formula [7] to find the area of the base. 

20. Find the volume of a cube whose diagonal is 8 in. 

Ans. 98.534-++ in.3 

21. The cost of digging a ditch, including all expenses and profits, is 
estimated at 27 cents per cubic yard. Find the cost of digging a ditch 
15 miles long, 10 ft. wide at the bottom, 20 ft. at the top, and 6 ft. 
deep. Ans. $71,280. 

22. A river is 76 ft. wide and 12 ft. deep and flows at the rate of 34 
miles per hour. How many cubic feet of water per minute passes a 
_ given point on the river? Ans. 280,896. 

Suggestion. The flow per minute is the volume of a prism of water of 
the cross section of the river and in length equal to the distance the water 
flows per minute. 

23. A cistern 7 ft. long and 4 ft.-broad holds 35 bbl. when three-fifths 
full; find the depth of the cistern. Find the cost of lining the bottom 
and sides with zine at 5 cents per square foot. 

Ans. 8 ft. 9. o7 + i in.; $11.05. 

24. An iron casting shrinks about 3 in. per linear foot in pealine down 
to 70° Fahrenheit. What is the Horde per cubic foot? 

Ans. 53.44— in. 

Suggestion. The shrinkage per cubic foot is the difference between a 
cubic foot and the volume of a cube 117 in. on an edge. 

25. A fall of { in. of rain is how many barrels per square rod? 

Ans. 4%. 

26. A flow of 300 gallons per second will supply water for how deep a 
stream, if the stream is 4 ft. broad and flows 5 miles per hour? 


: Ans. 163% in. 
Suggestion. The computation in the form of cancellation is 


300 X 231 X60 x60 
4X5 X5280 X12 12 


= 1633. 


27. Find cost at 40 cents a pound for sheet copper to line bottom 
and sides of a cubical vessel 7 ft. on an edge, if the sheet copper weighs 
12 oz. per square foot. How many barrels will the vessel hold? 

Ans. $73.50; 81.45+. 

28. A stream, flowing 5 miles per hour, must be of how large cross 
section to supply 13 in. in depth of water per week for 160 acres of 
land? Ans. 282 in.? 
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29. Ifa glass rod 1 in. long at 0° centigrade is increased to 1.000008 in. 
at 1° centigrade, find the increase in volume of a cubic inch of glass 
when heated from 0° to 1° centigrade. Ans. 0.000024-+ in.’ 


STONEWORK 


161. Terms.—A full description cannot be given here. 
For such the student is referred to a trade handbook. 

Stonework where the stones are broken with the hammer 
only is called rubble-work. If the stones are laid in courses it 
is called coursed rubble. When the stones showing in the out- 
side face of the wall are squared, the work is designated as 
ashlar. If all the stones of a course are of the same height, the 
work is called coursed ashlar. When the stones are of dif- 
ferent heights it is called broken ashlar. Ashlar work is both 
hammer-dressed and chisel-dressed. Any stonework where 
any other tool than the hammer is used for dressing is called 
cut-work. 

162. Estimating cost of stonework.—In estimating the 
cost of stonework, the custom varies greatly; we find it vary- 
ing even among the contractors of the same city. Cut-work 
is often measured by the number of square feet in the face of 
the wall. 

Rubble-work is almost universally measured by the perch, 
but the pereh used varies greatly. The legal perch of 243 
cu. ft. is seldom used by stone masons. The perch of 164 
cu. ft. is the one most used. That of 25 cu. ft. or of 22 cu. ft. 
is sometimes used. 

Stonework on railroads is usually measured by the cubic 
yard. 

Openings, as a rule, are not deducted if containing less than 
70 sq. ft. 


EXERCISES 47 


1. Find the cost of laying a hammer-dressed ashlar wall, 45 ft. long, 

6 ft. high and 2 ft. thick, at $2.75 a perch, using the 22-cu. ft. perch. 
Ans. $67.50. 

2. Find the cost of making a rubble-work wall at $3.25 a perch, includ- 
ing all the material, under a building 25 ft. by 60 ft., the wall to be 30 in. 
thick and 8 ft. high. Use the 164-cu.ft. perch. Ans. $630.30. 

3. Find the cost of laying the stonework in two abutments for a bridge, 
each abutment to be 8 ft. high, 33 ft. thick, 20 ft. long at the bottom and 
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15 ft. at the top. (The shape is a trapezoid.) The price for laying is 
$1.75 per cubic yard. Ans. $63.52. 
4. Find the cost of building a sandstone rubble-work wall for a base- 
ment 36 ft. by 47 ft., 8 ft. high, and the wall 18 in. thick. (Use outside 
measurements and make no allowances for openings.) The stone costs 
$1.40 a perch (25 cu. ft.), and the labor of laying, including lime and 
sand, is $1.25 a perch. Ans. $211.15. 


BRICKWORK 


163. Brick—The size of brick varies. In the United 
States, there is no legal standard. The common brick is 
approximately given as 8 in. by 4 in. by 2 in. In the New 
England States, they average about 73 in. by 3% in. by 23 in. 
In most of the western states, the common brick averages about 
84 in. by 44 in. by 24 in. The brick from the same lot may 
vary as much as 3%; in., depending upon the degree to which 
- they are burnt. The hard-burned bricks are the smaller. 

Walls made from these bricks are about 9, 13, 18, and 22 
inches in thickness, that is, 1, 14, 2, and 25 bricks. 

Pressed bricks are usually larger than common bricks; the 
prevailing size is 82 in. by 44 in. by 2 in. 

164. Estimating number, and cost of brickwork.—This 
cannot be discussed in full here. The student is referred to 
an architect’s and builder’s handbook for the details. Plain 
walls are quite universally figured at 15 bricks to the square 
foot, outside measure, of 8- or 9-in. wall; 225 bricks per square 
foot of 12- or 13-in. wall; 30 bricks per square foot of 16-, 
17-, or 18-in. wall; and 7% bricks for each additional 4 or 43 in. 
in thickness of wall. These figures are used without regard to 
the size of the bricks, the effect of the latter being taken into 
account in fixing the price per thousand. Nodeduction ismade 
for openings of less than 80 sq. ft., and when deductions are 
made for larger openings the width is measured 2 ft. less than 
the actual width. Hollow walls are measured as if solid. 
For chimney-breasts, pilasters, detached chimneys, and other 
forms the student is referred to a builder’s handbook. 

Example. Find the cost of brickwork in the walls of a 
house 26 ft. by 34 ft., no cross walls, the basement walls to be 
13 in. thick; the first story walls, 13 in. thick; second story 
walls, 9 in. thick; height of basement walls to top of first floor 
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joists, 9 ft.; from first floor joists to top of second floor joists, 
10 ft. 6 in.; from second floor joists to plate, 9 ft. (The 
chimneys, openings, and pressed brickwork are not considered 
as the method of estimating has not been given.) The cost 
of brick and laying, including lime, sand, scaffolding, etc., 
is $10 per thousand. 

Solution. Basement and first story walls: 

Girth of house = 2X 26 ft.+2 34 ft.=120 ft. 

Height of wall=9 ft.+10 ft. 6 in. =193 ft. 
Thickness of wall is 13 in. and hence 223 brick are counted per 
square foot. Hence the number of bricks required is 


120 X 193 X 224 = 52,650. 
Similarly for the second story, 
120X9X15= 16,200. 
‘total number of bricks =52 ,650+ 16,200 = 68,850. 
*, cost = $10 X 68.850 = $688.50. Ans. 


EXERCISES 48 


1. Find the cost at $9.50 per thousand to cover brick, material, and 
labor to build a brick wall on the front and one side of a corner lot 50 tt 
by 100 ft.; the wall to be 63 ft. high and a brick and a half thick, allow- 
ance bane made for one opening 12 ft. in length (count it 2 ft. less). 

Ans. $194.51. 

2. The following is about the cost of furnishing and laying 1500 bricks, 
or one day’s work: 
mie bricks at $6.00 per M, 

t barrel of lime at $1.00, 

9 bushels of sand at 5 cents, 
1 day’s work for mason at $5.76, 
1 day’s work for helper at $3.32. 


Using this as a basis for estimating, find the cost 
of building the walls of an apartment house 25 


Fig. 150. ft. by 54 ft., 41 ft. high in front and 36 ft. in the 
rear. The walls are to be 13 in. thick and no allowances for open- 
ings. Ans. $1759.20. 


3. Find the cost of common brick in the pier with a cross section as 
shown in Fig. 150, and a height of 12 ft. 6 in., at $7.00 per thousand. 
Count 20 brick to 1 cu. ft. Ans. $24.15. 

4. How many enamel brick 4 in. by 8 in. are required to face a wall 
30 ft. long and 12 ft. high, deducting for two windows 4 ft. by 8 ft. and 
one door 3 ft, 4 in. by 10 ft.? Ans. 1182. 


CHAPTER XV 
CYLINDERS 


165. Definitions.—A right circular cylinder, or a cylinder 
of revolution, is a solid formed by revolving a rectangle 
about one of its sides as an axis. 

Thus, in Fig. 151, the rectangle OABO’ is revolved about OO’ as an 
axis. This forms the cylinder as drawn. 

From this definition, the two bases are circles, and the 
lateral surface is a curved surface. The axis of the cylinder 
is the line OO’ joining the centers of the bases. It is per- 
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pendicular to the bases, and hence it is equal to the altitude 
of the cylinder. The cross section of a cylinder is a section 
perpendicular to the axis. 

A cylinder is inscribed in a prism when its bases are in- 
scribed in the bases of the prism (see Fig. 152). The prism 
is then circumscribed about the cylinder. A cylinder is cir- 
cumscribed about a prism, or the prism is inscribed in the 
cylinder, when the bases of the prism are inscribed in the 
bases of the cylinder. 

166. Area and volume.—If the lateral surface of a right 
cylinder could be peeled off and spread out, it would form 
a rectangle of width equal to the altitude of the cylinder, 
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and of length equal to the circumference of the base of the 
cylinder. From this we get the following: 

Rute. The area of the lateral surface of a right cylinder 
equals the circumference of the base times the altitude. 

The total area equals the lateral area plus the area of the twe 
bases. : 

From a consideration similar to that for the prism, Art. 160, 
the volume of the cylinder is obtained by the following: 

Rute. The volume of a cylinder equals the area of the base 
times the altitude. 

The similarity of the cylinder and the prism is seen if the 
cylinder is thought of as a prism having a very great number 
of sides to the base. 

The above rules hold when the cylinder is not circular. 

Since the altitude times the cross section gives the volume, 
the altitude equals the volume divided by the area of the base 
or cross section. Also the area of the base equals the volume 
divided by the altitude. 

If S stands for lateral area, 7’ for total area, A for area of 
base, and h for altitude, the rules given are stated in the 
following formulas: 


[42] S=Ch=adh=2zth. 
[43] V=Ah=crh =170d’h 
[44] h=V+A=V-+ar? 
[45] A=V-+h 


167. The hollow cylinder.—The volume of a hollow cylinder 
may be found by subtracting the volume of the cylindrical 
hollow from the volume of the whole cylinder. If F is the 
radius of the cylinder, and r the radius of the hollow, then the 
volume of the hollow cylinder is as follows: 

[46] V=2R2h—or*h = 7h(R?—r?) =rh(R+r)(R—2). 

Example 1. Find the number of cubic inches of copper in a 
hollow cylinder 7 in. long, inner diameter 6 in. and outer 
diameter 8 in. 

Solution. By [46], V=ah(R+r)(R—-1). 

“.V =3.1416 X7(4+3) (4—3) = 153.938 in.’ 

Example 2. Find the effective heating surface of a boiler 
of diameter 5 ft. and length 16 ft.; with 54 tubes 3} in. in 
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diameter, assuming that the effective heating surface of the 
shell is one-half the total surface. 
Solution. By [42], effective heating surface of the shell= 
4 (dh+2 X lard*) = 3 (3.1416 X5 XK 16+2 X 0.7854 X 5?) = 
145.299 ft.? 
Effective heating surface of 54 tubes 


_ 34} X3.1416 X54 X16 
7 12. 


“.total heating surface = 145.299+- 791.683 = 937 ft.? nearly. 

Example 3. What is the weight of a cylindrical shaft 
of marble 3 ft. in circumference and 9 ft. high? 

Solution. r=4(3+3.1416) =0.47746. 

By [43], V=ar?h=3.1416 X 0.47746? X9 = 6.4457 i : 

Weight =2.7 X 62.5 X 6.4457 = 1087 Ib. 

Since 62.5 lb. = weight of 1 cu. ft. of water, and oor: dueia 
gravity of marble. 


= 791.683 ft.? 


EXERCISES 49 


1. If the radius of the base of a right circular cylinder is 5 in. and 

the altitude is 8 in., find the lateral area, the total area, and the volume. 
Ans. 251.33 in.?; 408.4 in.?; 628.3 in.’ 

2. If r, d, h, A, S, and V have the meanings given in the preceding 
articles: 

(a) Given A =48 gq. in. and h=16 in.; find r, S, and V. 

(b) Given V =4800 cu. ft. and A =160 sq. ft.; find d and 8S. 

Ans. (a) r=3.909 —in.; S =393.0 —sq.in.; V =768 cu. in. 

3. Find the area of the rubbing surface in a steam cylinder 91} in. in 
diameter, the stroke of the piston being 6 ft. 8 in. Ans. 159.7 — ft.? 

4. Find the total area and the volume of a cylinder whose radius is 
7 {t. and whose altitude is 12 ft. Ans. 835.66 ft.2; 1847-+ ft.8 

5. Find the number of barrels each of the follow- 
ing cylindrical tanks will hold: 

(a) Diameter 5 ft., depth 5 ft. Ans. 23.3. 

(b) Diameter 8 ft., depth 9 ft. Ans. 107.4. 

(c) Diameter 20 ft., depth 19 ft. Ans. 1417.5. 

(d) Diameter 30 ft., depth 20 ft. Ans. 3357.3. 

Suggestion. Use 1 bbl. =4.211 cu. ft. 

6. Find the number of cubic yards of earth removed 
in digging a tunnel 175 yd. long, if the cross section 
is a semicircle with a radius of 14ft. Ans. 5986.5. 

7. A peck measure is to be made 8 in. in diameter. How deep should 
it be? (See Fig. 153.} Ans. 10.695 in. 


Fia. 153. 
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Suggestion. 1 pk. =4 of 2150.42 cu. in. =537.605 cu. in. 
Area of base = 8? X 0.7854 = 50.2656 sq. in. 
Altitude =volume ~+area of base. 
8. A cylindrical oil tank 3 ft. in diameter and 10 ft. long will contain 
how many gallons of oil? Ans. 528.8 —. 
9. The external diameter of a hollow cast-iron shaft is 18 in., and 
its internal diameter is 10 in. Calculate its weight if the length is 
20 ft., and cast iron weighs 0.26 lb. per cubic inch. 
Ans. 10,980 lb. nearly. 
10. Water is flowing at the rate of 10 miles per hour through a pipe 
16 in. in diameter into a rectangular reservoir 197 yd. long and 87 yd. 
wide. Calculate the time in which the surface will be raised 3 in. 
Ans. 31.38 minutes. 


: . 105280 
Suggestion. Ten miles per hour is = = 880 ft. per minute. 


Now find the number of cubic feet of water that will flow through 
the 16-in. pipe in 1 minute. Then find the number of cubic feet 
required to fill the reservoir 3 in. The quotient found by dividing 
the required number of cubic feet by the flow per minute is the time 
in minutes. 
11. In a table giving weights and sizes of square nuts for bolts, a nut 
2 in. square and 1} in. thick, with a hole 14; in. in diameter, has a given 
weight of 1.042 lb. Use wrought iron and find this weight. 
12. Iind the length of steel wire in a coil, if its diameter is 0.025 in. 
and its weight is 50 lb. (Use 1 cu. in. weighs 0.29 lb.) 
Ans. 29,270 ft. nearly. 
13. A cylindrical cistern is 6 ft. in diameter. Find the depth of the 
water when containing 10 barrels. Ans. 17.87 in. 
14. A nugget of gold is dropped into a cylinder 
of water and raises the surface of the water 14 in. 
If the cylinder is 2 in. in diameter and 25 grains 
of gold are worth $1, find the value of the nugget. 
Ans. $767. 
15. In a table giving size, ete., of wrought-iron 
washers, a washer 8} in. in diameter with a hole 
13 in. in diameter is 35 in. thick. Find the number 
of these in a keg of 200 lb. Ans. 582. 
16. Find the per cent of error in the following Fie. 154. 
rule which applies to round bars, (a) for wrought 
iron, (b) for cast iron. Multiply the square of the diameter in inches by 
the length in feet, and that product by 2.6. The product will be the 
weight in pounds nearly. 
Ans. (a) 1.5—% too small; (b) 6.1+% too large. 
17. A conduit made of concrete has a cross section as shown in Fig. 
154. How many cubic yards of concrete are used in making 500 yd. of 
this conduit? Ans. 1113.4 yds. 
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18. In a table giving weights and areas in cross section of steel bars, a 
round steel bar ? in. in diameter has its area given as 0.1104 in.? and 
weight 0.376 lb. per linear foot. Verify these results if steel weighs 
489.6 lb. per cubic foot. 

19. A water tank in a Pullman car has a vertical cross section as shown 
in Fig. 155, and a length of 52 in. Find its capacity in gallons. The 
are is a part of a circle. Ans. 68.3 gal. 

20. A rod of copper 8 in. long and 1 in. in diameter is drawn into wire 
of uniform thickness and 200 ft. long. Find the diameter of the wire. 

Ans. 0.0577 in. 

21. The rain which falls on a house 22 ft. by 36 ft. is conducted to a 

cylindrical cistern 8 ft. in diameter. How great a fall of rain would it 


take to fill the cistern to a depth of 7} ft.? Ans. 5.712 in. 
22. Find the weight of 7 miles of {-in. copper wire, if copper weighs 
0.319 lb. per cubic inch. Ans. 1736.26 lb. 


23. Find the greatest tensile force a copper wire 0.25 in. in diameter 
can stand without breaking. (See Table IX.) 
Ans. Less than 1472.6 lb. 


Fig. 155. 


By tensile force is meant a pulling force. The problem asks how great 
a weight the wire will hold when hanging vertically. 
24. Calculate the size of a square wrought-iron bar to stand a pull of 
43,000 lb. (See Table IX.) Ans. 0.927 in. square. 
25. What should be the diameter of a round cast-iron bar which is 
subjected to a tension of 30,000 lb., if the pull on each square inch of 
cross section is 2400 lb.? Ans. 3.989 in. 
26. Find the pull per square inch necessary to break a rod 23 in. in 
diameter, which breaks with a load of 270,000 lb. 
Ans. 55,000 lb. nearly. 
27. If a wrought-iron bar 2 in. by 1} in. in cross section breaks 
under a load of 125,000 lb., what load will break a wrought-iron rod 
3 in. in diameter? Ans. 245,400 lb. nearly. 
28. A cast-iron bar has an elliptical cross section with axes 6 in. and 
4in. Find the pull per square inch of cross section under a total tensile 
load of 125,000 lb. Ans. 6631 Ib. 
29. A wrought-iron cylindrical rod 2000 ft. long and 14 in. in diameter 
is suspended vertically from its upper end. What is the total pull at 
this end, and the pull per square inch of cross section? 
Ana. 11,875 lb.; 6720 lb, 
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30. Find the length of a wrought-iron bar, supported vertically at its 
upper end, that will just break under its own weight. Ans. 15,000 ft. 
31. About what is the strength of an 18 gage B. and S. wrought-iron 


wire? (See Table VII.) Ans. 63.8 lb. 
32. A trolley wire is copper and 00 gage B. and S. Find the pull 
it will take to break the wire. Ans. 3130 lb. 


33. A cylinder to cool lard is 4 ft. in diameter and 9 ft. long and makes 
4 R. P. M. As the cylinder revolves, the hot lard covers the surface 
gin. deep. How many pounds of lard will it cool in 1 hour if the specific 
gravity of lard is 0.9? Ans. 15,900 nearly. 

34. Ifa tank 5 ft. in diameter and 10 ft. 
deep holds 10,000 Ib. of lard, what will be the 
depth of a tank of 2000 lb. capacity if its 
diameter is 3 ft.? If this tank has a jacket 
around it on the bottom and sides 3 in. from 
the surface of the tank, how many gallons of 
water will the space between the jacket and 
tank hold? Ans. 53 ft.; 124 nearly. 

35. Find the volume of a wash boiler if 
the bottom is in the form of a rectangle with 
a semicircle at eachend. The rectangle is 10 
in. by 14 in., and the semicircles are on the 
smaller dimensions. The depth of the boiler 
is 16 in. Ans. 15.14— gal. 

36. Find the height of a 10-gallon wash boiler whose base is 10 in. 
wide with semicircular ends, the length of the straight part of the sides 
being 9} in. Ans. 13.5— in. 

37. A certain handbook gives the following ‘“‘rules of thumb” for 
finding the volume in gallons of a cylindrical tank: 

(1) V (in gal.) = (diameter in feet)? X53 X (height in feet). 

(2) V (in gal.) =(diameter in feet)? } of height in inches less 2% 
of same. 

Find per cent of error for each rule. 

Ans, (1) 0.003+% too small; (2) 0.08+ % too large. 

Remark. Rule (2) is a quick rule to apply if the 2% is disregarded. 
This rule is in common use by many estimators. 

38. In making the pattern of a teakettle with an elliptical bottom 
to hold 6 quarts, it is decided to have the bottom an ellipse with axes 
10 in, and 7 in. Find the height. Ans. 6.30+ in. 

39. How long a piece of copper will it take to make the body of the 


i +b 
oe : Ans. 26.70 in. 


40. In drilling in soft steel, a 13%-in. twist-drill makes 37 R. P. M. 
with a feed of #4 in. Find the number of cubic inches cut away in 33 
minutes. Ans. 3.1+. 

41. A ;%-in. twist-drill makes 310 R. P. M. with a feed of sks in. 
Find the volume cut away in 34 minutes. Ans, 0.24— in.3 


above teakettle? (tise Cir. =27X 
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42. In turning a steel shaft 6 in. in diameter and 4 ft. long, the cutting 
speed was 36 ft. per minute and the feed 0.125 in. Find the time re- 
quired for turning the shaft. If the depth of the cut was 0.05 in., find 
the amount of metal removed. Ans. 16% min. nearly; 45.2 in.’ 

43. Find the number of pounds of cast iron turned off per hour in the 
following: (Consider the cutting as if on a plane.) 


Speed per min. Depth of cut Breadth of cut 

(a) 37.90 ft. 0.125 in. 0.015 in. Ans. 13:3: 
(b) 25.82 ft. 0.015 in. 0.125 in. Ans. 9.06. 
(c) 25.27 ft. 0.048 in. 0.048 in. Ans. 10.9. 


44, A steam chest coveris 42 in. by 24in. How manysteel studs 1}in. 
in diameter should be used to hold the cover, if the steam pressure is 
160 lb. per square inch? ‘The diameter of the bolts at the bottom of the 
thread is 1.065 in. Allow a stress of 11,000 lb. per square inch. 

Ans. 16.5 bolts or 18 to make the number even. 

Solution. 4224160 lb. =161,280 lb. total pressure. 

161,280 +11,000 = 14.662 in.2=area in cross section of all bolts. 

0.7854 & 1.065? =0.89082-+ in.?= area of one bolt. 

14.662 + 0.89082 =16.5—. 

“. number of bolts is 18 to be even. 

45. The flanges at the joining of two ends of flanged steam pipes 9 in. 
in inside diameter are bolted together by 12 bolts 3 in. in diameter. If 
the pressure in the pipes is 200 lb per square inch, find what each bolt 
must hold. How much is this per square inch cross section of the bolts? 
Suppose that bolts have 10 pitch 
U.S. S. thread. This makes the 
root diameter 0.620in. (See Fig. 
157.) 

Ans. 1060.3 lb.; 3512+ Ib. 

46. As in the last exercise, if 
the steam pipe is 18 in. in diam- 
eter, and allowing the same pull 
per square inch of cross section of each bolt, find the number of bolts 
1; in. in diameter at a joint of the pipe. (A 1}-in. bolt with 7 pitch 
U.S. S. thread is 0.940 in. in diameter at root of thread.) Ans. 22. 

47. The following rule is often used to find the heating surface of any 
number of tubes in a steam boiler: Multiply the number of tubes by the 
diameter of one tube in inches, this product by its length in feet, and then 
by 0.2618. The final product is the number of sq. ft. of heating surface. 
Using this rule, what is the heating surface of 66 3-in. tubes each 18 ft. 
long? Does the rule give the correct result? Ans, 933 ft.2; yes. 

48. To find the water capacity of a horizontal tubular boiler, find 3 
the volume of the shell and subtract from this the volume of all the tubes. 
Find the water capacity of a horizontal tubular boiler 18% ft. long, 66 in. 
in diameter, with 72 3-in. tubes. Ans. 227.6-+ ft.3 

49. The steam capacity of a horizontal boiler is often reckoned as 
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one-third the volume of the shell. Find the steam capacity of a hori- 
zontal boiler 18 ft. long and 78 in. in diameter. Ans. 199+ ft. 

50. Use the following rule and find the heating surface of a boiler 
12 ft. long, 5 ft. in diameter, and having 52 23-in. tubes. 

Ans. 518.7 ft.2 to 556.7 ft.? 

Rule. In finding the heating surface in a horizontal boiler, it is cus- 
tomary to take one-half to two-thirds of the lateral area of the shell, 
the lateral area of the tubes, one-half to two-thirds the area of the ends 
of the boiler, and subtract the areas of both ends of the tubes. 

51. A steam boiler is 72 in. in diameter, 18 ft. long, and contains 70 
tubes 4 in. in diameter. Find the heating surface, using one-half in the 
rule. Ans. 1505-+ ft.2 

52. Find the steam capacity of a boiler 4 ft. in diameter and 16 ft. 
long, if the height of the segment occupied by the steam is 18in.? Is 
this more or less and how much than one-third the total capacity of the 
boiler shell? Ans. 68.9 ft.3; 1.9 ft.3 more. 

Suggestion. Using [30(b)] as the most convenient, 


A=2X1. 5/4 —0.608 —0.608 = 4.305 ft.2 


Volume = 16 X 4.305 ee =68.9 ft.* 

53. The cylinder of a pump is 6 in. in diameter, the length of stroke 
8in., and the number of strokes per minute 160. Find the flow in gallons 
per minute if the pump is double acting, that is, pumps the cylinder full 
each stroke. Ans. 156.7 — gal. 

54. When the piston of a hand pump is 3 in. in diameter, and the sup- 
ply of water is drawn from a depth of 25 ft., what pressure is required on 
the handle 24 in. from the fulerum when the piston rod is attached 34 
in. from the fulerum? Ans. 10.39— lb. 

55. The Cleveland Twist Drill Company records a test in which a 
1j-in. “Paragon”’ high-speed drill removed 70.56 cu. in. of cast iron per 

SSS EE minute. The Pe per 


minute was 574 in., the feed #5 

— in., and the drill made 575 

~ jhe tht wilds ear ah R. P. M. Do these numbers 
yO agree? 


Tie, 158. 56. What will be the weight 

of a cast-iron pipe 10 ft. 

long, 2 ft. in outer diameter, and 1 in. thick? (Use 0.26 lb. per cubic 
inch.) Ans, 2254 Ib. 

57. A tank car with a cylindrical tank 8 ft. in diameter and 34 ft. 

long will hold how many gallons? What weight of oil will it hold if the 


specific gravity of oil is 0.94? Ans. 12,784 gal.; 100,400 lb. 
68. Find the height of a cylindrical tank having a diameter of 30 in. 
in order that it may hold 4 barrels. Ans. 41,3; in 


59. If a bar 1} in. in diameter weighs 6.01 lb. per foot of length, 
what is the weight per foot of a bar 1} in. square and of the same material? 
Ans. 7.65+ Ib. 
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60. Find the weight of a hollow hexagonal bar 16 ft. long and weighing 
0.28 Ib. per cubie inch. The cross section is a regular hexagon 1} in. on 
a side, with a circle 1} in. in diameter, at the center. (See Fig. 158.) 

Ans. 1523 lb. 

61. A cylindrical tank 22 ft. Jong and 6 ft. in diameter rests on its side 
in a horizontal position. Find the number of gallons of oil it will hold 
when the depth of the oil is 8 in. When 1 ft. 6 in. When 2 ft. 6 in. 
Use formula [80(b)] for finding the area of the segment. 

Ans. 282.5 gal.; 909.3 gal. 

62. The segment in Fig. 159 is a counter-balance 54 in. thick. Find 
its weight if made of cast iron weighing 0.26 lb. per cubic inch. 

Solution. Area of segment AnB=area of sector AOBn—area of 
triangle AOB. 

Area of sector AOBn =4 X84? X 0.7854 = 923.63 in.? 

Area of triangle AOB =} X42 X21 X+/3 =763.81 in.? 

Area of segment AnB = 923.63 in.?—763.81 in.? =159.82 in.? 

Volume of counter-balance = 54 X 159.82 in. =879.0 in.? 

Weight of counter-balance = 879.0 X 0.26 lb. =228.5 Ib. Ans. 

63. What is the diameter of a single round 
rod in order that it may be as strong as three 
rods having diameters of 4 in., 1 in., and 
14 in. respectively? Ans. 1.87+ in. 

64. Because the body of a bolt is greater in 
diameter than the threaded part, when the 
bolt is under strain the two parts will not 
stretch uniformly. For this reason the bolt 
is most liable to break where the threaded 
part joins the other part. To overcome this a Tic. 159. 
hole is sometimes drilled from the center of the 
head to the beginning of the threaded part. This hole is made of such 
size that the cross-sectional area of the body is the same as that at the 
root of the thread. 

Find the diameter of the hole to be drilled in the following bolts in 
accordance with the preceding: 

(a) Diameter of bolt 3 in. with 10 U.S. S. threads to 1 in. 

(b) Diameter of bolt 17 in. with 5 U.S. 8. threads to 1 in. 

Ans. (a) 0.422 — in.; (b) 0.952 in. 

65. In computing the safe working pressure for a steam boiler, a factor 
of safety of 5isused. That is, the safe working pressure is } of the burst- 
ing pressure. The bursting pressure in pounds per square inch is given 
by the formula 


Ttk 
r 


P= 


I 


where P =bursting pressure in pounds per square inch, 
T =tensile strength of boiler plate per square inch, 
t=thickness of boiler plate in inches, 
r =radius of boiler in inches, 
and &=a constant depending upon the riveting and is 0.56 for single 
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riveted boilers, 0.70 for double riveted boilers, and 0.88 for triple riveted 
boilers. Derive the formula. (See Fig. 160.) 

66. Find the bursting and the safe working pressure for a double 
riveted boiler 66 in. in diameter, made of plate 7s in. thick, if tensile 
strength is 50,000 lb. per square inch. Ans. 331.4 lb.; 66.3 Ib. 

67. What would be the bursting pressure in 
B / pounds per square inch of a wrought iron pipe 
t having an inside diameter of 3 in. and a shell 
# in. thick? Use a tensile strength of 40,000 lb. 
per square inch. Ans. 33333 lb. 
68. Holes are punched in sheets of metal by 
means of great pressure applied by a punch 
press. The pressure is usually reckoned at 
60,000 Ib. per square inch of surface cut over. 
For example, a hole 2 in. in circumference 
A punched in a }-in. plate would require a pres- 
Fic. 160. sure of 2<4X60,000 lb., that is, the area of the 
cylindrical surface sheared off times 60,000 Jb. 

Find the pressure necessary to punch a hole, having a diameter of 3 in., 
through a steel plate } in. thick. Ans. 11,781 lb. 

69. Find the pressure necessary to punch at one blow a hole $ in. in 
diameter and a rectangular hole ? in. by } in. through a steel plate # in. 
thick. Ans. 130,686 Ib. 


=> 


t 


| 
> 


---~ 


Fie. 161. 


70. Find the blow necessary to cut out the corner squares and the holes 
in the box shown in Fig. 161. The dimensions are as given and the 
thickness of the sheet steel is #y in. Ans. 17,678 lb. 

71. Many small metal articles in common use are punched out of 
sheet metal and pressed into shape. The blank is usually cut so as to 
have the same area as the area of the finished article (Fig. 162). For 
example, the blank for a cylindrical box, having a diameter of 1 in. and 
a depth of 2 in., would have an area equal to the combined area of the 
sides and bottom of the box. Find the area and diameter of the blank 
for this box. 
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Solution. Area =3.1416 X (3)?+3.1416 X1X2=7.06 sq. in. 89 

Diameter of blank =+/7.0686 + 0.7854 =3 in. 

Note. In shallow articles, as pail covers, the diameter of the blank is 
often found by adding twice the depth to the diameter of the top. 


EE MOTT 


i 


Blank 


Fic. 162. Fia. 163. 


72. Find the diameter of the blank for a pail cover whose diameter is 
8 in. and depth ?in. Work by both methods suggested above and com- 
- pare results. 
73. An aluminum cap for a paste bottle has the dimensions given in 
Fig. 163. Find the diameter of the blank from which it was pressed. 
Ans. 2.035 in. 
74. A shoe-blacking box has a diameter of 3 in. and a depth of 1 in. 
Find the diameter of the blank from which it was pressed. 
Ans. 4.58 in, 


CHAPTER XVI 
PYRAMIDS, CONES, AND FRUSTUMS 


168. Pyramid.—A pyramid is a solid whose base is a 
polygon, and whose sides are triangles with their vertices at a 
common point, called the vertex or apex of the pyramid. A 
pyramid is triangular, square, hexagonal, etc., according as its 
base is a triangle, square, hexagon, etc. 

A right pyramid, or a regular pyramid, is a pyramid whose 
base is a regular polygon, and the sides or faces equal isosceles 
triangles. 


Fig. 164 is a regular pyramid with a square base. 


de 


| Altitu 


I 


ie) 


Fia. 164. 


In a regular pyramid the axis, or the line drawn from the ver- 
tex to the center of the base, is perpendicular to the base. 
This line is the altitude of the pyramid. 

In Fig. 164, OF is the altitude. 

The slant height of a right pyramid is the line drawn from 
the vertex to the center of one edge of the base. 

EF of Fig. 164 is the slant height. 

A lateral edge is the line in which two faces meet. 

BF of Fig. 164 is a lateral edge. 

169. Cone.—A circular cone is a solid whose base is a 
circle, and whose lateral surface tapers uniformly to a point, 
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called the vertex or apex. The axis of the cone is a straight 
line drawn from the vertex to the center of the base. 

A right circular cone is a cone whose base is a circle and 
whose axis is perpendicular to the base. 

In Fig. 165, F-ABC is a right circular cone. 

This might also be defined as a solid formed by a right 
triangle revolved about 
one of its legs as an axis. 
It may be called a cone 
of revolution. 

The altitude of a cone 
is the perpendicular line 
from the vertex to the 
base. The slant height 
is a straight line drawn C 
‘from the vertex to the cir- 
cumference of the base. 

In Fig. 165, OF is the altitude, and CF the slant height. 

170. Frustum.—If the top of a pyramid or a cone is cut 
off by a plane parallel to the base, the remaining part is called 
a frustum of a pyramid or a cone. 

In Fig. 166, (a) and (b) are frustums. 


Altitude 


Fia. 165. 


Fic. 166. 


The altitude of a frustum is the perpendicular between the 
bases, as NM of Fig. 166. The slant height of the frustum 
of a right pyramid or cone is the shortest line between the 
perimeters of the two bases. It is perpendicular to the edge 
of each base in the frustum of a right pyramid; and is, there- 
fore, the altitude of the trapezoids that form the faces of 
the frustum. 

In Fig. 166(a), PQ is the slant height. 
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171. Areas.—The lateral area of a right pyramid is found 
by taking the sum of the areas of the triangles forming the 
faces of the pyramid. Since the altitudes of these triangles are 
each the slant height of the pyramid, they are equal. Because 
the base of a right pyramid is a regular polygon, the bases of 
the triangles are equal. We then have the following: 

Rue. The lateral area of a right pyramid or cone equals the 
perimeter of the base times one-half the slant height. 

The total area equals the lateral area plus the area of the base. 

Since the faces of the frustum of a pyramid are trapezoids, 
we have, by use of formula [8], the following: 

Rue. The lateral area of the frustum of a right pyramid or 
cone equals one-half the sum of the perimeters of the two bases 
times the slant height. 

The total area equals the lateral area plus the areas of the two 
bases. 

That these rules apply to the cone as well as to the pyramid 
may be seen by thinking of the cone as a pyramid with a very 
great number of sides to the base. 

Using S for lateral area, T for total area, h for altitude, s 
for slant height, p for perimeter (P and p for frustum), A 
for area of base (B and b for frustum), the rules may be written 
as the formulas: 

[47] S= ps, for pyramid or cone. 

[48] T=%3ps-+-A, for pyramid or cone. 
[49] S=3(P+p)s, for frustum. 

[50] T=3(P+p)s+B-+b, for frustum. 

172. Volumes.—A particular case of the volume of a 
pyramid is seen as follows: The cube of 
Fig. 167 is divided into six equal pyra- 
mids with their vertices at the center of 
the cube. The volume of the cube 
equals the area ABCD times the altitude 
PQ. Now the volume of one of the six 
pyramids, as O-ABCD, equals 4 of the 

Fic. 167. volume of the cube, and hence equals the 
area of the base ABCD times } of PO. 

Rute. The volume of a pyramid or a cone equals the area of 
the base times one-third the altitude. 
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Which may be written as the formula: 
[51] V= Ah. 


The volume of the frustum of a pyramid or cone is best 
stated in the following formula: 


[52] V=3h(B+b+~/BxD). 
The volume of a frustum of a cone is usually more easily 


found by 
[53] V=4rh(R*+1r?+Rr), 


or [54] V=y4s7h(D?+d?+Dd),. 


where R and D are radius and diameter 
respectively of lower base, and r and d of 
upper base. 

It should be noted that the volume of a 
pyramid is one-third the volume of a prism 
of the same base and altitude, and that the 
cone bears a like relation to the cylinder. 

Example. Find the volume and the lateral area of a right 
cone of diameter 16 in. and altitude 12 in. 

Solution. A=nr?=3.1416 X8?= 201.0624. 

V =4Ah=4X201.0624X 12 =804.25 in.?® 

s=~/12?+8?= 14.422, since the altitude, ra- 
dius, and slant height form a right triangle AOP of Fig. 168. 

S=1ps=ars=3.1416 X8 X 14.422 = 362.465 in.” 


EXERCISES 50 


1. Find the volume of a right cone whose altitude is 8 in. and radius of 


base is 4.887 in. Ans. 200 in.® nearly. 
2. Find the volume and total area of a cone whose radius of base is 
6 in. and altitude 5.3 in. Ans. 199.84 in.*; 263.9 in.? 
3. Find the volume and lateral area of a cone whose altitude is 8 in. 
and radius 6 in. Ans. 301.6— in.?; 188.5— in.? 
4, The circumference of the base of a conical church steeple is 35 ft. 
and the altitude is 73 ft. Find the lateral area. Ans. 1281 — ft.? 


Suggestion. Radius of base = 2(35 +3,1416). The altitude and radius 
are the altitude and base of a right triangle of which the hypotenuse 
is the slant height of the steeple. 

5. Find the weight of a conical casting of iron 8 in. in diameter and 
slant height 14 in. Ans. 58.4 lb. 
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6. A pail is 10 in. in diameter on the bottom and 12 in. on top. If the 
slant height is 11 in., what is the number of square inches of tin in the 
pail? Ans. 458.67. 

7. Find the total area and volume of a cone of revolution whose alti- 
tude is 12 ft., and the diameter of whose base is 10 ft. 

Ans. 282.74 ft.2; 314.16 ft.3 

8. The diameter of the top of a water pail is 12 in., the bottom is 10 in., 
and the altitude is 103 in. How many quarts will the pail hold? 

Solution. By [54], V =72 X3.1416 10.5(12?+10?+12 10) = 1000.6 in.® 


1000.6 in.* + 57.75 in.? =17.33 — =number of quarts. 


9. Find the lateral edge, lateral area, and volume of a regular pyramid, 
each side of whose triangular base is 10 ft., and whose altitude is 18 ft. 
Ans. 18.90+ ft.; 273.45 — ft.2; 259.8-+ ft.3 

10. A cone 12 in. in altitude and with cir- 
cular base 8 in. in diameter has a hole 2 in. 
in diameter bored through the center from 
apex to base. Find the volume of the part 
remaining. Ans. 169.646 in.3 

Suggestion. The part cut away, as shown 
in Fig. 169, consists of a cylinder 9 in. in 
altitude and a cone 8 in. in altitude. The 
height of the small cone can be found from 
the similar triangles AOP and BO’P in 
which we have the proportion 


AOE Ol OPROIP* 
or 4:1=12:0'P. .«. O'/P=3. 
Fic. 169. 11. Find the weight of a green fir log 215 
ft. long, 4 ft. 6 in. in diameter at one end, 
and 20 in. in diameter at the other end, the specific gravity of fir being 
0.78. Ans. 42 tons nearly. 

12. Hard coal dumped in a pile lies at an angle of 30° with the hori- 
zontal. Estimate the number of tons in a pile of conical shape and 10 ft. 
high. Large egg size weighs 38 lb. per cubic foot. (See Fig. 170.) 

Ans. 60 tons nearly. 

Suggestion. Radius of base of pile=10X+/3 by Art. 112. 

13. Find the number of tons of large egg coal 
in a pile 20 ft. broad and 100 ft. long with cir- 
cular ends. Ans. 99 tons nearly. 

14. A tank of reenforced concrete is 160 ft. 
long, 100 ft. wide, and 10 ft. 6 in. deep outside 
dimensions. The side walls are 8 in. thick at 
the top and 18 in. at the bottom, with the Fie. 170. 
slope on the inside. The bottom is 6 in. thick. 

Find the number of cubic yards of cement in the tank and the capacity 
of the tank in barrels, Ans. 503+; 36,670 bbl. nearly. 
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15. Find the weight of a tapered brick stack of 10 ft. inside diameter, 
with a wall 4 ft. thick at the base, 1 ft. 6 in. at the top, and 175 ft. high. 
A cubic foot of brick weighs 112 lb. Ans. 1095.5 tons. 

Suggestion. Find the volume of a frustum of a cone with lower base 
18 ft. in diameter and upper base 13 ft. in diameter. Subtract from this 
the volume of the cylinder 10 ft. in diameter. 

16. A cast-iron driver in the form of a frustum of a square pyramid is 
used on a pile-driving machine. Find the weight of the driver if it is 
16 in. high, 10 in. square at the bottom, and 7 in. square at the top. 

Ans. 303.7 lb. 

17. A cast-iron cone pulley is 34 in. long. The diameter of one end is 
12 in. and of the other end is 5 in. A circular hole 2 in. in diameter 
extends the length of the pulley. Find the weight of the pulley. 

Ans. 502.2 lb. 


CHAPTER XVII 
THE SPHERE 


173. Definitions.—A sphere is a solid bounded by a curved 
surface, every point of which is equally distant from a point 
within, called the center. A straight line passing through the 
center and ending in the surface is called a diameter. A 
line extending from the center to the surface is a radius. 

If the sphere is cut by a plane, the section is a circle. If the 
section is through the center of the sphere, it is called a great 
circle; if not through the center, it is called a small circle. - 
The circumference of a sphere is 
the same as the circumference of a 
great circle. 

In Fig. 171, circles ACB and NCS are 
great circles, and MER is a small circle. 

The parallels of latitude on the 
surface of the earth are small circles. 
The meridians of the earth all run 
through both the north and the 

Fra. 171. south poles and, therefore, are great 
circles. 

174. Area.—The following is proved in geometry: 

Rute. The area of the surface of a sphere equals four times 
the area of a circle of the same radius. 

Or stated as a formula: 

[55] S=4rr?=7d?, 
where S is the area of the surface of the sphere, r the radius, and 
d the diameter. 

The student may satisfy himself that this is true by winding 
evenly the surface of a ball with heavy cord, and then coiling 
the same cord into four circles of the same radius as the radius 
of the sphere. 


The rule can be derived from the fact that a sphere has the 
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same area as the lateral area of a cylinder having the same 
radius as the sphere, and an altitude equal to the diameter of 
thesphere. Area of lateral surface of cylinder = 2ar X2r=4rr?. 
175. Volume.—Geometry gives the following: 
Rute. The volume of a sphere equals the area of the surface 
times one-third of the radius. 


Fia. 172. Tore, ify 


Or stated as a formula: 
[56] V=4Sr=4ar°?=jrd?= 0.5236d.° 


The reasonableness of this may be seen by thinking of the 
surface of the sphere as divided into a large number of small 
polygons. Let these be so small that they may be considered 
as planes. Now if we think of the 
sphere cut into pyramids having 
these polygons as bases, and having 
their vertices at the center of the 
sphere, as shown in Fig. 173, the 
volume of one of these small pyra- 
mids, represented in (a) of the figure, 
is found by [51] to be 4r times the 
area of the small polygon. And 
the volume of all the small pyramids 
is equal to the whole surface of the Fic. 174. 
sphere times 4r. Hence V = 4Sr. 

176. Zone and segment of sphere.—A portion of the valume 
of a sphere included between two parallel planes is a segment 
of the sphere. If both the planes cut the surface of the sphere, 
the segment is a segment of two bases. In Fig. 174, the 
segment between the planes ABC and DEF is a segment of 
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two bases. The part of the sphere above DEF is a segment 
of one base. 

That portion of the surface of the sphere between two 
parallel planes is a zone. The altitude of the segment or 
zone is the perpendicular between the parallel planes. 


Thus, OQ is the altitude of the segment between the planes ABC 
and DEF. 


Here we can neither derive the rules for the area of a zone 
and the volume of a segment nor make them seem reasonable 
by any discussion. They are of some importance practically, 
especially the volume of the segment. 

Rute. The area of a zone is equal to the circumference 
of a great circle of the sphere times the altitude of the zone. 


Segment of One Base Segment of Two Bases 


Migs U7e5: 


This rule is stated in the formula: 
[57] Z=2nrh, 


where Z is the area of the zone, h the altitude, and r the 
radius of the sphere. 

It is readily seen from formula [57] that the area of any 
two zones on the same or equal spheres are to each other as 
their altitudes. It also follows that any zone is to the sur- 
face of the sphere as the altitude of the zone is to the diam- 
eter of the sphere. 

If a sphere is cut by parallel planes that are equai distances 
apart, as the planes cutting the sphere in Fig. 174, then the 
zones are all equal. 

Since the parallels of 30° north and south latitude are in 
planes that bisect the radii drawn to the north and south 
poles, then one-half of the surface of the earth is within 30° 
of the equator. 
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The volume of a spherical segment is given by the formula: 
[58] V=4hr(r.?+ ro?) + rh, 
where V is the volume, f the altitude, and 7; and re the radii 
of the bases of the segment. If the segment has only one 
base, one of the radii is zero. 
Example 1. Find the surface, volume, and weight of a 
cast-iron ball of radius 123 in. 
Solution. By [55], S=4rr?=4X3.1416 X 12.5? = 1963.5 in.? 
By [56], V=4Sr=4 1963.5 X 12.5 =8181.25 in.’ 
Since 1 in.? of cast iron weighs 0.26 lb., 
the weight = 0.26 Ib. x 8181.25 = 2127.125 lb. 
Example 2. A sphere 8 in. in 
radius is cut by two parallel planes, 
one passing 2 in. from the center, 
and the other 6 in. from the center. 
_Find the area of the zone, and the 
volume of the segment between the 
two planes, if both planes are on the 
same side of the center. piste 
Solution. By [57], Z=2rrh=2X3.1416 X8 X4=201.06 in.’ 
r1=~/ (OB)?— (OL)? = V/8?— 2?= V'60. 
re=~/(OD)?— (OF)2= V/8?— 62= V 28. 
By [58], V =4ha(ri?+r2?) + §rh? 
=443.1416(60+28) + § X3.1416 X 4° = 586.43 in.? 


EXERCISES 51 


1. Find the volume and the area of the surface of a sphere 6 ft. in 
diameter. Ans. 118.1— ft.?; 113.1 — ft.? 
2. A sphere 4 in. in radius is cut from a cylinder 8 in. high and 8 in. 
in diameter. Find the volume cut away. Ans, 134.04-++ in. 
3. The radius of a sphere is 2ft. Find the area ofthe surface and the 
volume. Ans. 50.266 — ft.2; 33.51-++ ft. 
4. How much will a sphere of cast iron weigh if it is 3 in. in diameter, 
and if cast iron weighs 0.26 lb. per cubic inch? Ans. 3.675 Ib. 
5. A cubic foot of lead weighs 712 lb. Find the weight of a ball 3 in. 
in diameter. Ans. 5.825 lb. 
6. How many square feet of tin will it take to roof a hemispherical 
dome 40 ft. in diameter? Ans. 2513+ ft.? 
7. Find how many acres of land on the surface of the earth, if one- 
fourth of the surface is land and the radius is 4000 miles. 
Ans. 32,170,000,000 nearly. 
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8. Find the volume of a cylinder 2 ft. in diameter and 2 ft. in altitude; 
of a sphere 2 ft. in diameter; and of a cone 2 ft. in diameter and 2 ft. in 
altitude. Compare the three volumes. (See Fig. 177.) 

9. Find the volume of the segment between two parallel planes 6 in. 
apart that cut a sphere 12 in. in radius, if one plane passes 2 in. from the 
center. There are two cases: (a) when the center of the sphere lies out- 
side of the segment, and (b) when the center lies in the segment. 

Ans. (a) 2186.6 — in.; (b) 2638.9-+ in.? 

10. An iron ball 3 in. in diameter has a coating of lead 1 in. thick. 
Find the volume of the iron, of the lead, and the weight of each. 

Ans. 14.1387 in.’; 51.313 in.?; 3.676 — lIb.; 21.141 — lb. 

11. A ball of lead 2 in. 
in diameter is pounded 
into a circular sheet 0.01 
in. thick. How large in di- 
ameter is the sheet? 

Ans. 23 in. nearly. 

12. A water tank, 6 ft. 

Fig. 177. in total length and 18 in. 

in diameter, is in the form 

of a circular cylinder with two hemispherical ends. Find its capacity 
in gallons. Ans. 72.7+ gal. 

13. A hollow copper sphere used as a float weighs 10 oz. and is 5 in. in 
diameter. How heavy a weight will it support in water? 

Ans. Less than 27.9 oz. 

Suggestion. It will support a weight less than the weight of water 
displaced by the sphere minus the weight of the sphere. 

14. A circular flower bed in a park is 25 ft. in diameter and is raised 
2 ft. 6 in. in the center making a spherical segment. How many loads of 
dirt did it take to build it up if one load is 1} cu. yd.? Ans. 153 nearly. 

15. In a practical hand- 
book the following rule is 
given as nearly correct. In 
fact, it is correct. The area 
of a flanged spherical seg- 
ment, a vertical section of 
which is shown in. Fig. 178, Fria. 178. 
is equal to the area of a 
circle of radius equal in length to the line drawn from the top of the seg- 
ment to the edge of the flange, that is, equal to a circle of radius AB. 

Find the area of a flanged segment having dimensions as given in Fig. 
178. Work both by the rule and by using the formulas for area of a ring 
and of a zone. 

Solution. By [16],.radius, 7, of sphere of which zone is a part 


5?-+2? 
= a =7,25. 
2X2 
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By [57], Z=2 X3.1416 X7.25 X2 =91.1064 in.? 

By [28], area, A, of ring =3.1416(8+5) (8 —5) =122.5224 in.? 

91.1064 in.?-++122.5224 in.? =213.63 — in.? 

AB=V/84+2=V'68. 

Area of circle having a radius =+/68 is 3.1416 X (1/68)? =213.63 —in.?, 
which is the same as the result by the first method. 

16. Find the per cent of error in using the following rule: To find 
the weight of a cast-iron ball mul- 
tiply the cube of the diameter in 
inches by 0.1377, and the product 
is the weight in pounds. 

Ans. Rule is correct if 1 cu. in. of 
cast iron weighs 0.263 Ib. 

17. Fig. 179 is the vertical cross Fig. 179. 
section of a casting, the inner and 
outer ‘‘skins” being spherical zones. Find the weight of metal at 0.35 
lb. per cubic inch necessary to make the casting. 

Ans. 176 lb. nearly. 

Suggestion. Find the difference of the volumes of the two segments. 

18. A hemispherical cap of aluminum is 3} in. in diameter. Find the 


diameter of the blank from which it is pressed. Ans. 4.95— in. 
19. Find the diameter of the blank if the cap in the preceding exercise 
has a flat ring } in. wide around it. Ans. 5.70+ in. 


20. Show that the volume of a round or button head of a machine screw 
is given by the formula 
: D2 hh? 
V =rh (G+ 4) ) 
where D is the diameter of the head and h the 
height of the head. 
Suggestion. In formula [58], 


V =Bhr (ry? try?) + grh’. 


i) 


D 
But ri a and r.=0. 


D2 D2 h? 
c= aha +ighi=rh (+6) . 


Bx 21. Find the volume of the head of a round 
ores head machine screw if the diameter of the head 


is 0.731 in. and the height is 0.279 in. 
Ans. 0.070 cu. in. 
22. The water tank shown in Fig. 180 con- 
sists of a cylinder with a hemisphere below. 
The diameter is 20 ft. and the height of the cylindrical part is 22 ft. 
Find the capacity of the tank in gallons. Ans. 67,369 gal. 


Fic. 180. 
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VARIOUS OTHER SOLIDS 


177. Anchor ring.—A ring formed of a cylinder bent into 
a circular form, as in Fig. 181, is called an anchor ring. The 
mean length of the rod in such a ring is the circumference of a 
circle of radius ON. 

Any cross section of such a ring will be a circle. Since the 
ring may be considered as a cylinder bent into circular form, 
the area of the surface is 2rXON X circumference of a cross 
section. If ON=R, and the radius of the cross section NM is 
r, we have for the area the formula: | 


[59] A=27R X 2ar = 4r°Rr. 


The volume is the same as 
the volume of a cylinder with an 
altitude that is equal to the 
mean circumference of the ring, 
hence the following: 


[60] V =27R X ar? =27°Rr?. 


These rules may be generalized 
so as to apply to any circular ring. 
In general, the area of the sur- 
face equals the perimeter of the cross section times the cir- 
cumference drawn through the center of gravity of the cross 
section. The volume equals the area of the cross section 
times the circumference drawn through the center of gravity 
of the cross section. 


Fr@. 181. 


EXERCISES 52 


1. The cross section of a solid wrought-iron ring is a circle of 4 in. 
radius. The inner radius of the ring is 3 ft. Find the area of the surface 
and the volume of the ring. Ans. 6316.6 in.?; 12,633.2 in. 

2. The cross section of the rim of a flywheel is a rectangle 6 in. by 
8 in., the shorter dimension being in the diameter of the wheel. The 

226 
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wheel is 22 ft. in outer diameter. Find the volume of the rim and its 
weight if of cast iron. Ans. 22.515 ft.*; 10,132 Ib. 
3. Find the weight of a cast-iron water main 12 ft. in length, 2 ft. in 
outer diameter, and 1 in. thick. Solve both by considering it as a ring 
and as a hollow cylinder. Ans. 2709.6 lb. 
4. Find the area of the surface and volume of a ring of outer diameter 
10 in., made of round iron 1 in. in diameter. What is its weight at 
0.28 lb. per cubic inch? Ans. 88.83 in.?; 22.207 in.*; 6.218 Ib. 
5. An anchor ring, 13 in. in outer diameter, of 1} in. round iron, has 
the same volume as what length of a bar 1} in. by 13 in. in cross section? 
Ans. 24.16 in. 
6. Find the weight of an anchor ring of cast iron, outer diameter 3 ft., 
the iron being circular in cross section and 6 in. in diameter. (Use 
450 lb. per cubic foot.) Ans. 693.9 lb 


Fia. 182. 


178. Prismatoids.—A prismatoid is a solid whose bases are 
parallel polygons and whose faces are quadrilaterals or trian- 
gles. One base may be a point, in which case the prismatoid 
is a pyramid; or one base may be a line, in which case it is 
wedge-shaped. Therule for finding the volumes of prismatoids 
holds in very many cases when the faces become curved sur- 
faces and the prismatoid has become a cone, frustum of a 
cone, a cylinder, a sphere, a spindle of some kind, or one of 
various other forms that cannot well be described here. The * 
rule is as follows: 

Rute. To find the volume of a prismatoid, add together 
the areas of the two bases and four times the area of a section 
midway between them and parallel to them, then multiply the 
sum by one-sixth the perpendicular between the bases. 
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The rule may be stated in the formula: 
[61] V=¢h(Bi+4M-+B,), 
where B,; and Bz are the two bases and M the mid-section. 

In Fig. 182 are given some forms to which the rule for the 
volume of a prismatoid will apply. The dimensions of the 
mid-section may be found by actually measuring the lines or 
by computing them. 


3 Bye! Y 
k—304—> 


Fia. 183. Fie. 184. 


Example. By formula [61], find the volume of a frustum 
of a pyramid in which the bases are regular hexagons 10 in. 
and 6 in. on a side respectively and whose altitude is 18 in. 
(See Fig. 183.) 


Fia. 185. Fie. 186. 


Solution. AB=24(10 in.+6 in.) =8 in. 

Area of lower base = 5?X 1.7382 X6=B,. 

Area of upper base = 3? X 1.732 X 6 = Bg. 

4Xarea of mid-section =4X4?X 1.732 X6=4M. 
..Bi+4M-+ B,=1018.416 in.? 

And V=§X18X1018.416 =3055.248 in.? 


EXERCISES 53 


1. Use the rule for volume of prismatoids, and find the volumes called 
for in exercises 3, page 217; exercises 8 and 9, page 218. 

2. Use formula [61] to find the volume of a hemisphere and check by 
the ordinary rule. 
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3. Use formula [61] to find the volume of the solid shown in Fig. 184. 
Ans. 3420 in.3 

4. Use formula [61] to find the volume of the solid shown in Fig. 185. 
Ans. 3360 in.’ 


a 

ae F 
aa 1E0 yds << 150 yd: — 
_ I 


12-5 K-12] K-12 
Fie. 187. 


5. A concrete pier for a railway bridge has the dimensions shown in 
Fig. 186, the bases being rectangles with semicircles. Find the number 
of cubic yards of concrete in 21 such piers. Ans. 793.3+. 

6. A railroad cut has the dimensions shown in Fig. 187, which shows 
the vertical section and three cross sections. Find the volume of the 
earth removed in cubic yards. Ans. 79722 yd.3 


PART THREE 
ALGEBRA 


CHAPTER XIX 
NOTATION AND DEFINITIONS 


179. General remarks.—In mathematics, the attempt 
is made to do certain things more easily and in less time than 
they can otherwise be done. In arithmetic, many processes 
were learned that saved time and labor. In performing these 
processes, certain signs and symbols were used to express the 

‘ideas. New signs and symbols were introduced as they were 
needed to express the new ideas that were involved. 

Thus, there were used the numerals 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9; the 
letters of the alphabet; and various signs among which are +, —, X, 
+, (), and . 

Algebra is a name applied to the continuation of arithmetic. 
The same signs and symbols are used in algebra as in arith- 
metic, and they have exactly the same meanings. 

From time to time as we proceed, we shall find it convenient 
to add to the symbols and signs, in order that we may express 
new ideas or perform new processes. We shall slso expect that 
many new, simpler, and more powerful methods of procedure 
will be developed; in fact, this is the chief aim in continuing 
the study of mathematics. 

180. Definite numbers.—The numerals 0, 1, 2, 3, etc., 
have definite meanings. For instance, the symbol 4 represents 
the idea we call four. It may be 4 yards, 4 dollars, 4 pounds, 
or 4 of any other units; but, in any case, is a definite number. | 
We have learned that the letter represents a definite number, 
the ratio of the circumference to the diameter of a circle. 
This cannot be expressed exactly by the numerals 1, 2, 3, etc.; 
but has, none the less, a fixed value. 

181. General numbers.—We have used the letter b to 
represent the number of units in the base of a triangle. Its 
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value changed for different triangles, that is, it represented 
in a general way the length of the base of a triangle. Its 
value might be given as 10 ft., 6 in., or as any number of any 
sized units of length. Likewise, r represents the radius of a 
circle; but when it occurs in the formula A=zr?, we do not 
think of a particular value for it. Such an idea as we rep- 
resent by b or by r cannot be represented by the numerals. 
The idea is a general number-idea. It is usually represented 
by a letter of the alphabet. 

In a particular discussion, the letter or letters used stand 
for the same value throughout the discussion. For example, 
when we are considering a particular circle the letter r repre- 
sents a definite length as 10 ft. 

182. Signs.—The signs +, —, X, and + are signs of 
operation. They continue to have the same meaning as in 
arithmetic. As we have already seen, the sign X is not often 
expressed where a multiplication is indicated between numbers 
expressed by letters. The symbol (-) may be used instead; 
but usually no sign is expressed. Thus, aXb is written a-b 
or simply ab. Similarly, 2ary means 2 time a times times y. 

The signs of grouping are the parentheses ( ), the brackets 
[ ], the braces { }, and the vinculum The first three 
are placed around the parts grouped, and the vinculum is 
usually placed over what is grouped. They all indicate the 
same thing; namely, that the parts enclosed are to be taken 
as a single quantity. 


Thus, 12—(10—4) indicates that 4 is to be subtracted from 10 and 
‘then the remainder is to be taken from 12. Hence 12—(10—4) =6. 
Exactly the same thing is indicated by 12—[10—4], 12—{10—4}, and 
12—10—4. 
The vinculum is most frequently used with the radical 
sign. Thus, 1/6425. 
F ‘ 7-4 : : 
It is to be noted that in the form 344 the horizontal line 


+4 
serves as a vinculum and as a sign of division. It thus per- 
forms three duties: first, indicates a division; second, binds 
together the numbers in the numerator; and third, binds 
together the numbers in the denominator. 
In performing the operations. in a problem containing the 
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signs of grouping, the operations within the grouping signs 
must be considered first. 

183. Algebraic expression.—An algebraic expression is 
any expression that represents a number by means of the 
signs and symbols of algebra. 

A numerical algebraic expression is one made up wholly 
of numerals and signs. A literal algebraic expression is one 
that contains letters. 

Thus, 14+13—(4+3) and 3ab—4cd are algebraic expressions; the 
first is numerical and the second is literal. 

The value of an algebraic expression is the number it 
represents. 

184, Coefficient.—If we have such an expression as Saba, 
8, a, b, and z are factors of the expression. Any one of these 
factors or the product of any two or more of them i is called the 
coefficient of the remaining part. 

Thus, 8ab may be considered the coefficient of x, or 
8a the coefficient of bz; but usually, by the coefficient, 
we mean the numerical part only. It is then called the 
numerical coefficient. If no numerical part is expressed, 1 
is understood. Thus, lary is the same as azy. 

185. Power, exponent.—lIf all the factors in a product 
are equal as a-a-a-a, the product of the factors is called a 
power of one of them. The form a-a-a-a is usually written a‘. 
The small number to the right and above indicates how many 
times a is taken as a factor. (See Arts. 74 and 75.) 

In the above power a is called the base and 4 the exponent. 

The exponent of a power is a number written at the right 
and a little above the base. When it is a positive whole 
number it shows how many times the base is to be taken asa 
factor, 

Thus, c? is read c square or c second power, and indicates that c is 
taken twice as a factor; c is read c cube or c third power, and indicates 
that c is taken three times as a factor; c‘ is read c fourth power, and indi- 
cates that c is taken four times as a factor; c” is read c nth power or c ex- 
ponent n, and indicates that c is taken n times as a factor. 

When no exponent is written the exponent is understood to 
be 1. 


Thus, a is the same as a’. 
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186. A term in an algebraic expression is a part of the 
expression not separated by a plus or a minus sign. 


Thus, in 4ax-+3c—d, 4azx, 3c, and d are terms. 


It is convenient to have names for algebraic expressions 
having different numbers of terms. A monomial is an alge- 
braic expression consisting of one term. A binomial consists 
of two terms; and a trinomial consists of three terms. Any 
algebraic expression of two or more terms is called a poly- 
nomial or a multinomial. 

Terms that are exactly the same or differ only in their 
coefficients, are called like terms or similar terms. Terms 
that differ otherwise than in their coefficients, are unlike, 
or dissimilar terms. 

Thus, 6a%x?, —7a%x?2, and 16a%x? are like terms; while 6ax?, —7a%x?, 
and 16ayz are unlike terms. 

187. Remarks.—The object of the exercises of this chapter 
is to recall the meanings and uses of signs and symbols, and 
to fix in mind the new ideas that have been given here. The 
doing of these exercises must not be slighted by the student, 
for he must become familiar with the mathematical way of 
stating ideas in order that he may be prepared for the work 
that comes later. 

EXERCISES 54 

Find the value of each of the following: 

1, 34+6—-24+4—-1+47+42. 

2. 7+2X6—3+8 X2—2. 

3. 8+16+2—4+4+14+7+21. 

4. 75+10+25 x6—3 X3—15. 

5. 150+6+4X25—75. 

6. 150+5x<6+10X9+17. 

Name the monomials in the following list, the binomials, the trmomials, 
Which of them are polynomials? 


7. m?+2v. 8. 7a*b?c. 9. 4+9c+d, 
10. ab-++-ac+ad. 11. a5 +4c+d. 12. 17a°b2n. 
13. a?+b?—c?. 14. 3gl?. 15. grr3. 
16. 3hrr?. 17. 5a?+3y. 18. 7yz—42? —2Qy. 
19. 19zy—32-—2. 20. 4x—2y— jz. 21. 9x2y?+82y23+3e5y?, 


22. What is the coefficient of vin Ex. 7? Of a2b2c in Ex. 8? Ofcin 
Ex. 8? Of a®in Ex. 12? Of7 in Ex. 16? 

23. Name the numerical coefficients in Exs. 9, 18, and 20. 

24. Name the expunents in Exs. 8, 11, and 18. 
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25. How many factors are there in Ex. 8? In Ex. 12? 

Write the following in algebraic symbols: 

26. The result of adding 7 times a to 9 times b. 

27. The result of subtracting 10 times a from 6 times n. 

28. The product of 3 times a* times b square. 

29. The product of 7 times a fourth power times n cube times d. 

30. The product of the sum of a and b, times the difference found by 
subtracting b from a. Ans. (a+b)(a—b). 

31. The square of the sum of a, b, and c. Ans. (a+b+c)?. 

32. The quotient of the sum of x and y divided by the difference when 
y is subtracted from z. 

33. Express the product of m? and the sum of the two fractions, 2 


divided by a and 8 divided by B. Lee oe 2 4 i} 

34. Express the product of the sum of a, 2b, and 3c, and the sum of 
3a, 4b, and 7c. Ans. (a+2b+38c)(3a+46+7c). 

35. Express the square of the sum of a and }, plus the cube of the sum 
of m, n, and p. : Ans. (a+b)?+(m+n+p).3 
* Translate the following algebraic expressions into English: 

36. 127 +5m. 37. 7n—14m. 38. x(m—n). 

39. pxz. 40. (3c+4d) (a+b). 41. 44+(14-8). 

Biggie ag Se, 44. FE aoe 

m—n (a—y)? b a| 

45. 9a—(16—b). 46. (w-+y)?-+-b*, 47. [25 E. =| a 

48. Write the following in a more compact form by using exponents: 

(1) 4aaabbbb. (2) 27xryyyzzz. 

(3) 17abbeccedddd. (4) 14aa+16bb+17cce. 

49. Write in a more compact form by using exponents: 

(1) 2-2-2-3-3. (2) 5-5-5-3-3-2. 

(3) 7-4-4-5-5-5. (4) 3-3-3-3-4-4-5-5, ~ 

50. Express each of the following as a single number without an ex- 
ponent: 

(1) 105. (2) 4107. (3) 2.8108. 

(4) 8.62107. (5) 4.326 «1011, (6) 2.763 X10, 

51. Express the following large numbers as a small number times a 
power of 10: 

(1) 7000000000. (2) 23460000000. (3) 2456000000000. 


(4) 427600000000. (5) 5678000000000. (6) 54237600000000. 

52. Find the value of (1) 23-42, (2) 73.22-5, (3) 24-53-72, 

53. Separate the following into prime factors and express compactly 
by using exponents: 

(1) 864. (2) 1296. (3) 78400. (4) 94500. (5) 152100. — 

54. If a=4, what is the value of 3a? Of 7a? Of a?? Of a3? Of 
4a?? 

55. What is the value of 15a if a is 4, 7, 23, 0, 34, 82, 54? 


236 PRACTICAL MATHEMATICS 


56. If J is the number of feet in the length of a room and the length is 


l 
3 times the width, what is the width? Ans. 3 


57. If there are 17 books on a shelf and 7 more are added to these, 
how many are there? If n books are on the shelf and p books are added, 
how many are there? If there are g books and ¢ books are taken away, 
how many are there left? 

58. If s is the number of feet in the length of a line, how many feet 
are there in twice this length? In half the length? In ¢ the length? 

59. A boy can run a yards in 1 second. How far can he run in 10 
seconds’ Incseconds? In 1 minute? Ind minutes? 

60. If a train runs a miles in c hours, how far doesit runin lhour? In 


OR oe Ra 
q hours? Ans. — miles; —miles. 
c c 


61. A grocer receives c cents for one pound of tea. How much does 
he receive for 10 pounds? For p pounds? 
62. A boy can walk m miles an hour. How many miles can he walk 
in c hours? In d minutes? How many feet can he walk in e minutes? 
Ans. mc; dane 
60 


63. What number does 10¢-++u represent ift=5andu=6? Ans. 56. 
64. What number does 100A +10¢-+-u represent if h =3, {=7, and w=9? 


If h=9, ¢=8, and w=7? Ans. 379; 987. 
65. What number does 1000a+100b+10c+d represent if a=7, b=8, 
c=2, and d=3? Ans. 7823. 
66. If a, b, c, and d have the same values as in exercise 65, what num- 
ber does abcd represent? What does 7823 mean? Ans. 336. 
67. Is twice any whole number always an even number? If n is any 
whole number, represent any even number. Ans. 2n. 


68. If nis any whole number, does 2n —1 represent an even number or 
an odd number? Does 2n-+1 represent an even number or an odd 
number? 


CHAPTER XX 
FORMULAS AND TRANSLATIONS 


188. Subject matter.—In the present chapter, drill will be 
given in evaluating algebraic expressions and formulas, in 
translating verbally stated rules and principles into algebraic 
-expressions and formulas, and in translating certain algebraic 
expressions and formulas into words. 

In previous chapters many formulas have been used. 
To some extent the derivation of these was made clear. But 
one cannot thoroughly understand the derivation of formulas 
-and the changes that can be made in them without a consider- 
able knowledge of algebra. It is only through a thorough 
understanding of the equation that one gains the ability to 
change a formula to other forms that are more convenient for 
‘certain computations. The equation, in its turn, requires an 
understanding of the fundamental operations, factoring, and 
fractions in algebra for its manipulation. For these reasons 
we shall expect a more complete treatment of formulas later. 

189. The slide rule.—The slide rule is a device consisting 
of sliding scales. It is used to make certain arithmetical 
calculations in a very simple manner. It gives the results in 
multiplications, divisions, squares and square roots, and cubes 
and cube rootsat sight, and so saves time. However, the results 
are correct to only three or four figures when the common ten- 
inch slide rule is used. For this reason, the slide rule is to be 
relied upon for results only when it is sufficiently accurate. 
In other cases, it may be used to test the results obtained 
by ordinary computation. In all cases, however, one should 
be able to make the computations without using the slide 
rule. 

The student is urged to acquaint himself with the slide 
rule and its uses. The computations in some of the exercises 
of this chapter may be made by means of this device. It is 
an invaluable instrument in making estimates. 
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_ It is not thought necessary to give a detailed description of 
the slide rule here nor to describe its uses, since with each 
instrument the buyer receives a booklet giving a full descrip- 
tion of the device and its uses. At this point in his work, 
however, the student cannot expect to fully understand the 
uses of the slide rule as it is based in principle upon 
logarithms. 

190. Evaluation of algebraic expressions.——A numerical 
algebraic expression has a definite value which may be found 
by performing the indicated operations. 


Thus, 21—(10+3) +14—10=21—13+14—10=12. 


A literal algebraic expression has a definite value depending — 
upon the values given the letters. 


Thus, the expression abc, which means a Xb Xc, has a definite value if 
a=3, b=4, and c=10. Putting these values in place of the letters we 
have 3 X4X10=120. 


If any other set of values are assigned to a, b, and c, a defi- 
nite value will be obtained for the product. 

Example 1. Find the value of mr’h if r=3.1416, r=6, and 
h=10. 

Substituting these values for the letters, the expression 
becomes 3.1416 62x 10=1130.976, the definite value. 

Definition. When an algebraic expression is the statement 
of some rule or principle it is called a formula. 

Example 2. Find the value of a’+3a2b+3ab?+b3, when 
a=2 and 6=3. 

Substituting the values in place of the letters, 


a+ 3a°b+ 3ab?-+ b3 = 23+3 X2?X3+3 X2X32+33= 125, 
the definite value. 

Example 2. Find the value of +~/s(s—a)(s—b)(s—o, 
if sat te and a=36, 6=22, and c=20. 


ee, rth Moe 22 
Substituting in ts pas 9 eS a. 
Substituting in +/s(s—a)(s—b)(s—c), we have 


/39(39— 36) (39— 22) (39—20) =+/37791=194.4—. Ans. 
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1. Express without exponents and find the value of the following: 


(1) 23-42. (2) 725225, 
(3) 24-53-72, Ans. 98,000. (4) 33 54-72, 
tp) gile-5*. Ans. 105,875. (6) 34-25-13, Ans. 438,048. 
If a=2, b=3, and c=5, find the values of the following: 
2. 3a7b?. Ans. 324. 3. 2ab2—c?. AaVipss Mal. 
4. 3(a?+b?). Ans. 39. 5. (a+b)3, Ans. 125; 
6. (at+c—b)*. Ans. 64. : 7. (c—a)4, Ans. 81. 
8. a(a?-+c? —b?). Ans. 40. 
9. ab?(c?—b?). Ans. 288. 
10. (a+b)(c—6b). Ans. 10. 
11. (c+b+a)(c—b+a). Ans. 40. 
12. a?+2ab+6?. Ans. 25. 
13. (a?+b?)?—c?. Ans. 144. 
14. c?—(a?+5?). Ans. 112. 
_ 15. (a?+b?)2—(c? —b?). Ans. 153. 
16. Find the value of the following when r=18: 
(1) S=4ar7". Ans. 4071.5+. 
(2) V = ga7°. Ans. 24,429-+. 
17. Find the value of the following when r=7 and h=9: 
(1) S=2zrrh. Ans. 395.84+. 
(2) V=ar"h. Ans. 13885.4+. 
If a=1, b =3, c=5, and d=0, find the numerical values of the following: 
18. a?+2b?+3c?+4d?. Ans. 94. 
19. a‘+4a*b+6a2b? —4ab? +64. Ans. 40. 
20. es alah a 2c a+b?+c3 eae 


3a? a+b? 5b3 


Suggestion. Remember that the lines in the fractions are vinculums 
and bind the terms in the numerators or denominators together, as well 
as indicate division. The multiplications, additions, and subtractions 
indicated in the numerators and denominators must be performed first. 
Thus, after substituting the values, 

12X82 2 1485 8 50. 135. 
3X1 OR 5 X38 8 10 135 
If a=1, b=2, c=3, d=5, and e=8, evaluate the following: 


21. b?(a? +e? —c?). Ans. 224. 
22. (a?+b2-+c?) (e? —d?—c?). Ans. 420. 
23. e—[\/e+1+2]+(e—We )V/e—4. Ans. 15. 
Evaluate the following when a=1, b=2, c=3, d=4, and e=5: 
24. abc? +bed? —dea*. Ans. 94. 
25. e4+6¢62b? +b —4e%b — 4eb3. Ans. 81. 
26 at + 4a%b + 6a7b? + 4ab3 +4 eee 
: a3 +3a2b+3ab2+b3 er 


27. (a+b) (b+c) —(b+c)(c+d) +(c+d)(d+e). Ans. 43. 
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28. (a—2b+3c)?2—(b —2c+3d)?+ (ec —2d+3e)?. Ans. 72. 
29. +/4c?+5d2+e. Ansel te 
30. /e2? +d? +c? —a’. Ans. 7. 
31. Evaluate (ac—bd)~/a2bc-+b?cd+c2ad —2, if a=1, b=2, c=3, and 
d=0. Ans. 6. 


32. If A stands for the number of square units in the area of a circle, 
and r stands for the number of linear units in the radius, state in words 
the following formula: A =r? 

33. In the above formula, can r be any number we please to make it? 
Can A? If we make r=5 in., can we then make A anything we please? 
Can 7 be any number we wish tomakeit? Iswageneralnumber? Is A? 
IS PK 

34. Using A, a, and }, state the following as a formula: The area of 
any triangle equals one-half of the base times the altitude. 

35. Write a formula for finding the area of the cross section of a 
channel iron, using the letters given in Fig. 188. Ans. A =td+b(s+n). 

36. Using the formula derived in the above exercise, find the areas of 
the cross sections of channel irons of the following dimensions: 


d | 

| b> 

+ 

Fia. 188. Fie. 189. 

No. d t b n s Ans. A 

(Leones Onl caine 1.24in. 0.38in. 0.17 in. 1.19 in.? 
@) 5in. 0.19 in. 1.561. 0:45im. 0.19 in. 1.95 in.? 
(3) 8im. 0.22 in. 2. 041n. O2561ne) 0,22 im. 3.35 10.2 
(4) 10in. 0.24 in. 2.36in. 0.68in. 0.24 in. 4.45 in.? 
(S15 im, 0% 4.0) mn. 3.00in. 0.90in. 0.40 in. 9.90 in.? 
(6) 6in. 0.41 in. Sulounen ONO se On4Grane 5.58 in.? 
(sine Oh4b mn, 3.00in. 0.525in. 0.475in. 6.15 in? 
(8) 10in. 0.375in. 3.00in. 0.469in. 0.406in. 6.38 in.? 


37. Write a formula for finding the area of the cross section of an 
I-beam, using the letters as given in Fig. 189. Ans. A =dt+2b(n-+s). 

38. Using the same letters for dimensions as in the last exercise, find 
the areas of the cross sections in the following -beams: 


No. d t b s n Ans. A 

(1) 5 in. 0.21 in. 1.395 in. 0.21in. 0.44 in. 2.86 in.? 
(2) 9 in. 0.29 in. 2202s Of 29uns OL627 ne (6.3 tamnes 
(3) 15iin: 0.80 in. PALA abo, Oactatn, I eyisil, BE ains2 


39. Using B for base, P for percentage, R for rate, and A for amount, 
write the formulas for determining the different things called for in 
percentage. 
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40. If p stands for principal, 7 for interest, ¢ for time in years, r for rate 
per cent, and a for amount, translate the following formulas into English: 


a, 


(1) «= prt. (2) a=prt+p. (3) a=i+>p. (4) Zi 
=o =, si Dol 
(6) p=5 (6) t= 1) rat 


41. State in words the process of adding two fractions having a common 
denominator. State the same as a formula, using a and b for the numera- 


tors and d for the common denominator. Ans. : : =o". 


42. Do the same as in exercise 41, for subtracting fractions having a 
common denominator. 
43. Translate the following into English: 


ac _a.d, nXm _ 1, 
oe a te aa 2) axmd 
_n+m n nN nxXxm 

Ta (3) dzm d (4) Fa ie d 

44. Write the formula that states that a times the sum of b, c, and 
d equals s. Ans. s=a(b+c+d). 

45. In exercise 44, find s: (1) if a=7, b=6, c=8 and d=10; (2) if 
a=2,b=}, c=i, and d=z4. Ans. 168; 15. 


46. Write in algebraic symbols that if c, the cost, in dollars, of a 
harness, be increased by 5, the sum multiplied by 4 equals v, the cost, in 
dollars, of a horse. If c is 45, find the value of v in the formula. 

Ans. v=4(c+5); 200. 

47. Using b: and bz for the bases and h for the altitude, state the 
following as a formula: The area of a trapezoid equals one-half the sum 
of the two bases times the altitude. Ans. A=4(bitba)h. 

48. Using the formula of the preceding exercise, find the areas of the 
following trapezoids: , 

(1) b; =22.33 in., be =46.39 in., h = 26.43 in. Ans. 908.13-+ in.? 

(2) b; =7.203 in., b2 =5.826 in., h=3.243 in. Ans. 21.127 — in.? 

49. Write the formula stating that the area S of the surface of a 
sphere equals 4 times a times the square of the radius r. Use the for- 
mula and find the area of the surface of a sphere 15 in. in radius. 

Ans. 2827.4-+ in.? 

50. Write a formula stating that the volume V of a sphere equals 4 of 
ax times the cube of the radiusr. Use this formula and find the volume of 
a sphere 12 in. in radius. Ans. 7238.2+ in. 

51. Write a formula stating that the volume V of a rectangular solid 
equals the length J times the breadth b times the height h. Use this 
formula and find the number of cubic feet in a room 40 ft. by 30 ft. by 
12 ft. Ans, 14,400. 

62. Find the perimeter of each form in Fig. 190. Ans. (1) 42; 
(2) 2(a+b); (3) 2(e+y) +40; (4) 2b+e+d+y) +42; (5) 2(a+b+d). 

16 
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53. Find the area of each form in Fig. 190. Ans. (1) 2?—y?; 
(2) ab—2xy; (3) xy —2ab; (4) be —y(2x+d) —d?; (5) ab—cd. 

54. If a man is 35 years old, what was his age a years ago? What will 
it be b years from now? Ans. 35—a years; 35+0 years. 

55. If x years was the age of a man a years ago, what is his age now? 
What will it be in c years from now? Ans. x+a years; x+a-+c years. 

56. Write in algebraic language: x diminished by a; y increased by b; 
x divided by n; the nth part of x; one mth of a. 

57. The sum of two numbers is a and one of the numbers is z, what is 
the other number! Express one mth of the first plus one mth of the 


second number. 


Fie. 190. 


58. If x is the first of two consecutive numbers, what is the second? 
What will represent each of three consecutive numbers, if x stands for 
the middle one? Ans. «+1; 2-1, x, and «+1. 

59. Represent three consecutive even numbers if x is the middle one. 

60. If the length of a stick is a feet, how many inches is it in length? 


How many rods? How many miles? Ans. 12a; Tea eat 
61. If dis the number of dollars an article costs, what is the number 

of cents? Ans. 100d. 
62. If a room is a yards, b feet, and c inches long, how many inches in 

length is it? Ans, 36a+12b+<. 
63. Given the product p and the multiplier m, find the multiplicand n. 

Pp 


Ans. n=. 
m 
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64. Given the dividend d and the quotient q, find the divisor b. 


Ans. b =" 
65. Given the divisor d, the quotient g, and the remainder 7, find the 
dividend D. Ans. D=dq-+r. 


66. The difference between two numbers is 7 and the smaller one is a, 
what is the larger? 
67. A number exceeds a by c, what is the number? Ans. ace. 
68. Write in symbols that a exceeds b as much as c is less than d. 
Ans. a—b=d—c. 
69. Express in symbols that one-half of m equals the nth part of the 


sum of a, b, and c. Ans. pm = 94040. 
70. If a cents is the price per quart for beans, what is the price per 
bushel? Ans. 32a cents. 


71. The provisions that will keep a family of 9 persons 30 days will 
keep a family of 5 persons how many days? The provisions that will 
keep a family of a persons / days will keep b persons how many days? 


Ans. 54; oF 
72. If it takes m men d days to dig a ditch, how many days will it take 

= md 

c men to dig it? Ans. oat 
73. How many pounds of sugar at c cents a pound will d dozen eggs at 

de 

e cents a dozen buy? Ans. = 
74, A cubical tank e ft. on an edge will hold how many barrels, if one 

3 

barrel equals 4.211 cu. ft.? Ans. TEASE 
75. A box a ft. long, b ft. wide, and c ft. deep will hold how many 

; 1728abc 

: ? 8. 5a" 

bushels, if 1 bushel equals 2150.42 cu. in.! Ans 2150.42 


76. A man earned $a per day and his son $b. How many dollars did 
they both earn in a month, if the man worked 26 days and the son 21 
days? Ans. 26a+21b. 


CHAPTER XXI 
POSITIVE AND NEGATIVE NUMBERS 


191. Meaning of negative numbers.—The degrees of tem- 
perature, indicated by the thermometer scale, are counted in 
two opposite directions from the zero point. We usually 
speak of a temperature as so many degrees above or below 
zero. In arithmetic we speak of temperature in this manner, 
but in algebra we seek some abbreviated form for stating the 
same thing. We might agree to use any convenient signs 
whatever. The signs + and — have been generally adopted. 
The + sign, placed before the number of degrees, indicates a 
temperature above zero; and the — sign indicates a tempera- 
ture below zero. This use of these signs is different from the | 
ordinary use in which they indicate addition and subtraction. 
Here they indicate the sense or direction in which the tempera- 
ture is measured or counted. 

Thus, +25° means 25° above zero, and —25° means 25° below zero. 

The number preceded by the + sign is called a positive 
number, and the one preceded by the — sign, a negative 
number. Two numbers so related, one positive and one 
negative, may be called relative numbers. The following 
are further examples of relative numbers. They will help 
to fix the negative number-idea in mind. 

Time is commonly measured forward and backward from a 
certain date. Thismight beshown by using the + and — signs. 

Thus, 1918 A. D. might be written +1918, while 325 B. C. might be 
written —325, 

A force acting in one direction and another in an opposite 
direction are designated as a + and a — force respectively. 
Money gained and resources are +, and money lost and lia- 
bilities are —, 

192. Need of negative number.—The necessity for extend- 
ing the number system so as to inelude negative numbers 
may be seen from the following subtractions, where the min- 
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uend remains the same, but the subtrahend increases by steps 
of 1 as we pass from left to right. This causes the difference 
to diminish by steps of 1 from left to right. When the differ- 
ence becomes less than zero we indicate it by the sign— 
placed before the number. 

Gt eee OO 0 eG 6 

oS ieee G 4b bing 8 29 10 

3 2 1 0-1-2 -3 —4 ete. 

193. Representation of negative and positive numbers.— 
For convenience, the positive and negative numbers may 
be represented on a horizontal line; the +, or positive, numbers 
to the right of a certain point, called zero, and the —, or nega- 
tive, numbers to the left of the zero point. This method of 
representing them is found very convenient in explaining addi- 

_tion and subtraction. 
It should be carefully noted that toward the right is the 


mene eG —-5-A-B-2-1 OF1F243444546- ----—> + 


Fia@. 191. 


positive direction and toward the left is the negative direction, 
no matter from what point we start. 

The idea of negative number is opposite to that of positive 
number. For example, if a man walks five miles east, or in 
the positive direction, and then five miles west, or in the nega- 
tive direction, he is at the starting-point. The negative 
distance has destroyed the opposite or positive. 

194. Definitions.—Positive and negative numbers, to- 
gether with zero, form the system called algebraic numbers. 

The absolute or numerical value of a number is the value 
which it has without reference to its sign. 


Thus, +5 and —5 have the same absolute value 5. 


The signs + and — when used to show direction or sense 
are called signs of quality to distinguish them from the signs 
of operation used to indicate an addition or a subtraction. 

The sign +, used as a sign of quality, is usually omitted; 
but the sign —, when a sign of quality, is expressed. 

To show that the sign is one of quality it is sometimes 
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written with the number and enclosed in parentheses, as (—3), 
(+4). (—5)+(+2) indicates that a —5 is to be added to 
Dae e 

195. Remarks on numbers.—What is the negative number 
and why do we need to trouble ourselves about it? The 
illustrations given above should help one to get the idea of 
negative number, and to see how it is foreed upon us when 
we try to subtract a larger number from a smaller one. 

In mathematics when a new number-idea appears, the first 
thing to do is to represent it by a symbol; and, second, find 
a way of operating with it. That is, we must determine how 
to add, subtract, multiply, and divide such numbers. 

One of the first things we did in arithmetic was to determine 

‘methods of operating with positive whole numbers; then a 
little later, we did the same thing for the fractional numbers. 
In fact, much of the time spent in studying mathematics is 
spent in finding how to add, subtract, multiply, and divide 
numbers of different kinds, whole, positive, negative, fractional 
and combinations of these. 

It now remains to devise methods and rules for operating 
with algebraic numbers. This must be donein such away that 
no old rules or principles shall be violated. The student is 
asked to consider carefully each step taken and to make every 
part seem reasonable, 


EXERCISES 56 


1. A place is at 10° 25’ east longitude. What sign may be used instead 
of the word east to show this? 

2. New York is 74° west longitude. Designate this by means of a 
sign. 

3. Chicago is 41° 45’ north latitude, and Melbourne 37° south latitude. 
Designate these algebraically, that is, with signs. 

4. A man overdraws his bank account. How may the banker indicate 
this on his books? 

5. If the weight of a stone, weighing 100 lb., is written +100 lb., how 
may the upward lift of 500 lb. of a balloon be written? 

6. What is meant by saying that a man is worth +$3000? By 
— $2000? 

7. If a man has a —$200, a +$300, and a —$100, what is he worth? 

8. A man was born in the year —365 and died in the year +48. How 
old was he when he died? Ans. 83 years. 
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9. If a man has assets of $3000, and we represent it by a line 3 in. long 
drawn to the right of 0, how could we represent a liability of $1500? 

10. A man walks 10 miles east and then 6 miles west. Write this in 
symbols. 

11. If a body is heated 37° and then cooled down 42°, indicate the 
facts in symbols. : 

12. If 7 men came into a room and 8 men left the room, we could rep- 
resent the fact by saying that +7 and —8 men came into the room. A 
man received $25 and spent $21. Write this as money received. 

13. Remembering the positive and negative directions, draw a line; 
locate a zero point; and, with a unit of 1 in., locate positive and negative 
numbers to the right and left of zero. Start at +5 and go +3, -7, 
—4, +6, —10, +2, +1, and +4. Where do you stop? 

Ans, At the zero point 


CHAPTER XXII 
ADDITION AND SUBTRACTION 


196. Definitions——The aggregate value of two or more 
algebraic numbers is called their algebraic sum. The process 
of finding this sum is called addition. 

197. Addition of algebraic numbers.—If we wish to add 
3 to 4, we start with 4 and count 3 more, arriving at 7 which 
is the sum. If we consider the system of algebraic numbers 
arranged on a horizontal line, Fig. 192, we add a positive num- 
ber by starting with the number we wish to add to, and count- 


-10-9-8-7-6-5-4-38-2-1 0+14+2+3+4+5+6+7+8+9+10 


Fie. 192. 


ing toward the right as many units as there are in the number 
added. 


Thus, in the above, we start at 4 and count toward the right to 7. 

To add +5 to —3, we start at —3 and proceed 5 units toward the 
right, arriving at +2. 

To add +3 to —7, we start at —7 and proceed 3 units toward the 
right, arriving at —4. 

Since adding —3 to +7 is the same as adding +7 to —3, 
the result of adding —3 to +7 is +4. In order to start 
with +7 and arrive at +4, we must move in the negative 
direction, or toward the left. Therefore, we conclude that 
to add a negative number,we go toward the left. 

Thus, to add —4 to +9, we start at +9 and go 4 units toward the 
left, arriving at +5. To add —7 to +2, we start at +2 and go 7 units 
toward the left, arriving at —5. To add —4 to — 5, we start with —5 
and proceed 4 units toward the left, arriving at —9. 


The above results are given here: 
+t4 -3 -7 +7 49 442 —5 
+8 +5 +38 =—3 =4 —7 9-4 
+7 +2 -4 44 45 -5 -9 
248 
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198. Principles—A careful consideration of the above 
will disclose the following principles: 

(1) The algebraic sum of two numbers with like signs is the 
sum of their absolute values, with the common sign prefixed. 

(2) The algebraic sum of two numbers with unlike signs is 
the difference between their absolute values, with the sign of the 
one greater in absolute value prefixed. 

In adding three or more algebraic numbers, differing in 
signs, find the sum of the positive numbers, and then the sum 
of the negative numbers by principle (1), and then add these 
sums by principle (2). 

Thus, in finding the sum of 

+2, +10, —6, —3, —7, +9, we take 
+2+10+9=+21 and 

(—6)+(-—3) +(—7) = —16, then 
+21+(—16) =+5, the sum. 

199. Subtraction of algebraic numbers.—Subtraction is the 
inverse of addition. If we are given one of two numbers and 
their sum, subtraction is the process of finding the other number. 

In arithmetic it is assumed that the minuend is always 
greater than the subtrahend. In the subtraction of algebraic 
numbers we not only may have the subtrahend larger than 
the minuend when the numbers are positive, but either or 
both subtrahend and minuend may be negative numbers. 

Since subtraction is the inverse of addition, if we consider 
the system of algebraic numbers arranged along the horizontal 
line as in Art. 197, we have the following principles: 

(1) Subtracting a positive number is equivalent to adding 
a numerically equal negative number. 

(2) Subtracting a negative number is equivalent to adding a 
numerically equal positive number. 

These may be combined in the following: 

Ruiz. Subtraction of algebraic numbers is performed by 
considering the sign of the subtrahend changed and proceeding 
as in addition of algebraic numbers. 

Applying the rule, we find the following algebraic differences: 

+7 +4 -6' -3 -8 +7 
+3 +6 —205 =7 ves 2 
44° 52 —4 +4 =—11 +49 


250 PRACTICAL MATHEMATICS 


It should be carefully noted that 4—3 may be considered 
as a +4 minus a +8, or asa +4 plusa —3. It is this choice 
that causes more or less trouble to the beginner. 

If the number with its sign of quality is inclosed in paren- 
theses, we have, for example, (+4)+(—6)—(+7)—(—11)+ 
(+7). This may also be written (+4)—(+6)—(+7)+ 
(+11)+(+7), which is the same as 4—6—7+11+7 where the 
signs indicate operations and all the numbers are positive. 


EXERCISES 57 


Find the sum in exercises | to 7. 


1. 7, —10, —13, 16, 25, —3. Ams: 22: 
2. 27, 46, —100, —16, 17. Ans. —26. 
3. 3, 16, —21, —1, 2, 1. Ans. 0. 
4,2, —-3 72 —z¥. Ams. +4. 
5. —33, —73, 33, —ab. Ans. —832%, 
60325 7 160108, 14r Ans. —0.11. 
7. 14.17, —16.19, —26.3. Ans. —28.32. 
8. From 17.6 take —14.3. Ans. 31.9. 
9. From —111 take —12. Ans. —99. 
10. From —46 take 75. Ans. —121. 


11. Is the absolute value of an algebraic number ever increased by 
subtraction? Illustrate. 

12. Is the absolute value of an algebraic number ever decreased by 
addition? Illustrate. 

13. How many degrees of latitude between places at +37° 45’ 17” 
and at —16° 14’ 53”. Ans. 54° 0’ 10”. 

14. If a steamer is moving through still water at the rate of 20 miles 
per hour, and a man walks forward on the deck at the rate of 4 miles 
per hour, express the rate the man is moving with reference to the water. 
Suppose the man walks toward the stern of the boat at the same rate, 
how may the rate of the boat, and the rate of the man with reference 
to the boat, be expressed? 


200. Addition and subtraction of literal algebraic expres- 
sions.—We add 5 bushels, 8 bushels, 10 bushels and get 23 
bushels. So we have 5 bu.+8 bu.+10 bu. =23 bu. 
Similarly, 6d-++-4d+7d =17d, 
4ryt+7ry+8ry =19ry, and 
1l6a*y+ 2327%yt3a°y =4227y. 

In subtraction, we have 17a—5a=12a and 
46a3y?— 6a%y? = 402% y?. 

We know that in arithmetic we cannot add or subtract 
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unlike things; neither can we do so here. If we wish to add 
3a to 2b, we indicate the addition, thus, 34426. 
From these considerations, we have the following principle: 
Monomials which are alike, or similar, can be added or sub- 
tracted by adding or subtracting the coefficients. If the mono- 
mials are unlike, the operations can only be indicated. 


Examples of addition. 


(1) (2) (3) 
+ 3abe —16zxy' 17ab 
— babe + 3zxy* —3zy 
+10abe — Ary? —4c? 
—16abe — 7Txy° +3a? 
— 3abe +282y3 
—12abc + Azy’ 17ab—3ay—4c?+3a? 
Examples of subtraction. 

(1) (2) (3) 

4ax? —21x*y 14ab 
—6axz? 3u7y —6c 
10ax? —24x7y 14ab-+6c 


201. Polynomials.—The addition and subtraction of poly- 
nomials is similar to that of monomials. Write them so that 
like terms are in the same column, and combine the terms in 
each column as with monomials. 

Example of subtraction. 
17xy?—14c?+-4a 
10zy?— 5c?—8a 
Txy? —9c?+ 12a 


Example of addition. 
+ 3az?+14y?— 32 
— Tax?—16y?+ 7z 
+10ar?— 4y?+ 92 
— 7ax?+10y?—11z 
— az?+ 4y?+ 22 
202. Test or proof of results.—It is very important that one 
should be able to test the results. The problems in addition 
or subtraction of literal algebraic expressions may be tested by 
substituting some definite values for the general numbers. 


Thus, if a=1, b=1, and +=1 in the following example, the test is as 
ziven. 


Ezample. Test. 
— Tab+ 4x2—3br — 7+ 4-3=— 6 
— 8ab—10x? —4br — §—10—4=—22 
— 9ab+112?+6bx — 9+114+6= 8 


—%Aab+ 5x?— bx 


—24+ 5—-1=—20 
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The test depends upon the fact that the letters used may 
have any values whatever. We could just as well take a=1, 
b=2,2=3. Of course, we usually choose values that make the 
computations as simple as possible. 


EXERCISES 58 


Write the sums in exercises from 1 to 11. 


1. 3a, 5a, 7a, 9a. Ans. 24a. 
2. 6ab, —4ab, 3ab, —2ab. Ans. 3ab. 
3. 92?) 1027, —142?, —1322. Ans. —8x?. 
4. 147%y?, —112?y?, —16x7y?. Ans. —1327y?. 
5. 2m-+n, 6m —4n, 7m —2n. Ans. 15m—B5n. 
6. p+2q—r, 2p —3¢. Ans. 3p—q-—-r. 
7. a+4b—6c, —2b+5ce. Ans. a+2b—c. 
8. —2x2+3y—42, e+y—z. Ans. —x+4y—5z. 
9. 2x+3a+m, 2y —3a—m. Ans. 2x+2y. 
10. a+3c—17, 5a —6c+14, 2a—5c—2. Ans. 8a—8c—5. 
11. 2a?—4cd, —8a? —7cd, —25a?+16cd. Ans. —3la?+5cd. 
12. Subtract exercises 6 to 9 above. 
13. From 3axr —4cd take 10ax —2cd. Ans. —Tax—2cd. 
14. From 17ab —2c take 3ab —4d. Ans. 14ab—2c+4d. 
16. From m? —2mn-+n? take m?-+2mn-+n?. Ans. —4mn. 
16. From 16x%y2z+-4a take 16a —14cd. Ans. 16x°y2z2—12a+14cd. 


. Add and test by putting «=1, y=2, 2=3: 14x —16y+3z, 7x+2y — 


7z, —16x —2y+4z, 


18. Add and test by putting r=1 and y=2: 32+4+2y—4zy, 7r— 
4y +2xy. 

19. Subtract and test by putting «=2, y=1, and z=3: 38ry—4az—382? 
from —6xry +52 —2y?. 

20. From 172x2y3—16xz3+14c?d take —1622y3+-48c2d —142z!, 


21. 


22. 


23. 


24. 


265. 


26. 


Ans. 33x2y3 —2xz3 —29c2d. 
Add 3ab—2ac+4d/, 7ac—6df, 4ab+9ac —3df. 
Ans. 7ab+14ac —5df. 
Add 7x?—9y?—11ary, 10x —4ay —11y?+72?. 
Ans. 24x22 —20y?—15zy. 
Add 1122y3 —16xy +14ax? —172, 16x°y3+14ay, 17x2y3 —432+27az?. 
Ans. 44x°y3 —2xy +41lax? —60z. 
Add a?+2ay+y?, 2?—2ey+y?, —2x%2+2y?, 7x2 —12y?. 
Ans. 7x? —8y?. 
Add 34ax —75by +60cz, 16ax+25by —10cz, —4lax+41by —20cz. 
Ans. Yax —9by +30cz. 
Add 14224+312%y+922y?+10ry3—15y4, —1380x4 —30r5y +2224? — 


Sry? +20y1, —11la4—1022y?. Ans. x4-+a5y+2?y?+4+2ry3+5y4. 


27. 


Add and test by letting «=1, y=2, and z=3:; 17—9y, 3z+142, 


y —32, «—172z, x —3y+4z. 
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28. Add and test by letting e=1, and y=2: 322+ 2xy+4y?, 4x? —3zy — 
2y?, 3x27-+-xy. 
29. Add and test by letting m=1, n=1, p=2, and q=4: 16m+38n—p, 
p+4q, —q+7m—3n, n—q, 3n+2p. 
30. Add 3ax—4ab —xy +2 —82y +6ab+7ry —32—4ax —62ry +a2. 
Ans. 2ab—3xy —2z. 
31. Add 17ax?—9axy+62—24+6 + 2axry —2z2-+ax? —13 —14ax?-+ Bary 
—4z. Ans. 4ax?—azry—31. 
32. Subtract 4m?—6n'+732 from —m?—8n'+83z. 
Ans. —5m?—2n'-+10z. 
33. Subtract 10x?y —4xy+16y? from 3ry —18y?. 
Ans. —10x*y+7ary —34y’. 
34. From az?+3ay? —42z? subtract 2az?+3ay? — 42? Ans. —az?. 
35. From 5abe+3bced+7cde take 4abc — 10bcd —8cde. 
Ans. abc+13bcd+15cde. 
36. Take 2x3—7? from the sum of 7?—2xy+3y? and zy+4y’. 
Ans. —x'—xy+8y?. 
Given A =a3+3a2b+3ab?+b3, B= —3a2b+3ab?—3b3, and C=a'— 
“find results in exercises 37 to 44. Test results by substituting values 
for a and b. 


37. A—B. 38. B—-C. 39. C—A. 

40. B—A. 41. C—B. 42. A—C. 

43. A+B+4C. 44, A+B -C. 

45. From the sum of 0.422 —7.5a+5m? and 1 —0.125a+3m? take 1.5a — 
7.22? —3.25m. Ans. 7.62? —9.125a+5m?+6.25m3-+1. 

46. Find the sum of 4ab?—3cd*+3zx3, 2ab*—4cd*—}23, tab?+7,cd* — 
273, and tab?+3cd'+ 22%. Ans. 24ab*+4cd§+17n23. 


203. Terms with unlike coefficients.—It often happens 
that we wish to add or subtract terms where the coefficients 
that are to be united are not all numerical. For example, 
add d?z, e®x, and cr by uniting the coefficients of x. Here the 
coefficients of « are d?, e?, and. Since these are unlike terms 
the addition can only be indicated; thus, d?+-e?+c. We may 
write the sum then of d2a, e?x, and ca as (d?+e?+c)x. Simi- 
larly the sum of 62, 52, and 2 may be written (6+5+2)a; 
but here the coefficients can actually be united and expressed 
as one symbol, thus 132. 
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Add the following by uniting the coefficients of the letter that is com- 
mon in the terms. 
1. 5ay, —6dy, 4cy, and 17y. Ans. (5a—6d+4c+17)y. 
2. 3x*y, —14cy, 6x%y, and 7y. Ans. (82?—142+6a3+7)y. 
3. bry, —bn, —14b, and 3bx*y. Ans. (xy —n—1443271)b. 
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4. (a+b)d, cd, —dfg, and 2d. Ans. (a+b+ce—fg+2)d. 
5. (8x—y)n4, x?n4, and (2a+3y)n4. Ans. (a2?+5x2+2y)n4. 
6. (a+b—c)z, (a—b+c)z, and (2a—3b+4c)x. 


Ans. (4a—3b+4c)z. 
. (ac—cd+b)y, (2ac—3cd —b)y, and (4ac —6ed —4b)y. 
Ans. (7ac—10cd —4b)y. 


a 


Subtract the second expression from the first in the following, uniting 
the coefficients of the common letters. 


8. ay and by. Ans. (a—b)y. 

9. 3ab and 7be. Ans. (8a—7c)b. 
10. 4a2x and 9b2x. : Ans. (4a?—9b?2)z. 
11. (a+b)z and (a—2b)z. Ans. 3bz. 
12. (2a—3b+c)de and (a+b —2c)de. Ans. (a—4b+3c)de. 
13. (4a-+2y —3z)ab and (3a —4y+2z)ab. Ans. («+6y—5z)ab. 
14. (ab+cd—ef)x and (ab —2cd —3ef)x. Ans. (8cd+2ef)x. 


15. Find the perimeter of an irregular hexagon having sides of the 
following lengths: 2a-++-b, 3a—2b, 4a+b, 2a—3b, 2a+2b, and 7a—5b. 
Ans. 20a—6b. 


204. Signs of grouping.—When a sign of grouping is pre- 
ceded by a + or — sign, it indicates that the expression en- 
closed by the sign of grouping is to be added to or subtracted 
from what precedes. 

When a plus sign precedes a sign of grouping, we may remove 
the sign of grouping without making any change in signs. 

Thus, a+(b—c) =a+b—c. 

When preceded by a minus sign, the sign of grouping may 
be removed if the signs within it are changed. 

Thus, a—(b—c+d) =a—b+c—d. 

The reason for this change is the same as for the changing 
of the signs in the subtrahend when subtracting. 

When there are several signs of grouping, one within another, 
they may be removed by first removing the innermost one, 
and then the next outer one, continuing till all are removed. 

Example 1. Simplify 4¢?—5y?+a2—[6a?—32—(y?—2)]. 

Beginning with the inner sign of grouping, 

4x?— 5y?+a—[622—32—(y?—2)] 
=49?— 5y?+x¢—[62?—32—y?+ 2] 

, =47?— 5y?+a2—62?-+-32+y7—2% 
= —2r°—4y2+3x. Ans. 
Example 2. Simplify 8— {7—[4+(2—2)]}. 
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Solution. 8—{7—[4+(2—2)]} =8—{7—[4+2-<]} 
=8— {7—4-—2+2} 
=8—74+4+2-2 
=7—2z. Ans. 
The terms may be united as soon as like terms appear 
within a sign of grouping. 
Thus, in the first step in example 2, the 4+2 within the signs [ ] may 
be united; it then would be: 
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Simplify by removing the signs of grouping and uniting the like terms 
- in the following: 


1. 4a+7b—(3a+2b). Ans. a+5b. 
2. 5—32+(—18+2z). Ans. —13—x. 
3. ll~a+1—(—2+3). Ans. 12” —2. 
4. a—3a?+7 — (2a?+5—3a). Ans. 4a—5a?+2. 
6. 23-2? —(x3 +73 —2?*). Ans. —y?. 
6. a—c+d—(a+c—d) —(d—c—a). Ans. a—c+d. 
7. 3x—(y—22r)+(z+y—5z). Ans. 2. 
8. z—[y—(z—2)]. Ans. 22-x—y. 
9. 74—26—(15—8). Ans. 41. 
10. 63 —[23 —(14—8)]. Ans. 46. 
11. 4a+[2a—(a+b) +]. Ans. 5a. 
12. 3x —|2y+5z—(32+y)]. Ans. 6% —y—5z. 
13. a—[a—{a—(2a—a)}}. Ans. 0. 
14. Let a=7, c=10, y= —5, and z= —2, and verify results in exercises 
3, 4, 8, and 12. 
15. a+b—[a—b+{a+b—(a—b)}]. Ans. 0. 
16. a—2b —[3a—(b—c) —5c]. Ans. 4c—b—2a. 
17. 2a—{b—[3a+(2b—a)]}. Ans. 4a+b. 
18. 52 —(4e-—[—3r—{2x—z—1}]). Ans. 1—3¢+. 
19. 24272+82y —[2ry+6a? — (x? —4ry) +27]. Ans. 18x? —38zy. 


205. Insertion of signs of grouping.—For the same reasons 
as given in the preceding articles, any terms of a polynomial 
may be enclosed in a sign of grouping preceded by a plus 
sign without change of signs. They may be enclosed in a sign 
of grouping preceded by a minus sign, provided the sign of each 
term within is changed from — to +, or from + to —. 
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Example. Enclose the last three terms in the following 
expression within parentheses: (1) preceded by a + sign, 
and (2) preceded by a — sign. 

ax+by+cd—e. 
(1) axz+by+cd—e=azr-+ (by+cd—e). 
(2) aa+by+cd—e=ax—(—by—cd+e). 
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Insert parentheses around all the terms that follow the first — sign in 
each of the following: 


1. a—b-+e. 2. 2a+3b—c —2d. 
3. 42 —a?--y? —2y. 4, Via? —2°y —wy +-Yy2. 
6. 64382 —422+523 —624. 6. —a—b+c—d-+e. 


Write the following with the last three terms of each enclosed in 
parentheses: (1) preceded by a — sign, and (2) preceded by a + sign. 


7. 3a —2y+4—Tz. 8. 9x? +4y? —Try —4yz. 
9. a+b+c—3f+4c?. 10. 8x+4ay —7z+4. 
11. 4d?+3c3—4x+3y. 12. 2c—4dx2+3y—7. 


Collect all the coefficients of x in the following within parentheses 
preceded by a — sign. 


13. ax—bae-+czx. Ans. —(—a+b—c)z. 
14. 2cx —4dx + 6ex — 22. Is Ans. —(—2c+4d—6e+2)z. 
15. 2+3ax—4cx+dz. Ans. —(—1—38a+4c—d)z. 
16. —2+6cxr —4a°x —ac?x. Ans. —(1—6c+4a?+ac?)z. 


In the following, group within parentheses the terms that have the 
same letter to the same power: (1) preceded by a + sign, (2) preceded 
by a — sign. 

17. 3—ab—xy+ac —wxz-+ad. Ans. (1) 3+(—ab+ac+ad) + 
(—ay —az), (2) 3—(ab—ac —ad) — (xy +22). 

18. az—xy+ad—ac+ pz. 

19. ab? —ac?+ad? —nm?+np? —nq’. 

20. acx? —bey +4ncd —6 +42 —3y’. 

21. 7+y?—ay?+cz? —2? 4+ 3dy? —4b2*. 


CHAPTER XXIII 
EQUATIONS 


206. Definitions.—An equation is a statement that two 
expressions are equal in value. 

Thus, A=iab is an equation. So are A=mar?; V=$4mr'; and 
32+4=10. 

The part to the left of the equality sign is called the first 
member of the equation, and the part to the right, the second 
member. 

-- Tf the area of a rectangle is 36 sq. ft. and the altitude is 

4 ft., we have 36=4b, where b stands for the base. Now it is 
easy to see that the statement, or equation, is true if, and only 
if, b=9. Such an equation as this, where the letter whose 
value we wish to find has a certain value, is called a conditional 
equation. That is, this equation is true on the condition 
that b=9, and for no other value of b. 


Not all statements of equality are conditional. Forinstance, 
x*—4 ; ; 
ie is an equation; but « may have any value what- 
ever, and still make the equation true. 
9-4 , , ee ad 
342 =3-2orl=1. Ifr=4 
we get 2=2. Similarly for any value we give «. 


Thus, if =3, the equation becomes 


This kind of an equation is called an identical equation 
or an identity. 

The number asked for in an equation or the letter standing 
for it is called the unknown number, the unknown quantity, 
or, briefly, the unknown. 

The following definitions are stated for equations involving 
one unknown, but may easily be extended. 

An equation that is true only on condition that the unknown 
has particular values is called a conditional equation or, 
briefly, an equation. 
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An equation that either involves no unknown, or that is 
true for any value whatever that may be given to the unknown, 
is called an identical equation or, briefly, an identity. 

To solve an equation is to find the value or values of the 
unknown that will make the equation true. 

207. The equation.—A large number of problems, that 
are solved by means of algebra, involve the equation in one 
form or another. This makes the equation the most important 
tool of algebra; in fact, it may be looked upon as a more or 
less complicated piece of machinery, with which the student 
should become very familiar. 

To become familiar with the mechanism of the equation 
and its applications requires a great deal of time and much 
drill in solving equations. Much of the work in solving 
equations is mechanical, in that it does not require much 
thought in its performance. However, there is a reason for 
doing each step that is taken, and one should be able to give 
this reason. 

208. Solution of equations.—<As already stated, to solve 
an equation is to determine the value or values of the unknown 
number or numbers in the equation. This may be an easy 
matter, but it is often difficult. Here we shall start with very 
simple equations and endeavor to discover certain general 
methods of procedure in the solution. 

Example 1. Find the value of 2, if e—5=8. 

Here one readily sees by inspection that #=8, but this 
does not help us in solving a more complicated equation. 
If, however, we notice that in order to determine x=8, 5 is 
added to each member of the given equation, we have a method 
of procedure that we can apply to another like problem. We 
have then the solution: 


Given equation, x—5=3. 
Adding 5 to each member, x=3+5. 
Collecting the terms, v=8. 


Example 2. Belve for x, if <+3=10. 

Solution. Given equation, 2+3=10. 
Subtracting 3 from each member, «= 10—3. 
Collecting the terms, r=7. 

Example 3. Solve for b,if 4b=36. 
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Solution. Given equation, 4b=36. 
Dividing each member by 4, b=9. 
Example 4. Solve for 2, if 4e+5—7=2r+6. 


Solution. Given equation, 4¢+5—7=22-+6. 
Adding 7 to both members, 4¢+5=27-+6+7. 
Subtracting 5 from both members, 47 =2¢+6+7—5. 
Subtracting 2x from both members, 42—2x=6+7-—5. 
Collecting the terms, 22 =8. 

Dividing both members by 2, =A. 


Notice that when a term is added to or subtracted from 
both members of an equation, it is transposed from one member 
to the other and its sign is changed. Now by this transposing 
we can bring all the terms that contain the unknown into the 
first member and all the others into the second member. ‘This 
gives a convenient form, for we wish finally to have an equa- 
tion in which the form is: 


unknown = some number. 


Steps in solution. The solution of an equation that is in a 
simple form may then be carried out in the following three 
steps: 

(1) Transpose all terms containing the unknown to the first 
member, and all other terms to the second member. In each case 
change the sign of the term transposed. 

(2) Collect the terms in each member. 

(3) Divide each member by the coefficient of the unknown. 

It will be found later that there are other changes to be made 
in an equation that is not in a simple form, before these three 
steps are to be performed. 

209. Axioms.—An axiom is a truth that we accept without 
proof. 

The solutions of the equations and the changes mentioned 
in the preceding article suggest the following axioms: 

(1) If equal numbers are added to equal numbers, the sums 
are equal, 

(2) If equal numbers are subtracted from equal numbers, the 
remainders are equal. 

(3) If equal numbers are multiplied by equal numbers, the 
products are equal. 
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(4) If equal numbers are divided by equal numbers, the quotients 
are equal. 

(5) Numbers that are equal to the same number or equal 
numbers are equal to each other. 

(6) Like powers of equal numbers are equal. 

(7) Like roots of equal numbers are equal. 

(8) The whole of anything equals the sum of all its parts. 

210, Testing the equation.—The equation puts the question: 
What number, if any, must the unknown represent in order 
that the two members of the equation shall be equal? The 
solution of the equation answers this question, but it is always 
well to test or check the work. This may be done by substi- 
tuting the number obtained for the unknown in place of the un- 
known letter. If the two members of the equation then be- 
come identical, the number substituted is the answer to the 
equation. 

Example. Solve and test: 47r—17 =235—87r. 

Solution. Given equation, 47r—17 =235—37r. 

Transposing, A7r+37r =235+17. 

Collecting terms, 84r = 252. 

Dividing by the coefficient of r, r=3. 

Testing by substituting 3 for r in the equation, 

141—17 =235—111. 

Collecting gives the identical equation, 124=124. 
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Solve and test the following equations: 


1. 37+4 =2¢-+5. Ans. 1. 
2. 8e¢—4=2-+12. Ans. 8. 
3. 34 —25 +227 =39 —82. Ans. 8. 
4. 2502 —20 =202 +440. ANS ey 
6. 5a+7 =22+4+9. Ans. 3, 
6. 4e—4=2+7. Ans. 3% 
7. 17<+10=147+16. Ans. 2. 
8. 382+144+22 =27426. "ATisnss 
9. 402 —10 = 15x%+90. Ans. 4, 
10. 82+25 = 22428. Ans. 4. 
11. 162—3 =62+8 —23z2. Ans. 3. 
12. y—2+7y =14y+7—8y. Ans. 4}. 


13. 2x+(5a—5) =7. Ans. 18. 
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Suggestion. First clear of parentheses and then proceed as before. 


14. 12y—(2y+1) =38+7y. Ans: 13; 
15. (y+3) —27 =10—y—(y—2). Ans. .12. 
16. 18y—(2y+6) —17 =14y—(14-y). Ans. 9. 
17. 35a —64+ (13 —a) =16a—(47—14a). ANUS ely 


211. The equation in solving problems.—As has been stated 
before, one of the things to be gained in the study of mathe- 
matics is to be able to express ideas in mathematical symbols. 
The student has already had some practice in this. We have 
stated various principles and rules as formulas, and have done 
much translating from English to mathematical language and 
from the language of mathematics to English in Chapter XX. 

For this translating we cannot give rules as we can for the 
dperations to be performed in the solutions of exercises. The 
student must first thoroughly understand the thing to be 
- expressed; and, secondly, he must know the signs and symbols, 
that is, the language of mathematics. The following sugges- 
tions will help the student to state a problem in the form of an 
equation. 

(1) Read carefully the statement of the problem, as it is 
given in words. 

(2) Select the unknown number and represent it by some 
letter. If there are more unknown numbers than one, try to 
express the others in terms of the one first selected. 

(3) Find two expressions which, according to the problem, 
represent the same number, and set them equal to each other. 
This forms the equation to be solved. 
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1. A man is m years old. Give in algebraic symbols his age 10 years 
ago. Give his age n years age. Give his age s years from now. 

2. A man is m years old. When will he be 50 years olds When was 
he 15 years old? When a years old? 

3. A train runs n miles in 1 hour. How many miles will it run in 
S8hours? Inthours? In m minutes? Ans. 8n; nt; “a / 

4, A train runs z miles in 10 hours. How far does it run in 1 hour? 
In n hours? How long will it take to run 100 miles? 

ea eee 2000! 

“MOP OP a 
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5. How many cents in a dollars? In 6 dimes? In c dollars and d 
dimes? Ans. 100a; 10b; 100c+10d. 

6. If « represents the number of bushels of apples bought, what was 
the price per bushel if $10 was the cost of all? 

7. Find the cost per bushel of apples if 25 bushels at x dollars per 
bushel cost $10. State as an equation and solve. 

8. A room is three times as long as it is wide and its perimeter is 96 ft. 
Find the length and width. 


Solution. 

(1) Let «=number of feet in width. 

(2) Then 3x =number of feet in length, 

(3) and «+2+32 +382 =perimeter. 

(4) Also 96 = perimeter. 

(5) «. ata2+3r+32 =96, by axiom (5). 

(6) Collecting terms, 8x = 96. 

(7) Dividing by 8, x =12 =number of feet in width, 

and 3x =36 =number of feet in the length. 

Note that in statements (3) and (4) are two expressions for the same 
thing, the perimeter. These two expressions put equal to each other in 
statement (5) give the equation to be solved. 

9. In a company there are 64 persons, and the number of children is 
three times the number of adults. How many are there of each? 


Solution. 

(1) Let 2 =the number of adults. 

(2) Then 3x =the number of children, 
(3) and «+3x =number in the company. 
(4) Also 64=number in the company. 
(5) .. +8 =64. 


(6) 4x = 64. 

(7) x=16=the number of the adults. 

(8) 38x =48 =the number of the children. 

10. If twice a number is added to six times the number the sum is 96. 
What is the number? Ans. 12. 

11. A horse and wagon cost together $214. If the horse cost $76 more 
than the wagon, find cost of each. Ans. horse $145; wagon $69. 


12. The second of three numbers is 4 times the first and the third is 

3 times the first. If the first and second are added and the third sub- 
tracted from the sum, the remainder is 60. Find the three numbers. 
Ans. 30; 120; 90. 

13. The number of copies of a book sold doubled each year for three 

years, and in that time 36,750 copies were sold. How many were sold 
each year? Ans. 5250; 10,500; 21,000. 

14. A rectangular lot is 30 rods longer than it is wide. Use w rods for 

the width and state in an equation that the perimeter is 260 rods. Solve 

this equation and find the width and length of the field. 

Ans. 50 rd.; 80 rd. 
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15. The sum of two numbers is 300 and their difference is 200. What 
are the numbers? 


Solution. 

(1) Let x =the greater number. 

(2) Then 300 —x =the lesser number, 

(3) and x—(300—2z) =the difference. 

(4) Also 200 =the difference. 

(5) .. x—(300—x) =200, by axiom (5). 

(6) Simplifying, x- 300+2=200. 

(7) Transposing, x +x =300+200. 

(8) Collecting terms, 2x = 500. 

(9) Dividing by coefficient of x, c=250, the greater number. 

(10) 300 —z =50, the lesser number. 

Test. The sum of 250 and 50 is 300, and the difference is 200. Hence 
the conditions of the problem are satisfied. 

16. A man has $77 in $1 bills and $10 bills. How many bills has he 
if he has the same number of each? Ans. 14. 


' Suggestion. 
Let z=number of each kind of bills. 
Then x =number of dollars represented in $1 bills, 
and 10z=number of dollars represented in $10 bills. 
| c--107—=77. 
17. If I have three times as many $5 bills as $2 bills and the amount 
of money in these bills is $85, how many of each kind of bills have I? 
Ams. 15:15: 
18. In my pocketbook are a certain number of silver dollars, twice as 
many quarters as dollars, and five times as many dimes as dollars. If 
the total amount of money is $4.00, find the number of coins of each kind. 
Ans, 2; 4; 10. 
19. A shopper bought three articles. The second cost three times as 
much as the first and the third $3 more than the second. Find the cost 
of each if the total cost was $9. Ans. $2; $24; $54. 
20. Three tanks hold a total of 24,500 gallons. The first holds 4500 
gallons more than the second, and the second 2500 gallons more than 
the third. How many gallons does each hold? 
Ans. 12,000; 7500; 5000. 
21. Of two candidates for the same office, the successful one received 
a majority of 265. How many votes did each receive, if the total number 


of votes cast was 67937 Ans. 3529; 3264. 
22. Find the three consecutive even numbers whose sum is 216. 
Ans. 70; 72; 74. 
Suggestion. 


Let z =first number. 
Then c+2=second number, and z+4=third number. 
23. Find the four consecutive odd numbers whose sum is &&, 
4ns, (9; 21; 28; 26, 
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24. Find the three consecutive numbers whose sum is 66. 


Ans, 21; 22; 23. 
25. Divide $210 between A, B, and C so that B shall have $35 less than 
A and $20 more than C. Ans. $100; $65; $45. 


26. One angle is the complement of another. If 14° is subtracted from 
the second and 14° added to the first, the first will be 44° larger than the 
second. Find the two angles. Ans. 53° and 37°. 

Two angles are said to be complements of each other if their sum is 
90°. (See Art. 90.) 

27. The difference between two angles is 14°. Find the angles if they 
are complements of each other. Ans. 52° and 38°. 

28. A father and son earn $188 a month. If the son’s wages were 
doubled, he would receive $62 less than his father. How much does the 
son receive? Ans. $42. 

29. Three men, A, B, C, raised 4080 bushels of wheat. A raised three 
times as many bushels as B and 330 bushels more than C. How many 
bushels did each raise? Ans. A, 1890 bu.; B, 630 bu.; C, 1560 bu. 

30. The sum of four angles about a point is 860°. The second is twice 
the first, the third three times the second, and the fourth is 10° greater 
than the first. Find the angles. Ans. 38°, 70°, 210°, 45°. 


CHAPTER XXIV 
MULTIPLICATION 


212. Fundamental ideas.—Multiplication of whole num- 
bers in arithmetic may be thought of as a shortened process of 
addition. For instance, 

5X3=5+5+5=15. (1) 

We say that the multiplicand is used as an addend’ as 

many times as there are units in the multiplier. 


This idea of multiplication must be enlarged in order to 
8X3. 


include the multiplying by a fraction. Thus, Vee es 
that is, we multiply by the numerator and divide by the denomi- 
nator of the multiplier. 

For multiplication in algebra we shall retain its arithmetical 
meaning when the multiplier is a positive whole number or 
fraction, but shall have to extend the meaning to include 
negative numbers. 

From the arithmetical meaning, since the multiplier is 
positive, we have, 

(—5) X (+3) =(—5)+(—5)+(—5) = —15. (2) 

Now we know that when we multiply two positive abstract 
numbers together, it does not matter which is used as the 
multiplier. If we assume that this principle holds when one 
of the numbers is negative, we have, 

(—5) X (+38) =(4+3) X(—5) = — 15. 
This gives us the following meaning for multiplication by a 
negative number: 

To multiply by a negative number is to multiply by its abso- 
lute value and then change the sign of the product. 

Thus, to multiply +5 by —3 we multiply +5 by +3 
getting +15, and then change the sign of the result. That is, 

(+5) X(—3) = —15. (3) 


1 An addend is one of the numbers to be added in an addition problem. 
265 
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Likewise, to multiply —5 by —3 we multiply —5 by +3 
getting —15, and then change the sign of the result. That is, 


(—5)X(—3)=+15. (4) 


In (1), (2), (3), and (4) we have examples of all the.combina- 
tions possible of two algebraic numbers. 

213. From the above considerations we see that in finding 
the product of two algebraic numbers: 

(1) The numerical part of the product is the product of the 
absolute values of the multiplicand and multiplier. 

(2) The sign of the product is plus when the signs of the 
multiplicand and multiplier are alike, and minus when their 
signs are unlike. 

This is called the law of signs in multiplication. It may 
be stated as follows: 


+X+=+4, 
—-xX-=4, 
+X===, 
ie mews 


214, Concrete illustration.—For those who find the fore- 
going difficult to understand, the following may clear up 
matters. 

There is a machine shop employing laborers and appren- 
tices. The laborers are paid $15 per week, and the apprentices 
are charged $3 per week. 

Suppose that an increase in the number of men or dollars is 
positive, and a decrease in either is negative. Thus, a number 
of laborers or apprentices taken in will be called positive, and 
a number let go will be called negative; while the number of 
dollars received from an apprentice is positive and the number 
of dollars paid a laborer is negative. 

On these suppositions we have: 

(1) If apprentices are increased by 5, the amount of money 
is increased $15 per week. That is, 


(+3) X(+5) = +15. 


(2) If apprentices are decreased by 5, the amount of money 
is decreased $15 per week. That is, 


(+3) xX (—5)=—16. 
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(3) If laborers are increased by 5, the amount of money is 
decreased by $75 per week. That is, 


ao) = — (08 


(4) If laborers are decreased by 5, the amount of money is 
increased by $75 per week. That is, 


(—15) X(—5)=+75. 


From these considerations, we may deduce the same rules 
as already given. 

215. Continued products.—To find the product of three 
or more numbers, we find the product of the first two, and 
then multiply this product by the third, and so on till all 
the numbers have been used. 

By applying principles (1) and (2) of Art. 213, we obtain the 
following: 

(1) The product of an odd number of negative factors 1s 
negative. 

(2) The product of an even number of negative factors 1s 
positive. 

(3) The product of any number of positive factors is positive. 


Thus, (—2)(—2)(—2)(—2)(—2) = —32, while 
(—2)(—2)(—2)(—2)(—2)(—2) = +64. 


The first one of these equals (—2)', and is then read “the 
fifth power of —2.’’ The second is (—2)*. 

It should be noted that such a form as (—2)> does not 
mean the same as —2°, though they may be equal. _ The 
form —2° is read “‘minus 2 to the fifth power.” 


Thus, (—2)2?=(—2)(—2) =4=2?, 
(=2)?=(—2)(—2)(—2) = —8= —25, 
(—2)4=(—2)(—2)(—2)(—2) =16 =24, 
(—2)§=(—2)( —2)(—2)(—2)(—2) = —32 = —25, 
— 25 = — (2) (2) (2) (2) (2) = —32, 

(—3)2( —2)8 = (—3)(—3)(—2)(—2)(—2) = —72, 
(4?) (32) =4-4-3-3 =144. 
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1. Find the product of —7, —8, and +10. Ans. 560, 
2. Find the product of —2, —40, +75, and —60. 
3. Find cube of —7, of +8, of —21. 
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Find values of the following: 


4. (—4)5 Ans. —1024. 5. (—8)4. Ans. 4096. 
6. (—1)'% Ans. +1. 7. (—4)3(—8)2. Ans. —576. 
8. 2(+6)2(—6)2. Ans. 2592. 
If 2 =2, y= —3, z= —4, find value of: 

9. w3y2, Ans. 72. 10. xyz. Ans. 24. 
PLY 82, Ans. 108. NPA, elyprs Ans. 576. 
13. (6)(—5)(—2)y*. Ans. —1620. 
14. 15-(—2)-(—3) +4-(—5)-6. Ans. —30. 
15. 1-2-3+3-4-5+(—5)-(—6)-(—7). Ans. —144. 
16. 4-(—3)-5+2-(—3)-4+3-(—3)-4. Ans. —120. 
17. (—2)5-(—3)4—(—4)-6-(—7). Ans. —2760. 
18. (—3)3—33+(—2)'—2°. Ans. —118. 
19. (—2)-:(—3) +(—4):(—5) +(—5)-(—6). Ans. 56. 
20. 1-2-3-4-5 —(—1)(—2)(—3)(—4)(—4). Ans. 240. 
21. 4-5-6 7—(—4)(—5)(—6)(—7). Ans. 0. 


216. Law of exponents.—The law which applies to ex- 
ponents that are positive integers is derived from the defini- 
tion given in Art. 185. 

Since a'=a-a-a-a-a, 
and a'=qa:a-a, 
then a'-a?=a:a-a:a:a:a-a:a=a', 
and a®-a?=q't3=@8, 

In general a” =a-a-a-a::: to n factors! 
and a™=a-a:a-a: to m factors, 
then a*a"™=a-a-a-a-a: to (n+m) factors, 
and a™q™=aq"t, 

Similarly, when there are any number of factors we have 
AQ -QPratess = Qntmtptre.ee, 

Law. The product of two or more powers of the same base 
is equal to that base affected with an exponent equal to the sum 
of the exponents of the powers. 

217. To multiply a monomial by a monomial.— 

Example. Multiply 14a%b? by —3a‘b'. 

Process. 

Discussion. Since the multiplier is composed of 14a%b? 
the factors —3, a‘, and b’, the multipliicand may be — 3a*b? 
multiplied by each successively. In each case the —42a7b§ 
product for any one of these factors is obtained by multi- 


1A repetition of dots, as a, b, ¢,--+) is the sign of continuation. It is 
read ‘‘and so on.” 
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plying a single factor in the multiplicand by it. We 
multiply by —3, by multiplying 14 by —3, which gives 
—42a*>?. This is multiplied by a‘, by multiplying the a 
by a‘, which gives —42a7b?. This is multiplied by 6%, by 
multiplying the b? by b’, which gives —42a’b®, the answer. 

The multiplication is carried out by determining in the 
following order: 

(1) the sign of the product, 

(2) the coefficient of the product, 

(3) the letters of the product, 

(4) the exponents of these letters. 

Thus, in the above example the sign is + X — = —; the coefficient is 
143 =42; the letters are a and b; and the exponents are, for a, 3+-4=7, 
and for b, 2+3=5. 

_ This plan should be carefully followed by the beginner. 
- 218. To multiply a polynomial by a monomial.— 

Ruiter. The product is found by multiplying each term of 
the multiplicand by the multiplier, and taking the algebravc 
sum of these partial products. 

Example. Multiply 7axz*—21ab4— 32? by 2a7bix4. 

Process. Tax?—21ab4*—3z? 

2207p" 
14a%b3x? — 42a%b'x4 — 60°b%x° 

Explanation. The first term at the left of the product 
is obtained by multiplying the first term at the left of the 
multiplicand by the multiplier. The second and third terms 
in the product are obtained in a similar manner. In each of 
the multiplications we have a monomial by a monomial, 
which has been discussed in the previous article. 

219. To multiply a polynomial by a polynomial.— 

Rute. Multiply every term of the multiplicand by each term 
of the multiplier, write the like terms of the partial products under 
each other, and find the algebraic sum of the partial products. 

Example 1. Multiply 2?+3ay—2y’ by Qey —2y?. 


Process, 
xe? +3ay—2y? 
2ry — 2y? 
Qry times (x?+3ay—2y”) = Qe2y+6a7y?— 4ry? 
—2y? times (2?+3ay—2y?) = —Qar*y?— b6ary?+41* 


Adding these we get, Qr3y +4a2y?— 10cy?+4y! 
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Example 2. Multiply 3a?+3b?+-ab by b3—2a?b+ ab?. 


Process. 
3a?+3b2 -+ab 
b3— 2a2b + ab? 


3a7b?'+36>+ab4 
— 6a2b3 — 6a’b —2a3h? 
a’b3 +3ab4 +3a%b2 


—2a7b?+3b°+4ab4*—6athb+ ab? 

220. Test.—Problems in multiplication can be tested by 
substituting convenient numerical values for the letters. 
It is best to use values larger than 1, since with 1 the exponents 
are not tested, as any power of 1 is 1. 

Test of example 1, by letting x=2 and y=2. 

tot ay" =4+12—8=8 

2ry — 2y? =8—8 =0 

2x°y + 6x02y? —Axy? 

—2uy?— bay +4y4 

2a3y+4a%y?— 10ry?+4y* = 32+ 64 — 160+ 64=0. 

The work is probably correct if the product of the values 
of the two factors equals the value of the product. 
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Find the product of the following: 


1. 10ab? and 3a*b. Ans. 30a%b3, 
2. 16n4xv> and —2n5z?. 

3. 4a°2xsy4 and —5aty. Ans. —20a2x5y5, 
4, —17x*y7 and —3a3x?. 

5. —5min*d?y3 and —2mnic2y?, Ans. 10m13n8c2d2y5, 
6. —ax?y3 and —x4y?z3, 

7. —da7y®, x, y3, and 4zy. Ans, —12zx5y7, 
8. 3PQ, Q?, and 4P2Q3. Ans. 12P3Q°. 
9. —fax?, §a°x?, and —taz. Ans. ja‘, 
LO. at a2 ginn?, andar", Ans, aint, 
11. (a*)? or a’ times a’, Ans. a’, 
12. (mn*)4=? Ans. m§n12, 
13. (4a7b4)3 =? Ans. 64a%b12, 
14. (a*b™)¢=? Ans. acrbe™, 
15. a'b’c-a*b'c-ab*c?-ab2c5, Ans. a°b'4c9, 
16. wety22-c2y 428.284 72, PANS, 24828) 
17. 3a‘c?- —4a‘c- —2atc!, Ans. 24a15c7, 
18. pr? —p?qr: — per. Amis p-0"n, 7: 
19. (6xyz)-(—Taxy?)-(—2a%x2y62?), Ans. 84a1x4y 923, 


20. 5b?-(5-+-6b? — 7b‘). Ans. 25b?-+30b4 —35b§ 
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Q1. —T7x2y-(—3x2y?+2zy). Ans. 21x4y3— 142372. 
22. 25ab?-(2x4b3 + 27d). Ans. 50ab'a4+50ab2c?d. 
23. —5ax-(—3a+2a?+4), Ans. 15ax —10a?xz — 202. 
24. —15x7y8-(minsr2y2—13p%q!"), Ans. —15min8x®y +195 p%qla7y?. 


. —3x3y527-(x8yszt —13xr4y?). 


Ans. —3a4yzg4439an7y727. 


Ans. 9c3d3e? +-18c4d?e3 — 15c%d?e?. 
Ans. —16x°y3+282x4y4 — 56a7x!. 
Ans. 8x? —10xry —3y?. 
Ans. 4x3—8xy+ax%y? —2y 
Ans. —6x?+172—7. 
Ans. 15x?+2xy —8y?. 
Ans. a*x* —b?y?. 
Ans. atx4—Ay!. 
Ans. a? —63, 
Ans. a?+63. 
Ans. 2a?—6a%b +6ab? — 463. 
Ans. 4x?—9y?+6yz—2z?. 
Ans. at+a?b?--b4. 
Ans. x4—2x7y?+y4. 
Ans. 6x4—423 —7x? —3x—1. 
Ans. c4—9c*d? —24cd* — 16d?. 
Ans. x§+2?—42+80. 
Ans. n’—48n? —200n —200. 


26. 3c%de-(3cd2e +6cde? — 5cde). 
27. 4x2y3 —T7ry!+14a? by —4z%. 
28. 2x—3y by 4r+y. 
29. 2?—2y by 4x+y?. 
30. —32+7 by 2zr-1. 
31. 54+4y by 3r—2y. 
32. ax—by by ax+by. 
33. ax? —2y? by a’x?+2y?. 
34. a®+ab+b? by a—b. 
35. a®—ab+b? by a+b. 
36. a?—ab+b? by 2a—4b. 
37. 27+3y—z by 2x—3y+2z. 
38. a?+ab+b? by a2—ab+b?. 
39. 2? -—2ry+y? by x?+2ry+7/. 
40. 672+2r+1 by x?—2r—-1. 
41. c?+3cd+4d?* by c?—3cd —4d?. 
42. 2?—4r+16 by x+5. 
43. n?—50n —100 by n+42. 
44. a? —3a*b+3ab?—b3 by a?—ab. 
Ans. a'—4a‘b+6a*b? —4a?b3 + abt. 
45. 473-3227 +5zry? —6y* by 5x+6y. 
Ans. 2024+923y +722y? —36y1. 
46. 4y?—10+2y by 2y?—3y+5. Ans. 8y4—6y? —8y?+40y — 50. 
47. at—a*hb +a*b? —ab*+b4 by a+b. Ans. a'+55. 
48. 2ac?—3by by 2c*—3y*. Ans. 4ac'—6bc*y —6ac*y? + 9by. 
49. a? +3027+8ar?+23 by a'—3a%r +3ax? —2%. 
Ans. a —3a‘x?+3a2x1!— 2°. 
60. 2!+22y?+y4 by 2?—y?. Ans. 2'—y?. 
Signs of grouping are often used to enclose factors of a product. Thus, 
(a+b)(a—b) means the same as (a+b) times (a—b). To free the ex- 
pression of these signs of grouping, the indicated multiplications are 
performed. 
Free the following of signs of grouping and simplify: 
51. (a+b) (a—b). 
52. (2x+7) (822-8). 
53. (322-+-ab) (3x2—ab). 
54. 5(x?—ab) +6(2?+<ab). 
55. —3ab(ab —a*) +2ab(a?—b?), 
56. —2(—2at+3a%b —b*) +3(a4+2a%b — 2b"). 
67. 2(22?-—32-+1) —(2+4)(4—1). 
58. 2(n+1)(n—1)(n+2) —4n(1—n)(n+3). 
Ans. 6n3+12n?—14n —4. 


Ans. a?—b?, 

Ans. 6x3+21x?—162 —56. 
Ans. 9x4 —a’?b?. 

Ans. 1122-++ab. 

Ans. —3a*b?+5a%b —2ab3, 
Ans. 7a4—4b‘. 
Ans. x?—9x+6. 
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Solution. 2(n+1)(n—1)(n+2)= 2n3+ 4n?— 2n—4 
Subtracting, 4n(l—n)(n+38) =—4n'— 8n?+12n 
6n3 +12n? —14n —4. 
69. 22%[2? —32(2—y)| + (2? bey —y*) @? —y? + ay’). 
Ans. —32!+7x3y —22%y?-—ay3+y*+r3y?+27y3 —ry4, 


<—-—¢ato— 


Fia. 193. Fig. 194. 


60. Find the area of a rectangle 2x-++5 ft. in length and «—6 ft. wide. 


Ans. 2a?—7x—30 sq. ft. 
61. Find the volume of a rectangular solid 2x—3 ft. wide, 7z—2 ft. 


long, and «+4 ft. deep. Ans. 1423+3122—9427+24 cu. ft. 
62. Find the volume of a right circular cylinder if the altitude is h ft. 
and the radius 2h —4 ft. Ans. 1(4h3—16h2+16h) cu. ft. 
7 
& (1) (2) i, 
Area = ab a ac be | 
L_.. tt at ke 
is A [<--a--><—-—b —-—> 
Fig. 195. Fie. 196. 


63. A hollow square has dimensions as shown in Fig. 193. Find its 


area. Ans. 38?+28s+32. 
64. A ring has dimensions as shown in Fig. 194. Find its area. 


Ans. 47(27a?+150a+32). 

221. Representation of products.—If a is the number of 
units in the altitude in Fig. 195 and b is the number of units in 
the base, then the product ab is the number 
of square units in the area of the rectangle 
in the figure. 

Similarly, the two rectangles in Fig. 196 
represent the product of (a+b) by c. The 
eC 7 part marked (1) represents the partial pro- 

at duct ac, and the part marked (2) repre- 
sents the partial product be. 

Fig. 197 shows that (#+y)(a+y)=2?+2ry+y%, The 
whole figure is a square «+y on a side. This is made up 
of a square x units on a side, having x? square units; a square y 
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units on a side, having y? square units; and two rectangles 
each x units by y units, having ry square units each. Hence 
the whole figure contains x?+2xy+y? square units. 


EXERCISES 66 


Find the product in each of the following, and show the product and the 
partial products by drawings. 


1. (a+b-+c)d. 2. (at+tb+c)(d+e). 
8. (a+b+c)*. 4, (x+y)(z—y). 
5. (e—y)*. 6. (a+b-+c)(d+e-+/). 


222. Approximate products.—By multiplication we get the 
formula (1+a)(1+6) =1+a+b+ab. 

If in this formula a and 6 are small fractions, the product 
ab will be very small compared with a and 6. The value of 

(1+a)(1+b) will then be approximately 1+a-+b. 

Thus, if a=0.05 and b =0.02, the approximate value of (1+-a)(1+b) = 
1+0.05-+0.02 =1.07, while the exact value is 1.05 X1.02=1.071. 1.071 
—1.07 =0.001 =difference. 

Example. If a=0.01 and b=0.02 find the per cent of 
error in the product (1+a)(1+5) if the term ab is disregarded. 

Solution. The approximate value of (1+0.01)(1+0.02) = 
1+0.01+0.02 = 1.03. . 

The exact value= 1+0.01+0.02+0.0002 = 1.0302. 

The error = 1.0302 — 1.03 = 0.0002. 

The per cent of error is obtained by finding what per cent 
0.0002 is of 1.0302, 

.”. 0.0002 + 1.0302 = 0.0002— =0.02—%. Ans. 
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1. Find per cent of error if term ab is disregarded when a =0.001 and 


b =0.002. Ans. 0.0002 —%. 
2. Calculate the value of 1.002 1.05 to three decimal places by using 
the approximate method. Ans. 1.052. 
3. To how many places can the product of 1.02 1.0024 be found by 
the approximate method? Ans. 4. 
4. How much error per cent is there in assuming (1+-a)(1+b) =1+a+b 
when a =0.003 and b = 0.005? Ans. 0.0015—%. 


5. In assuming (1+a)'=1+3a, what is the per cent of error when 
a=0.0002? When a=0.,002? When a=0.02? When a=0.2? 
Ans. 0.000012 — %; 0.0012 —-%;0.114—-%; 7.41—-%. 
18 
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6. In measuring the radius of a circle of correct length 1 ft., there is an 
error of 1%. Find the per cent of error in the area of the circle deter- 
mined from the measured radius. Ans. 2% nearly. 

7. If in determining the area of a triangle by drawing to scale and 
measuring the base and altitude, the base is measured 13% and the 
altitude 2% too large respectively, find per cent of error in area, disre- 


garding the product term. Ans. 33%. 
8. Find the approximate products of the following: 
(1) 1.003 x 1.012. (4) 0.97 X0.98. 
(2) 1.02 <0.97. (5) 0.996 X 0.997. S 
(3) 1.004 0.998. (6) 0.985 X0.996. 


9. In measuring a rectangle the length is measured 2% too large and 
the width 3% too small. If the area is computed from these measure- 
ments, find the per cent of error in the area. 

Ans. 1% nearly, too small. 

10. If, in measuring a triangle, the base is measured 1% too large and 
the altitude 14% too small, find the per cent of error in the area 
computed from these measurements. Ans. 3% nearly, too small. 

11. If the error in a number is 1%, what is the per cent of error in the 
square of the number? In the cube of the number? 

Ans. 2%; 3% nearly. 


CHAPTER XXV 
DIVISION, SPECIAL PRODUCTS, AND FACTORS 


223. Division.—Division is the inverse of multiplication. 
That is, the quotient must be an expression that ‘multiplied 
by the divisor will give the dividend. 

From the law of signs and the law of exponents in multi- 
plication we have the following: 

(1) In dividing, like signs give a positive, and unlike signs 
give a negative sign for the quotient. 

(2) In dividing powers of the same base, the exponent of the 
quotient equals the exponent of the dividend minus the exponent 
of the divisor. , 

This applies, by definition of the positive integral exponent, 
only when the-exponent of the dividend is larger than the 
exponent, of the divisor. 


Thus, a°+a%=a?; but when the exponents are equal and we subtract 
we obtain the exponent 0, which is meaningless. 


In dividing the same powers of the same base, the quotient 
ist: 
Thus, a?+a?=1 and, in general, a*+a"=1. 


224. Division of one monomial by another.—It is well 
for the beginner to carry out the work of a division in a regular 
order as in multiplication. (See Art. 217.) The steps in 
division are: 

(1) Determine the sign of the quotient. 

(2) Determine the coefficient. 

(3) Determine letters and exponents. 

Remember that in the process of division we divide where 
we multiply in multiplication, and we subtract exponents 
where we add exponents in multiplication. 

Example. Divide 25a‘z® by —5a?x’. 

Process, carried out in steps. 
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25+ —5=—5, 
a*+-a? =a", 
oes a 
. .25a42° + —5ax? = —5a’x?. Ans. 


The last only should be written down in performing the 
work. The first three steps are mental operations and are 
placed here for guidance. 

The division of one monomial by another may also be per- 
formed as a cancellation. If we recall that an expression 
like 4a2b? means 4a-a-b-b-b, we may write 16a%b°c?+4a7b® in 


the form. 

KAddaftloocce, 
Now cancel the factors common to the dividend and divisor. 
The product of the factors remaining in the dividend is the 
quotient. 

This process is too long for rapid work, but it may clear 
-up points in division that trouble the student. 

225. Test.—The work in division can be tested the same as 
in multiplication by substituting convenient values for the 
letters. It may also be tested by multiplying the divisor by 
the quotient, when the product will be the dividend. 


EXERCISES 68 


Divide the following and test: 


1. 1622y by 2ay. 3. 10x4yz3 by 32222, 

2. 14x%24 by —72xz. 4. —22a*b by —2ab. 

5. 100a‘x* by —5a‘z. 

6. 18a*%b?x by —38a2ba. Ans. —6ab. 
7. —20a%y1 by —5axy?. Ans. 4axy?. 
8. —42a'm*y3 by 7a2m?. Ans. —6ay%, 
9. —13a7y? by —138ay?. Ans. a. 
10. 8a%y? by —8a%y3, Ans. —1. 
11. 18a‘%b’ by —6a%d. Ans. —3a%b‘, 
12. 3ax3 by Taz. Ans. #2. 
13. 5a4x%c by —2a?. Ans. —$a%x%c. 
14. 33-24a2 by 32-222. Ans. 3-22, 
15. —54a%c5 by —52ac4. Ans. 5%a*e, 


16. 75actry? by —7tacty, Ans. —7xy. 
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226. Division of a polynomial by a monomial.— 
Example. Divide 24a5y?—96a®y® by ay’. 
Process. 8aty*)24a5y3 — 96a>y® 
3a —12ay? 
Rute. The division is performed by dividing each term of the 
dividend by the divisor, beginning at the left. 


EXERCISES 69 


Divide the following and test by multiplication: 


1. 14av+28ay+84az by 14a. Ans. «+2y+6z. 
2. 12a3+3a*+18a* by 3a’. Ans. 4+a+6a?, 
3. 325—1623+142? by 2?. Ans. 3x3—162+14. 
4, 2-33+4.32+34 by 3%. Ans. 2:3+4+32. 
5. 2-32-5 —3-33-7-5 by 32. Ans. 2:5 —3:3-7-5, 
6. 25axr2y? —10r3y4 —5a?y3 by 5x?y3, Ans. 5a —2zy —1. 
7. 2la%x* —7a2x? + 14ax by Taz. Ans. 3a°x? —ax+2. 
8. 42a? —11a?+28a by 7a. Ans. 6a?—1#a+4, 
9. 240°? —8r4y5 — 242y? by 82. Ans. 3xy? —xy>—3y?. 
10. 4x4y°+827y3 —122%y* by 227y?. Ans. 2x°y4+4a5y —6xrty?. 
11. 405d? +5a%bt —7a4b? by —13a°b?. Ans. —ta?—3tab?+ 43a. 
12. 3.2507 —5.2a°+9.75a' by 0.25a%. Ans. 13at—20.8a3+39. 
13, a?(a+b)+a3(a+b) by a. Ans. at+b+a(a+6). 
14. 3(a—b)+6a(a—b) by (a—b,. Ans. 3+6a. 
15. (a—b)(c+d)+(a—b) (x+y) by (a—b). Ans. ctd+a+y. 


227. Factors of a polynomial when one factor is a mo- 
nomial.—In exercise 1 of the preceding list, each term of 
14az+28ay+84az can be divided by 14a. The quotient is 
z+2y+6z. Now the product of 2+2y+6z and 14a is 
14ar+28ay+84az. We say that 14a and «+2y+6z are the 
factors of 14ax+28ay+ 84az. 

The factors of a polynomial similar to the above are a mono- 
mial, containing all that is common to each term of the poly- 
nomial, and the quotient found by dividing the polynomial by 
the monomial. 

Example. Factor 4a?x—2ax?+ 672", 

The monomial factor is 2ar. This is seen by inspection. 
Dividing the polynomial by 2ax we find 2a—x+3ax which 
is the other factor. The factors are written in the form 
2Qax(2a—x+3az). 

The work may be tested by finding the product of the factors, 
which gives the expression that was to be factored. 


278 PRACTICAL MATHEMATICS 


EXERCISES 70 


Find factors of the following and test the work by multiplication: 


1. ay+ar-+ac. 5. 22-73 +24, 

2. 14+421a. 6. 54a4+63a7. 

3. 20a+30b+40. 7. a‘b? —a3b4 — abs, 

4, 2?3+23.5, 8. 16+32a —24a3, 

9. (c—2)a+(x—2)b. Ans. (x —2)(a+b). 


Suggestion. Consider (x—2)a and («—2)b as the terms of the poly- 
nomial. Then («—2) is common to the two terms, and is the factor to 
use as a divisor in finding the other factor. 


10. (c—d)b4—(c—d)c?x. s Ans. (e—d)(b4—c2z). 
11. (8a—5)n+(8a—5)p. Ans. (3a—5)(n+p). 
12. 3(2a+4b) +3(3a—6b). Ans. 3(5a—2b). 
13. 16a?(a+b) +16a?(c—d), Ans. 16a2(a+b+c—d). 
14. (a—b)?+2a(a—b)?. Ans. (a—b)2(8a —b). 


228. Squares and square roots of monomials.—By the 
principles of multiplication already given, the square of a 
monomial may be found as follows: 

(1) The sign is always plus. 

(2) The numerical coefficient is the square of the numerical 
coefficient of the monomial. 

(3) The exponent of any letter is twice the exponent of the 
same letter in the monomial. 


Thus, (5a2b*)? =25a4b®, (—4a*b2d)2 = 16a%b‘d?, and (fx%y)? =taby?, 


The square root of a monomial can be found by doing the 
inverse processes to those for finding the square of a monomial. 
(1) The square root can be found of a positive number only. 

(2) The numerical coefficient is the square root of the numerical 
coefficient of the monomial. 

(3) The exponent of any letter zs one-half the exponent of the 
same letter in the monomial. 

It follows that the monomial of which the square root is 
to be taken must have a numerical coefficient that is a perfect 
square and all the exponents must be even numbers. Other- 
wise the square root cannot be found exactly. 


Thus, 16a‘b2 =4a*b and V 225x4y 822 = 152?y3z; but ~/10a4bé can only 
be expressed as ¥/10a%b3; and +/35a%b cannot be found. 
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EXERCISES 71 


Find the indicated square or square root of the following when possible. 
When not possible, tell what change in the expression would make it 
possible. 


1. (3ab3)2. 8. (—20x5y*)?. 15. \/576x4y?. 
2. (—2x*%y?)2. 9. 4/ 16x*y°. 16. +/ —16x%24. 
3. (—9ac2d)2. 10. +/25mén*. 17. +/x8y8z4. 

4. (4am3r)?. 11. +/13a%24. 18. +/352y8. 

5. (—4x3y4z)2. 12. +/ 256x872. 19. \/7?R%?. 

6. (11ménéz)?2. 13. +/9a7?. 20. V() *D2d2. 


7. katy a 14. »/49a%d4z°. a1, V (5) "122, 


229. The square of a binomial.—By multiplication 
(a+b)?=a?+2ab+b?, 
(a—b)?=a?—2ab +b’. 

Here a and b are general numbers, so we may use the state- 
ments as formulas to find the square of the sum or the differ- 
ence of any two numbers. These formulas may be translated 
into words as follows: 

(1) The square of the sum of two numbers equals the square 
of the first plus twice the product of the first by the second plus 
the square of the second. 

(2) The square of the difference of two numbers equals the 
square of the first minus twice the product of the first by the second 
plus the square of the second. 

The use of these principles will save much work in multi- 
plication. 

Example 1. Find the value of (cd+e)?. 

The square of the first term = (cd)*=c?d?. 

Twice the product of the first by the second = 2(cd)e = 2cde. 

The square of the second term = e?. 

.. (cd +e)2=cd?+ 2cde+e?. 

Example 2. (2a+b?)?=4a?+4ab?+b*. 

Example 3. (2a?—3y*)?=4at—1227y?+9y°. 


EXERCISES 72 


Write the products of the following without actual multiplication, and 
then test by actual multiplication. 
1. (m+2)?. 2. (a-+-2b)?2. 3. (c+2y)?, 4. (Bx +y)?. 
5. (4?+-4)?. 6. (2x?—3)2. 7. (2e—7)?, 8. (ax?—4y).? 
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9. (8ax—4y)?. Ans. 9a*x? —24axry +16y?. 
10. (2a?y3—3y)2. Ans. 4a4y® —12a2y4+9y?. 


230. Factors of a trinomial square.—A trinomial square is a 
trinomial that is the square of a binomial. 

Thus, a?-++2ab-+b? is a trinomial square because it is the square of the 
binomial a+b. Its factors then are evidently (a+b)(a+b). Likewise, 
the factors of a?—2ab+b? are (a—b)(a—b). The factors of 42212749 
are (2x—3) (2x—8). 

It should be carefully noticed that a trinomial square has 
two positive terms, each of which is the square of a monomial; 
and one term, either positive or negative, that is twice the 
product of the square roots of the other two terms. If this 
term is positive the factors are sums, and if negative the factors 
are differences. 

Thus, 9a*—24a7y?+16y! is a trinomial square, for 9a4 and 16y! are 
each positive and squares of the monomials 3a? and 4y? respectively; 
and 24a?y? is twice the product of these square roots. The factors are 
(3a? —4y?) (3a? —4y?), 

Since by definition the square root of a number is one of its 
two equal factors, the square root of a trinomial square is 
one of its two equal factors. 


EXERCISES 73 


Determine which of the following are trinomial squares. Factor and 
find the square root when possible. 


1. 2?+422y+y?2. 10. 2562+ 1622 —50bz. 

2. 4x? —Axy+y?. 11. 4r4+y1+4a2y2, 

3. 9x4+1822y2+-9y2, 12. 225a?—270a+81. 

4. 16x4—8a2y+y%, 13. fa? + Sry +hy?. 

5. 2?-—227—1. 14. 8lat—108a2y?+36y4. 
6. v4+427?+-4, 15. 4x2y?+-4ay+1. 

7. 2?132-+9, 16. 2524 —70yz?+49y2. 
8. 25219+1025+1, 17. 100+a?2+20a. 

9. 1422+62-+8. 18. 16x2+25y? —50zy. 


231. The product of the sum of two numbers by the 
difference of the same two numbers.—By multiplication 


(a+b)(a—b) =a?—b?. 
Since a and 6 are general numbers, we may use this state- 
ment as a formula and so write at once, without actual mul- 
tiplication, the product of the sum and the difference of any 
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two numbers. The formula may be translated into words 
as follows: 

The product of the sum and the difference of two numbers 
equals the difference of their squares. 

Example 1. (2c+-3b)(2c—3b) =4c?—9b?. 

Example 2. (16+2)(16—2) =16?—2?= 256 —4 = 252. 

Example 3. 10298 = (100+2)(100—2) = 10,000 —4 = 9996. 


EXERCISES 74 


Find the product of the following without actual multiplication and 
test by actual multiplication: 


1. (2+2y)(2—2y). 2. (8x—y)(3x+y). 

3. (127 —13) (122418). 4. (1622y —2) (1622y +2). 
5. (x3 +y*) (a3 —y?). 6. (342 —4t) (312-41). 

7. (4x2y3 +1) (402y3—1). 8. (2-33 —5)(2-38+5). 

9. [a+(b+1)][a—(b+1)]. 10. [(e@+y) +2][(a+y) —2l. 


11. (2c-+d-+e)(2c+d—e). 
Suggestion. This may be written 
[(2e +d) +e][(2c-+d) —e] = (2c+d)?—e? =4c?+4cd+d*—e?, Ans. 
12. (a+b—2c)(a+b+2c). 
13. (2? —y?—zy) (x?+y?+2y). 
Suggestion. ‘This may be written 
[z? —(y?+2y)][x? + (y? +2y)] =24 —(y?+2y)? =ete. 
14, (2? —y?—ay) (x? —y?+2y). 
15. (7-+2-+y)(7—z—y). 
16. (83—2+y)(3+2+y). 
Suggestion. This may be written 
[(3+y) —2][(8+y) +2] =(8+y)? —2? =ete. 
17. (a—y—z)(a—y+z). 18. [4a —(x —2b6)]l4a+ (2 —2b)]. 
19. (117%y—z*) (11x23y+2'). 20. (300%y'+32y) (80x2y3 —382y). 
21. 95 X105. 22. 995 X1005. 23. 64 X 56. 
24. 75X85. 25. 505X495. 26. 706 «694. 


232. Factors of the difference of two squares.—I*rom a 
consideration of the preceding it is easily seen that the difference 
of two squares can be factored into two binomial factors that 
are, respectively, the sum and the difference of the square 
roots of these squares. 

Example 1. 4—a?=(2+a)(2—a). 

Example 2. 16a*—9y?= (4a?+3y) (4a?—3y). 

Example 3. (a+b)?—2?=(a+b+2)(a+b—2). 

Example 4. a?—b? +2bc—c? =a?— (b?— 2bce+c?) =a? — (b— 
c)?=(a+b—c)(a—b-+c). 
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EXERCISES 75 


Factor the following and test by multiplication: 


1. Aa? 2. 16—4y?. he eak 
4. 1-924. 5. 8la?—16b?. 6. 72—5%, 

7. 225 —64a?. 8. 36a*—49b?. 9. 4a2b? —25a2c?, 
10. 64a4b® —100c?d?. 11. 3’a4—2?b4. 12. 2?-34d? —52c?. 
13. (c+y)?—22. Ans. (xc ty+z)(x+y—z). 
14. (a+b)?—64. Ans. (a+b+8)(a+b—8). 
15. 2? +y? —2ry —2?, Ans. (x —y+z)(x—y—z). 
16. 25—(a+b)?. Ans. (6+a+b)(5—a—b). 
17. 25—(a—b)2. Ans. (6+a—b)(5—a+b). 
18. P?—4PC+4C?2—C2. Ans. (P —C)(P —3C). 


. (3a —b)? — (2a +2b)2. 
. (22 —7)2— (3a—1)2. 


Ans. (5a+b)(a—3b). 
Ans. (5x —8)(—x—6). 


233. The product of two binomials having one common 
term.—By multiplication, we find the following products: 
(1) (a+2)(a+3)=a?+5a+6. 
(2) (a—2)(a—3) =a?—5a+ 6. 
(3) (a+2)(a—3) =a?—a —6. 
(4) (a—2)(a+3)=a’+a —6. 
(5) (a+b) (a+c) =a?+(b+c)a+be. 

From an inspection of these, the truth of the following 
statement can be seen: 

The product of two binomials, having one common term and 
the other terms unlike, is a trinomial consisting of the square 
of the common term, the algebraic sum of the unlike terms times 
the common term, and the product of the unlike terms. 

Thus, in (1) above, the common term is a and the unlike terms are 2 
and 38. The square of the common term is a2. The algebraic sum of 
the unlike terms is 2+3=5, and this times the common term is 5 times 
a=5a. The product of the unlike terms is 2X3=6. Hence the result 
(a+2)(a+3) =a?+5a+6. 

Likewise in (3), the square of the common term is a?. The algebraic 
sum of the unlike terms is the sum of +2 and —3, or —1. This times the 


common term, a,is —a. The product of the unlike terms is 2X —3 = —6,. 
Hence the result (a+2)(a—3) =a?—a—6. 


EXERCISES 76 


Find the products of the following without actual multiplication and 
test by actual multiplication: 

1. (© +3)(a+4). 2. (w—4)(x+3). 

4. (x—3)(a—4). 5. (a +7)(x+8). 

7. (c+7)(x—8). 8. (e—7)(«+8). 


3. (cx—3)(x+4). 
6. (c—7)(a—8). 
9. (2n—4)(2n-5). 
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10. (2n+4)(2n+5). 11. (7@+1)(x—11). 
12. (r—16)(r+17). 13. (x2+6) (x?—5). 
14. (2x+7)(2x—18). 15. (5a+3)(5a—6). 
16. (6+8)(6—5). 17. (xy +2) (xy —3). 
18. (8+2y)(4+<y). 19. (2x+3)(4x+8). 


20. (3x —4)(32-+9). 

234. To factor a trinomial into two binomials with one com- 
mon term.—By a careful study of the preceding exercises, we 
may determine how to proceed in factoring such trinomials as 
the products in those exercises. The method of factoring 
those forms will best be seen by considering examples. 

Example 1. Factor a?+9a-+ 20. 

This has one term, a”, that is a perfect square; a, the square 
root of this, is to be the common term of the factors, if there 
are any. The unlike terms of the factors must have a product 
of +20 and a sum of +9. By inspection we see that +5 
and +4 have such a product and sum. Hence the factors 
of a?+9a+20 are (a+5)(a+4). 

Example 2. Factor a?—a—20. 

As before, the common term is a. The unlike terms have 
a product of —20 and a sum of —1. The product being —, 
one of the terms is — and one +. The sum being —, shows 
that the larger in absolute value is —. This gives —5 and 
+4 as the numbers. 

Hence a2?—a—20=(a—5)(a+4). 

235. Other forms.—Many trinomials that appear to be of 
the kind here considered cannot be factored in this way. 

For instance, z?-+72+5 cannot be factored as here, for we can find no 
integral numbers which have a sum of 7 and a product of 5. 

There is still another class of trinomials, those where the 
binomial factors have no common term, and many other 
expressions which can be factored. These will not be taken 
up here, either because they are too difficult or because they 
are of less use than the ones considered. 


EXERCISES 177 


Factor the following if possible; if not, change a term so that they may 
be factored. Test your work by multiplication. 
1. 6?—7b+12. 2. b?+11b+30. 3. c?—c—30. 
4, x?+22—8. 5. a?—32—10. 6. 7?+1527-++56. 
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7. y2—y—56. 8. a?+3a+14. 9. 2? —152+56. 
10. r?+-20r +64. 11. 2?y?+382y+2. 12. 7?—327+16. 
13. a?+9a—10. 14. a?@—a—132. 16. a?—a—72. 
16. 2?+6a—72. 17. x?—2—90. 18. 7?+152 —34. 
19. 2?—127—45. 20. a?+4a—21. 21. a?—7a—33. 
22. n?+15n—16. 23. n?+138n+36. 24. n?—6n—60. 
25. a?—11a—60. 26. a?+10a —24. 27. a?+a—42. 
28. a2b?—16ab+15. 29. n*—4n?-+18. 
30. 22 —5ary —84y?. 31. v?+12¢y+27y2. 
32. 1+5a —142?. 33. a?—14a+40. 
34. a?+3ab —54b2. 35. 1—13y —68y?. 


36. x?—(a+b)x-+ab. 37. 2? —Try+8y2. 
38. (m—n)?+7(m—n) +12. 39. (x+y)?—5(2@+y) —14. 
Factor the following expressions by the methods given: 


40. x?y4—16. 41. xy?—Az. 42. xy?+15zry —342. 
43. a®y® —b*y?. 44. bx3—a’ba. 45. 3ax? —18ax —180a. 
46. 10074—y*. AT. a’b4 —ctd?. 48. 92?+4y2+12zry. 


49. 6409 — 1627. 
62. (@+y)?+8(@+y) +16. 
64. a? —2a+1—22y?. 

56. 2? —2y—y?—1. 

The following are some of the answers of the above exercises. 

should be consulted only after the factors are found. 

4. (x+4)(e—2). 12. No factors. 15. (a+8)(a—9). 
28. (ab —15)(ab—1). 31. (x+3y)(a+9y). 32. (1+72)(1—2z). 

36. (x —a)(a—b). 38. (m—n+4)(m—n-+3) 44. bx(x-+a)(x—a). 

45. 3a(x*—6x —60). 53. (b-—c+8)(b—c+8). 56. (2+y+1)(x—y—1). 


50. 16a4—1624. 61. 6478 +1627+2°5, 

53. (b—c)?+16(b —c) + 64. 

55. a?(b—c)?+8a(b—c) +16. 

57. (w—y)?—2ac(x—y) +.42c?. 
They 


CHAPTER XXVI 
EQUATIONS 


236. If an equation has indicated multiplications and 
signs of grouping, it is usually best to perform the multipl- 
cations and remove the signs of grouping before proceeding 
with the solution of the equation. 

Example1. Find the value of c from 


4c+3[2c—4(c—2)]=72—6c. 


Solution. 

(1) Given equation, 4c+3[2c—4(c—2)]=72—6ce. 
(2) Simplifying, 4c+3[2c—4c+8] =72—6c. 
(3) Simplifying, 4c+6c—12c+24 =72—6ce. 
(4) Transposing, 4c+6c—12c+6c =72—24. 
(5) Collecting terms, Ac =48. 


(6) Dividing by the coefficient of c, c= 12; 
Test, 48+3[24—4(12—2)]=72—72, or 0=0. 
Example 2. Solve for a: 

(14+-32)2=(5—2)?+4(1—2) (3-22). 
Solution. 
(1) Given equation, (1+32z)?=(5—2)?+4(1—2)(3—2z). 
(2) Removing parentheses, 1-++-67+ 92? = 25 — 10x+ 2?+ 12— 

202+ 827. 
(3) Transposing, 9%?—2?—82?+ 62+ 10xr+ 20x = 25+12-1. 
(4) Collecting terms, 362 =36. 
(5) Dividing by 36, x=1. 
Test, (1+3)?=(5—1)?+4(1—1)(8—2), 
or 47=4?-+0, or 16=16. 


EXERCISES 78 


1. 72-5 =2—23. Ans. —8. 
2. 5¢—12=62—-8. Ans. —A4, 
3. 72 +19 =52+7. Ans. —6. 
4, 2x—(5x2+5) =7. Ans. —4. 
5. 3(2+1) = —5(x-1). Ans. +. 
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6. 7(¢—18) =3(2—14). 

7. 2(¢—1) —3(a—2) + 4(@—3) +2 =0. Ajiss 2: 
8. 147+20—12 = —207+35c. Ans. 8. 
9. 2(e—1)+38(¢—2) +4(¢—3) = Ans. 23. 
10. 5(2%+1) —7 =3 (22 —7) +51. Ans. 8. 
11. 3(2+4)(«—2) —5 =3(@+5) (x —3) +2. Ans. 16. 
12. (7#+2)?-—2? =" —5. Ans. —3. 
13. (cx —4)(~+4) = («—6)(x+5) +25. Ans. 11. 
14. 3(2+1) —2(2x +5) =6(8—2). Ans. 5. 
15. lla =3(x —2a) —5(2x—2a). Ans. —a. 
16. 3(2b —42x) —(x—b) = —6b. Ans. b 
17. 5(4¢ —3a) —6(3x —2a) = Ans. 3a 
Find values of a in exercises 18 to 24. 

18. 3+(a+4)2? =(a+3)?—4a+17. Ans. 3. 
19. 2.5a—6.75 =1.25a—3. Ans. 3. 
20. 8a—12=6a+4. Ans. 8. 
21. 37a—(44+7) =41a+25. Ans. —9. 
22. 12.75a+6.25 =7.25a+17.25. Ans. 2. 
23. 7(25—a) —2a =2(8a—25). Ans. 15 
24. 5a—17+3a—5 =6a—7 —8a+115. Ans. 13 
Find values of y in exercises 25 to 31. 

26. 2(y—1) —3(y —2) =4(38—y) —2. Ans. 2. 
26. 5y—6(y+1) —7(y+2) —8(y+3) =0. Ans. —23. 
27. (yt1)(2y+1) =(y+8)(2y+3) —14. Ans. 1. 
28. (y-+1)?—(y?—1) =y(2y+1) —2(y+2) (y+) +20. Ans. 2. 
29. 6(y2—38y +2) —2(y2—1) =4(y+1)(y4+2) — Ans. 1. 
30. 2y —5 [38y —7(4y —9)] =66. Ans. 3. 
81. 3(5—6y) —5(y —5 [1 —3y+15]) =23. Ans. 4. 
Find values of x in exercises 32 and 33. 

82. 84+ (¢+4) (a —3) (a +5) =(a@+1) (@+2) (a+8). Ans. 1. 
83. (x+1)(a@+2)(a#+6) =v? +92?+4(7x—1). Ans. 2. 


34. Find two numbers whose difference is 25 and whose sum is 4} 
times their difference. Ans. 40 and 65. 
If it was 
2 rods wider and 3 rods shorter it would contain 4 square rods less. 


35. A rectangular field is 5 rods longer than it is wide. 


dimensions of the rectangle. 
Solution. Let «=number of rods in width. 


Then x+5=number of rods in length, 

and x(x-+5) =number of square rods in field. 

Also x«+2=number of rods in width of second field, 
and x+2=number of rods in length of second field. 


Then («+2)(x-+2) =number of square rods in second field 
“. a(a+5) —(@+2)(e+2) = 
w?+5a—x?—4¢—4=4. 
v? —2?+5e —40 =4+4-4. 
r=8. 
z+5=138. 


Find 


Ans. 13 rd. long, 8 rd. wide. 
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36. The difference between the squares of two consecutive numbers is 


25. What are the numbers? Ans. 12 and 13. 
37. The difference between the squares of two consecutive even 
numbers is 84. What are the numbers? Ans. 20 and 22. 


38. The height of a flagstaff is unknown; but it is noticed that the flag 
rope, which is 4 ft. longer than the staff, when stretched out just reaches 
the ground at a point 25 ft. from the foot of the staff. If the ground is 
level, find the height of the staff. Ans. 76% ft. 

Suggestion. Fig. 198 shows the rope stretched to a point 25 ft. from 
the foot of the staff. Thisfmakes a right triangle which has the rope 
as hypotenuse. We then have the equation 


+4)? = 252422, 


A le-—40-ft=-- 
Fic. 199. 


39. A flagstaff, CD, Fig. 199, 75 ft. high, breaks at point B and end 
D strikes at A,a distance of 40 ft. from C. Find the length BD that 
was broken off. Ans. 48% ft. 

Suggestion. Let BD=z, then CB=75—z. 

40. A piece of sheet iron containing 625 sq. in. is bent into a cylinder 
9 in. in diameter. How high is the cylinder? What is its volume? 

Ans. 22.1 in.; 1406+ in. 

41. At what rate simple interest will $75.00 amount to $106.50 in 

6 years? Ans. 7%. 


237. Equations solved by aid of factoring—The equations 
considered so far have reduced to a form in which a certain 
number of times the unknown equaled some number. Thus, 
6x=12 is such a form. They are called simple equations. 

All equations do not reduce to such a form as this. For 
instance, when the equation has been reduced, we may have 
an equation in which the square of the unknown equals some 
number. Thus, z?=5 is such a form. Such an equation is 
called a pure quadratic equation. 

Again, when the equation is simplified and reduced, we 
may have a form containing the square and the first power 
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of the unknown equaling some number. Thus, 2?—5a=24 
is such a form. Such an equation is called an affected quad- 
ratic equation. 

Some of these forms of equations, together with certain 
other forms, can be solved by the aid of factoring. 

Example 1. Solve the equation x2—5z+6=0. 

Discussion. This equation puts the question: For what 
values of x does #?—5z+6 equal zero? If we factor the 
expression in the first member we get (x—2)(x—3)=0. 
The question now is: For what values of x does the product 
(x—2)(a—3) have the value zero? We know that the 
product of two factors is zero if either, or both, factors are zero 
and not otherwise. Hence the product is zero, if <—2=0, or 
if«—3=0. Thus, the solution of x2—5a+6=0 depends upon 
the solution of the two simple equations, z—2=0 and z—3=0. 
These give the values 2 and 8 for z. 

That these are the values of « may be tested by substituting 
each one separately in the equation 

e—535=-6=(, 

Substituting «=2, gives 4—10+6=0, or 0=0. 

Substituting «=3, gives 9—15+6=0, or 0=0. 

The values of the unknown number that satisfy the equation, 
that is, answer the question, are called roots of the equation. 

A quadratic equation having one unknown letter always has 
two roots. 

Example 1. Solve the equation x«2—25=0. 

First solution. 

(1) Given equation, x?—25= 

(2) Factoring, (7+5)(a—5) = 

(3) Putting each factor equal to zero, 

x+5=0 and «—5=0. 

(4) Transposing, z=—5 and z=5. 

Test for += —5, 25—25=0. 
Vest forz=5, 25—25=0, 

Second solution. 

(1) Given equation, v?—25=0. 

(2) Transposing, xv? = 25. 

(3) Taking the square root of each member of the equation, 

v= +5. 
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Here the sign+ is read “plus or minus.” It means that 5 
is a plus as well as a minus quantity. It should be noted here 
that we are saying that 25 has the two square roots, +5 and 
—5. Either of these is the square root of 25, for (+5)?=25 
and also (—5)*=25. Hence both fulfill the definition of a 
square root, that is, one of the two equal factors into which a 
number may be divided. 

Any positive number has two square roots, one positive and 
one negative, both equal in absolute value. 

Example 3. Solve (1+1)(a—8)(2x—16) =0. 

Equating each factor to zero, 
z+1=0, «—3=0, and 27—16=0. 
Solving these, x=—1, r=3, andz=8. 

We have the following rule of procedure when solving an 
equation by the aid of factoring: 

Rute. (1) Simplify the equation as much as possible. 

(2) Transpose all terms to the first member of the equation. 

(3) Factor the expression in the first member. 

(4) Equate each factor to zero. 

(5) Solve each of these equations. 


EXERCISES 179 


Solve the following by the aid of factoring: 


1. (x—4)(c—3) =0. 2. (x —5)(a+6) =0. 

3. (x—2)(x+1)(x+3) =0. 4, (x+1)(x—5)(x—3) =0. 

5. (2x—1)(x+4) =0. 6. «(x#—2)(382+5) =0. 

7. 2?—-16=0. 8. (x? —9) (a? —36) =0. 

9. z?—16=48. Ans. 8 and —8. 
10. 7?—2 =56. Ans. 8 and —7. 
11. (27+1)(x£+3) =z? —-9. Ans. —3 and —4. 


Suggestion. It is necessary first to clear of parentheses, transpose, and 
unite before factoring. 
Clearing of parentheses, 22?+72+3=2?—9. 


Transposing, 22? —2?+72+3+4+9=0. 

Collecting terms, 2?+7x2+12=0. 

Factoring, (2 +3) (a+4) =0. 

12. If 24 is added to the square of a number, the sum equals 10 times 
the number. Find the number. Ans. 4 or 6. 

13. If 78 be subtracted from the square of a number, the difference 
equals 7 times the number. Find the number. Ans. 13 or —6. 

14. If 3 is added to a number, the square of the sum is 9 more than 13 
times the number. What is the number? Ans. 0 or 7. 


19 


290 PRACTICAL MATHEMATICS 


15. A rectangle is 8 in. longer than it is wide. Find the dimensions, 
if the area is 240 sq. in. Ans. 12 in. by 20 in. 
16, Find the dimensions of a rectangle that is 4 rods longer than it is 
wide if, when the length is increased by 6 rods and the width by 4 rods, 
the area is doubled. Ans. 10 rd. by 14 rd. 
17. The base of a triangle is 3 in. longer than the altitude, and the 
area is 44 sq. in. Find the length of the base and the altitude. 
Ans. 11 in. and 8 in. 
18. The altitude of a triangle is 3 times the base, and the area is 
373 sq. in. Find the length of the base and the altitude. 
Ans. 5 in. and 16 in. 


238. Formulas.—A formula as given usually stands solved 
for one letter in terms of several others. For instance, formula 
[34] is T=ph+2A. Here T is stated in terms of p, h, and A. 

It often happens that one wishes to express, say, A in terms 
of T, p, and A. To do this it is only necessary to solve the 
formula as an equation, and find the value of the particular 
letter desired in terms of the others. 

Example. Solve the formula T=ph+2A for each of the 
other letters. 

Solution. Here there are three other letters than 7, and 
we will solve for p, h, and A in turn. 

(1) Given equation, T7=ph+2A. 

(2) Transposing, —ph= —T-+2A. 

(8) Dividing by the coefficient of p which is —hA, and 
indicating the division, since it cannot be performed, 


T—2A 
ay se Ans. 


(4) Solving (2) for h, since it is properly transposed, 


225 

fee < a Ans. 
(5) To solve for A transpose (1), —24 =—T-+ph. 
(6) Dividing by the coefficient of A, A= =P Ans 


EXERCISES 80 


In the following, the numbers in the brackets are the numbers of the 
formulasas given in previous chapters, where their meaning can be found. 
The ability to do such problems as these is very important. 


1. [32] 4=zab. Solve for a and b. Ans. =; A 
ab’ ra 
2. [33] S=ph. Solve for p and h, Ans. SS, 


h’ p 
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3. [42] S=2zrrh. Solve for r. Ans. aah 
4. [43] V=ar’h. Solve for h. Ans. ay 
ar 
Vv 
a Bel Seon < 3 
5. [46] V=rR2h—ar2h. Solve for h Ans a(R? —r) 
6. [59] A=4r2Rr. Solve for R. Ans. ee 
4p 
7. [67] Z=2arh. Solve for r. Ans. a2 
2rh 


8. Using the answer of exercise 7, find the radius of a sphere on which 
a zone of altitude 3 ft. has an area of 32 sq. ft. Ans. 1.698 — ft. 


9. [85] 7 =6a®. Solve for a? and then for a. Ans. 3 NE 
10. Using the second answer of exercise 9, find the edge of a cube 
whose total surface area is 3258 ft.2 Ans. 23.302-+ ft. 
7. a V 
11. [60] V =22?Rr?. Solve for r. Ans. aR 
12: [65] S=4rr?. Solve for r. Ans: Ne 
T 
13. Using the answer of exercise 12, find the radius of a sphere that 
has a surface area of 2756 ft.? Ans. 14.82 — ft. 
14. [43] V=ar*h. Solve for r. Ans. fe 
vie 


15. Using the answer of exercise 14, find the radius of a right circular 
cylinder whose altitude is 16 in. and volume 2674 in.’ Ans. 7.294 — in. 

16. Disregarding the resistance of the air, v=~/2gh is a formula that 
gives the velocity in feet per second a body will have after falling from a 
height of h feet. Solve this for h and get a formula for the height to 
which a body will rise if thrown upward with « velocity of v feet per 


2 
second. Ans. h=—— 
29 
Suggestion. First square both members of the eyuation, which gives 
v? =2gh. 


17. Use the formulas of exercise 16 and find (1) the velocity a stone 
will have after falling 125 ft., (2) the height to which a stone will go if 
thrown upward with a velocity of 200 ft. per second. (g=82.2.) 

Ans. v=89.72-+ ft. per second; h =621.1 ft. 
18. The formula v,=v)+32.2¢ gives the velocity that a falling body 
will have. 
t = time in seconds the body has been falling, 
vo =velocity in feet per second the body has at the start, that is, 
Yo is the initial velocity, 
v,=velocity in feet per second after ¢ seconds. 
Vi—Va, 


32.2 


Solve for v» and for t. AOE = 
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19. Using the formulas of exercise 18, find (1) the time for a falling 
body to have a velocity of 600 ft. per second if it started with a velocity 
of 40 ft. per second; (2) the initial velocity in order that a falling body 
may have a velocity of 340 ft. per second after falling 5 seconds. 

Ans. 17.39-+ seconds; 179 ft. per second. 

20. Use the formula given in exercise 5 and find the height of a hollow 
cylinder having outer and inner radii of 14 in. and 10 in. respectively, 


that it may have a volume of 4.211 cu. ft. Ans. 24.13 — in. 
21. Given the formula V =4rr?h=1.0472 rh, for finding the volume of 
F ae V 

a circular cone, solve for h and for r. Ans. Loa7o2? eae 


22. Using the formulas of exercise 21, find (1) the altitude of a circular 
cone having a volume of 800 cu. in. and a radius of 8 in.; (2) the radius of 
the base of a circular cone having a volume of 456 cu. in. and an altitude 
of 10 in. Ans. 11.94— in.; 6.6— in. 

23. In the formula given in the answer to exercise 35, page 240, 
A=td+b(s-+n). Solve this for ¢, d, b, s, and n successively. 

Ans. Ge. e=-4 em 

24. Using the formulas of exercise 23, find (1) ¢ when A =3.35.in.?, 
b=2.04 in., s=0.22 in., n=0.56 in., and d=8 in.; (2) b when d=10 in, 
t=0.24 in., n=0.63 in., s=0.24in., and A =4.45-in.2; (3) swhen d=5in., 
¢=0.19 in., b=1.56 in., n=0.45 in., and A =1.95 in.? 

Ans. 0.22 in.; 2.36 in.; 0.19 in. 

25. In finding the area of a trapezoid, 2A =(bi+b2)h. Find }, if 
A= 400 in.?, b:=15in., and h=20 in. Ans. 25 in. 

26. Find the volume of a sphere that has a surface of 201.0624 sq. in., 
the formula for the volume of a sphere being V =#nr%. Use formula of 
exercise 12. Ans. 268.08 cu. in. 

27. In reckoning simple interest, A=prit+p, where A =amount, 
p=principal, t=time in years, and r=rate per cent. Solve for each 

ne tek oe a 
1+rt? jap pt 

28. Using the formulas of exercise 27, find (1) t when p=$250, r=6%, 
and A=$300; (2) r when t=3 years, p=$328, and A =$377.20; (3) 
p when A=$500, t=5 years, and r=4%. 

Ans. 3} years; 5%; $416.67. 


letter. Ans. 


CHAPTER XXVII 
FRACTIONS 


239. The same names and terms are used when referring to 
fractions in algebra as are used in fractions in arithmetic, and 
these terms have the same meanings. The same principles 
are applied and the same operations performed as in arithmetic. 

Here only those processes will be considered that are neces- 
sary for the understanding of what follows. 

When in doubt about an operation in algebra, carry out a 
similar operation using numerical numbers, and from this 
determine what the operation with the algebraic expressions 
_should be. 


REDUCTION OF A FRACTION TO ITS LOWEST 
TERMS 


240. A fraction is in its lowest terms when there is no factor 
common to both numerator and denominator. 


Example1. Reduce 143 to its lowest terms. 


105. pre T. 7. 
120 38 8 

Here each term of the fraction is factored and then the com- 
mon factors are cancelled. We handle an algebraic fraction 
in the same way. 


Process. 


6x23 ; 
Example 2. Reduce 12ntyt to it lowest terms. 


Cie Peery iy le 


122*y* 2-2-8 eae yy Qn’ 


Process. 


to its lowest terms. 


rs? me 
Example 3. Reduce 2 Sena 


ae ve (orgie) 274. 
w+ 2Qay+y? Letryy(aty) x+y 
x? +16c+63 (2+7)(z+9) _ 
Example 4. W421 (eee She 
293 


Process. 


i 
‘|e 
ie 
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EXERCISES 81 


Reduce the following fractions to their lowest terms: 


a ce Ans. >. 2. — 3 Ans. . 
3. ie Ans. “ 4. ee Ans. ae 
5. — Ans. = 6. oa Ans. Soy 
te soar Ans. aa0 8. ae Ans. —_ 
9. eee : Ans. 3a?z. 
10. Sana Ans. ga 
‘at oer Ans. *. 
12. ae Ans ary. 
13 erat Ans. a=. 

2 

—y)3 = 

1. oe Ane 
16. 15a4b+10a%b? ae 5a, 

6a5b4-+4a2b® 268 
17. — a “. Ans, a 

—@ 

18. ae Ans. ora 
19, Se Sal : ht sae 
20. ae ve a. Ans. 1 
a Bae Ann 
a ireren Ans, 55 


REDUCTION OF FRACTIONS TO COMMON 
DENOMINATORS 


241. In arithmetic, fractions are reduced to a least common 
denominator before adding, so in literal fractions we change 
the fractions to fractions having the lowest common denomi- 
nator before adding them. 
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The lowest common denominator, L. C. D., is the lowest 
common multiple, L. C. M., of the denominators of the frac- 
tions. We must then first consider the finding of the L. C. M. 
of algebraic expressions. 

242. Lowest common multiple-——Hzrample 1. Find the 
L. C. M. of 24, 32, and 40. 

First separate into prime factors, and then find a number 
which contains all the factors of each. 

Process. 24=23-3. 

a2=2>. 
AQ = 23-5. 
Jel AGM = 273) =A80: 

Remark. ‘The L. C. M. may also be found by the method of 
Art. 19, but that method is not as easily applied to algebraic 
expressions. 

_ Example 2. Find the L. C. M. of 1222y, 16ay*, and 242°y. 

Process. 12x%y =2?-3-2x?-y. 

1627? = 244-7)". 
Ag y = 23-3 -x3°y. 
owl. CO, Mie 2*:3 +3479 =48797)", 

The L. C. M. is found by taking each factor the greatest 
number of times it is found in any expression. 

Example 3. Find the L. C. M. of 2?+2zry+y? and 2?—y?, 

Process. x?+2ayty?=(r+y)?. 

whey? =(z+y)(z—y). 
“LL. C.M. =(#+y)2(a—y). 


EXERCISES 82 
Find the L. C. M. of the following: 


1. 72, 288, 64. Ans. 576. 
25/6. 200,126: Ans. 2304. 
3. 5a%b?2, 10a2b3, 25a2b. Ans. 50a%b3. 
4. 4c?, 2ab, 9cd?. Ans. 36abc?d?. 
5. x?—y?, 1? —Qay+y?. Ans. (x—y)?(4+y). 
6. x?—-112+30, 2? —1227+35. Ans. (x—5)(x—6) (4-7). 
7. a'—ab?, (a+b)2, (a—b)?. Ans. a(a+b)?(a—b)?. 
8. a?b+ab?, a? +2ab+b?. Ans. ab(a+b)?. 
9. 2?+72, 2?+82r+7. Ans. «(a+1)(x+7). 
10. a?+3a+2, a?—4 a?—1. Ans. a*—5a?+4, 


243. Fractions having a L. C. D.—Hzample 1. Change 
qs, vx, and }% to equivalent fractions having a L. C. D. 
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The L. C. D. is found by the method of the preceding article 
to be 96. Now multiply both numerator and denominator 
of each fraction by such a number as will make the denomina- 
tor in each case 96. How is the multiplier in each case found? 


Process 3 = BxG 4 
" 16 16X6 96 
TATRA 28 

24 244 96’ 

Tie liom 

22 582 ou OU 


@ 


HY v 
(2 oe and eeu TY to frac- 
tions having a L. C. D. 

Process. By the preceding article the L. C. D. 


=y(y—2)(y+6). 


Example 2. Change 


e _ «y(yt+6) "_ zy?+ bay 
Y=2 y—2pyG+-6) yay? 12g 
2 Ea] yz 
yr+4y—12 (y?-+4y—12)-y y+ 4y?— 12y/ 
_ v(y—2) —— vy—20 


y+6y (y®+6y)(y—2) y8+4y?— lay 

The multiplier in each case is found by dividing the L. C. D. 
by the denominator of the fraction. The division is most 
easily performed by striking out those factors in the L. C. D. 
which are found in the denominator of the fraction considered. 
For this reason it is best not to multiply together the factors 
of the L. C. D. Thus, in the above the L. C. D. is left in the 
form y(y—2)(y+6) during the process, instead of in the 
form y?+4y?— 12y. 

EXERCISES 83 


Reduce the following to equivalent fractions having a L. C. D.: 


OCI Aye, 2a Se 
* 26 52’ 78 oe” 156 156 156 
2 3 ve 5 ; ee 9a? 8a 5 
“4a 6a? 12a8 12a’ 12a3’ 12a* 
ate a ai fee iene a 3a+3b. 
“a+b a—b =h2 Qi? 

a x a’ ax +a? a Ae a 
. =t—a t—a 2?—a* Ans. 2?—a? 22—q? z?—a® 
gi a 3 “3.5 

“a?+3a+2 “a!—2a—3 

Lae, 8a-—9 -~ 5a+16 


(aFl)iateva=a) (M@+1)(a+2)(a—8). 
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g. 22 b 3x2 5b? 
*z—b 2-22 4(z?—b*)’ 6(b?—22) 

Ang, 24t(2+b) —6b(e+) 9x? —10b2 

: 12(x2—b*)’ 12(x?—b2)’ 12(x?—b2)’ 12(22—b?)" 

bee} 2 

7. a+z, = Ans. es La ae 

a 24 = 2 2 249 fee ie 

a x a a ax x a x 

8. a—z, a+2, a Ans. ae Pare wd ia 


ADDITION AND SUBTRACTION OF FRACTIONS 


244. Fractions can be added or subtracted as in arithmetic, 
by first reducing them to fractions having a common denomi- 
nator, and then adding or subtracting the numerators. The 
result should then be reduced to its lowest terms. 


Example 1. Find the sum of EAE Baad 
Co Oe 
. Process. L. C. D.=a?—2?. 


Bees x(a+z) S ax+x? 
a—xz (a—xz)(at+z) a?—2? 
a a(a—2) a? —ax 
ata ~ (a+2)(a— x) ~ @—a?’ 
a?+x? a+n? 
a2—x? a?— a? 
2a?+-22? 
Adding the numerators, the sum of the fractions is hoe 
eee 


Example 2. From 73— an eB 7; t ke a2 


Process. L. C. Tesi vt aie ee 
ae (a+x)(a+z) _ + 2an+a? 
2_ az ~ (a2—azx)(a+z) a’ — ax? 
a+2e  (a+2z)a a*+2ar 
a—x (a?—2?)a a'—ax® 
Subtracting the numerator of the second fraction from the 
2 


numerator of the first, the result is ——,- 
a’—az 


EXERCISES 84 
1. to 8. Add the fractions in the preceding set of exercises. 


9. Add 4, 3, &, 3. Ans. 3% 


a aaa 
Ans. a. 


4a ayo oo o> 


LOAdA Sao ts! 6 
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a alk c+b 6a+7co—b 
11. Add — 2y/ we 7 Ans. wie 
5+a 3a—1 
ily. Add ae Sind sey Ans. 6 
138 Addie —— and = Ans, 
mn nr mr 
Ox? — 1 
14. Add ears 2d gop Sete Ans. ee 
2 
ik Tees poe te ey vies 3x2+2a—5a?. 
3a 3 3a 
teuteac oo tale say ier Ane 2 
17. From we Sate take Zap 1. Ans. siete. 
hg pees 2a—b—c  1l5a—4c a—4b 8la—4b 
18. Combine ee 3 + ine ste Ans. re 
19. From Pie sk take jee) Ans. 16-23 
a 6 42 
3 4 i 7x—10 
20. Add=—5 mes and 2?—5e+6 Ans. 2? bee 
ital Pomel 1 1 ab? ~—a—a2b —}b3 
Pal, Combine. — ha ao ane Ans. > ata 5a 
22. Combine : + u : Ans See 
v*—9x+20 ' x?—11x+30 ~"" 22—1027+24 
B50 Combine ae 2 a 
5 oe HECISOC PRED Ye Pe | x? —1 
i 382+2 
Ans. Gaia 
A 1 
24. Combine at ai rane Tey nt 
x—6. 
Ape tLe ee 
26. Combine t= = ns, 2a —2ab — 4b? 


Pplobth dah — Ah (a-+b)2(a—b) | 


MULTIPLICATION AND DIVISION OF FRACTIONS 


245. Multiplication of fractions.—As in arithmetic, the prod- 
uct of two or more fractions is the product of their numerators 
divided by the product of their denominators. 

If we first cancel all factors common to both numerator 
and denominator, the result will be in its lowest terms when 
the multiplying is done. 
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; 4 
Example 1. Multiply by = 


Bo aan ou 25 
Process. 99 “or 9-11 <F13 > TEE 


Here we cancel 7 and 9 in both numerator and denominator. 


Example 2. Multiply 42 by oo 
2 Poe oes at 


= 1 
Process. 42X58= rl = an = 403. 

Example 3. Multipl ap Me, ee ear Saree ol), 
x P 7 . ae rraey, Vy? —Qry ty? My x3 
r—-y cy ie 

Process. daa wey ta ae 
xr—-y y, rt+y yc ety y) _ il 
(ct+y)(a+y) (ey) (@—-y) a x8 


. 246. Division of fractions.—One fraction is divided by 
another by multiplying the reciprocal of the divisor by the 
dividend. 

The reciprocal of a number is 1 divided by that number. 
The reciprocal of a fraction is then the fraction inverted. 


; : :  @ 
Thus, the reciprocal of 4 is 4, of 3 is 3, and of Cis =i 


b 
x?—11lx—26 x?—182+65 
2?—82—18 -” 2?—9x+18° 
—Ilr—26 . x?—182+65 
237-18 © x?—92r4+18 

ela 28 x?—9r+18 (v—18)(@+2) . (e—6)(@—38) 

—dz—18 © x*—187+65 (x—6)(~+3) “*(2—18)(4—5) 

Bee a 3) 2-2-6 
~ (x+3)(n—5) 22-22-15 


Example. Divide 


Process. 
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1. Multiply 27 by <> Ans. sn. 
2. Find product of ness xo Ans. > 
3. Divides aL Eee 13 Ans. 2 
4, Muleply © aa ™ py © 5 Ans. = 
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sa 16222 


7d8 
5. Find product of 7 a 21b2 


Aba? 


1424m3 oe 
6. Divide == O7y8z Y Oyizt 
2a? 112%) 
41b3z°* Baty 
Loe 
~ Bay 3y? 
2ax_ 5a? 
Bby Thy? 
—b? a+b? 
be b+c 
=—1_ ¢+2 
$ pa ay | 
eae 
Ye oe, 
3mx . 
. 4a2b +32. 
se+y , 42, 
20 nee S 
4n Pee . 
* Q2n—-1° n+1 
2a+b . . 8a+2b 
* 8a—2b° 4a+b 
: -o OY? 216? _ 850% 
17. Simplify 7a Aaa Tate 
o—2  2= ey 


18. Simplify © = xE= oh ae. 


“ety ry—y? 
zy by A 2aoy 
—14r-—15 w*—12%—45 


20. Divide ~— ey SEL by z= 62—27 


x?—182r+80 . Tioga) 
hoe so 62 —7 


19. Multiply ~ 


x+5 


21. Simplify ( 

airs 2 et De 
22. Multiply a?+2ab+b? by giachs 
23. Multiply — 


Suggestion. 


(2 Sle oie 


iat, —— 2 
Now multiply o=e by ay 


Ans 


= 


acd? 
wre 
; 33 
205b2y 
_ 20x 
5ay4 
10a3zx 
21b2y3 
—p4 
* Betbc? 
x+l1 
Ans. es 
gmin 


Ans. 


Ans 


Ans. 


Ans. 


Ans 


m2 
* 4a2b 
ox+y 

Ans. 122 
2n?+2n 
Ans. eS 
8a?+Gab-+-b? 

9a2—4b?2 
ed 
4a 


r—1 


Ans 


Ans. 
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2 
24, Multiply ito by a. 


25. Multiply 142% 


ech 
iby oo 
27. Multiply ; —_ elle 

rer yatette 


Simplify the following: 


ay 


26. Multiply 


28. Multiply 


c—xz. 3axr.a?—2x? a+ar 
29. 2 by <c8— a bebe 


ry—y?._, c—-y _8xz., x+y 
30. x x 4 
Bye ay)? 
ey. nye" ae ey 


(x—y)? (e@+y)?* z+a “~~ azy? 


31. 


— iO gt dg tA’ g3—42 43 


Pan Oe Ore 
z?—32—4 aver at xL— As 


x? 2ry ty? yes vary 


x? 
32. = 


33. 


34. 


—5r+6 2?+2r “?—6r4+8. 


a*—a—6 bata? | a* +2a 


Bl aoe i idisid. cola 20, 
x?—x—20 2_y—2 ri z+l1 
ot x? —25 ea es 8 “3? + bx 


sy -y? z—y? 2?—2Qey+y? 


a?+6a—7., ab?+-207b , a'—10a*+9a 


37. 
38. 


39. 


( 
( 
40. (4-=45) es (+5 =26). 
( 
( 


i % , il L ; 
ee + (4-4) 


cia ect) (Eat) 
io Cuore “\e-y xty 


2a-+b a@+a—42° a?—11a+30 


a‘ 
20*—3e--1 | 

‘ 4x2—2 
e+1, 
“a2+3 


Ans. 1. 


wy? 
2xry 


Ans 


Ans 


Ans 


Ans 
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le Nhe coed a) Sri) 
i are Necres 02S Ans. 1 
oh eee een he Se 
AT. (c®—2-+1) (i441) Ans. 24145" 


ah?x - (=) 2x 
ee 


48. Simplify “~~ - —ax(h—2) 5 and get 1p (Bhtx — Gha? +228), 


CHAPTER XXVIII 
EQUATIONS AND FORMULAS 


247. Subject matter.—In previous chapters a number of 
equations were presented for solution. These involved simpli- 
fications of various kinds, but were not what are called frac- 
tional equations; that is, equations in which fractions occur. 
In the present chapter, besides equations like those previously 
considered, will appear fractional equations. 

248. Order of procedure.—The main steps in the solution 
of a simple equation have already been given, but for the sake 
of clearness they are repeated here. 

(1) Simplify the equation; that is, free of signs of growping, 
perform indicated operations of multiplication and division af 
possible, clear of fractions, etc. 

(2) Transpose all the terms containing the unknown to the 
first member and all other terms to the second member. 

(3) Collect terms. 

(4) Divide both members of the equation by the coefficient of 
the unknown. 

(5) Test the results by substituting each in the original equa- 
tion. 

249. Clearing of fractions.—A fraction is an indicated divi- 
sion, and usually a division that cannot be performed. Hence 
when an equation contains fractions, these must be removed by 
some other method than division. 

An equation can be cleared of fractions by multiplying both 
members of the equation by the lowest common denominator of all 
the fractions in the equation. 


aoe x 

Example 1. Solve pte=li—-75 

Solution. (1) Given equation, nt = 17-5 

‘2) Clearing of fractions by multiplying each term by the 
L. C. D., 40, we have, 8x2 +52 = 680-42. 
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(83) Transposing, 82+5r+42 = 680. 
(4) Collecting terms, 17x = 680 
(5) Dividing by coefficient of x, «=40. 

40 , 40 40 


Test, rate 1h io’ of 18= 113%, 


Example 2. In the equation S= 0. bn solve for J. 
H-IR. 
0220) 
(2) Clearing of fractions, 0.220S=E—IR. 
(3) Transposing, IR=E—0.220S 


(4) Dividing by coefficient of J, I As. 


Solution. (1) Given equation, S= 


EXERCISES 86 


Solve the following equations for the unknown letters, and test the 
results. 


ot 110) 
Pee hen. ii ee! 
Gynt 7 alli {eh 18 

3. qa 6 Oo tS Ans. 2. 
My ee tik ANA 

4 Face 40779 Ans. 1 

1 3 

5 att at =2. Ans. 1 
2e+3  2—-1_ 

6. il Herre me: Ans. 4, 

7. ml a wD i so) ane 

3 4 6 

‘ 2(a+1) 3(x+2) o+1 

Solution. 3 Saree ers ae 

Clearing of parentheses, at 2 _Se6 ett 

Clearing of fractions, 8e+-8—9r—18 =2r+42. 

Transposing, 8x —9x —2x = —8+18+42. 

Collecting terms, —3x =12. 

Dividing by coefficient of a z= —4, 

8. pee +1) +2=5(80— —2). Ans. —1$. 
man zx—l 3-2 

9. Rae geet ae Ans. 9. 


10. 4(7+2) =}4(x—8). Ans. —12. 
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ASC 


4 3 3. Ans. —5. 
12. oo2 Sete =o+8. Ane 2h, 
13. (x+1)?+2(¢+3)? =32(4+2) +35. Ans. 2. 
fares ee Area ose 
2 3 4 
[3 act oY A ae 
8 2 
16. z— (s2- =) =1(22 —57) —§. Ans. 5. 
17. §e+0.252 —fx=2—3. Ans. 12. 
0.36 0.09 —0.18 
rine ae Ans. 5. 
19. Given 3ac—5c = 17; solve for ec. Ans. Lie 
3a—5 


20. Given 4abe —5bc +16 =3bc; solve (1) for a, (2) for 6, (3) fore. 
2be—4 b CE ene 
be?) Bomac 2b —ap 
Solution for a. (1) Given equation, 4abe —5bc+16 =3be 
(2) Transposing, 4abe =5bc+3bce — 16. 
(3) Collecting terms, 4abc =8bc—16. 
ree 8bc—16  2be—4 
(4) Dividing by 4bc, a= ae bak Geet 
Solution for b. (5) Transposing, 4abe —5bc —3bc = — 16. 
(6) Collecting terms, (4ac—8c)b = —16. 
wee —16 4 
(7) Dividing by 4ac—8c, b ee pa ae 
21. Given (b—zx)(b+2zx) =b?—2x?—3b+4; solve (1) for b, (2) for z. 


Ans. a= 


4 4—3b 

Ans. b era x eat . 

22. (a+b)2+(a—b)z =a’. Ans. of 

23. 4(a +e) +3(2a+2) +3(8a+2) =3a., PMO Oh 

24. 4(t+b+y)+3(t+b—y) =y, solve for ¢. Ans. —b. 
The following are formulas that occur in physics, electricity, etc. 

26. Given PD =WD),, solve for P. Ans. wat 


2 
26. Given pave » solve for W, g, r, and V. 


Bar, WV 2" W Ve. ior 
Ate a i, Pea ANEW, 


» solve for H, R, r, and n. 


I(R+nr). n(E—Ir),nE—-IR. IR 
; has i eine b= Ir 


; En 
27. Given ot ae 


Ans 
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n 


bie 


A 


or 


: ; E 
Solution for EH. (1) Given equation, ae 
(2) Clearing of fractions, 1R-+-Inr =En. 


I(R 


28. Given (1) [= ii us * what value of 


nH oy 
Roop (2) Ey egies and (3) f= 


will make (1), (2), and (3) identical? Solve for 7 in (2) and (3). 


at 1 IR Ir 
ASE = [pt ae 
29. Given ¢= ote solve for each letter in terms of the others. 
Bee eee | ie J 
INOS, jij pie baat = =f 
Solution for p. (1) Given equation, j pate 
(2) Multiplying by L. C. D., fpg, pq=fq-+fp. 
(3) Transposing, pqy—fp =/9. 
(4) Collecting terms, (q—f)p=f¢. 
Se an6 fa 
5) Dividing b —f), 
(5) Dividing by (q—f) Tew are 


30. It 5 “+5 sty solve for k: and find the value of k if a=19,000, 


90,000, and 1=3180. Ans 


abl 
 ab-tal-bep -o2™ 


31. Given 2 2% solve for r. Ans. r= 
‘Dp din © heey 
E 
R+o 
n 


83 a Given nie Ret, find a 


Ti+T2 
: rl 
82. Given H=RI+ 


ang Ss 
nom 
C 34. Given R,=R.(1+at), solve for Ro, a, and t 
in terms of the other quantities, 


Re, Re—Ro, Re-Ry 


Veo diay fis 
aa ‘ i-+at). Rd ? ie 


35. Given R=radius of a circle, h=height of 
a segment, and W= length of the, chord. If W 
and h are known, find R. (See Art. 120.) 
Solution. In the figure, AB is the chord, DC 
is the height, and AO is the radius. ADO is a 
Fic. 200. right triangle. Hence, 
AO*—DO?= AD? 


R?~(B—h)?= (5) Ss 
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een iit yinie R?—(R?—2hR-+h?) = (5) es 

intone R?—R?42hR—h?= (5) a 
Transposing and collecting, 2hR = (5) "he. 
“as 
ja) 

ih 2h 


36. When a bar is balanced on a support F which is at a distance a 
from one end and b from the other, with weights m and n suspended 
from either end, we have found (see Art. 68) that m:n=b:a. This gives 
the equation, am=bn. A lever 10 ft. in length has a weight of 1000 Ib. on 
one end. Where must the support be placed so that a weight of 250 lb. 
at the other end will make it balance? Disregard the weight of the lever. 


<a Leh ead 


Fie. 201. 


Solution. Let d=the distance from support to heavier weight, 
Then 10—d=distance from support to lighter weight. 


By proportion, 250: 1000 =d:10—d. 
“. 2500 —250d = 1000d. 
Transposing, — 250d —1000d = —2500. 
Collecting terms, —1250d = —2500. 
Dividing, d=2=number of feet from the 


1000-Ib. weight to the support. 

The weight at one end of the lever in Fig. 201 has a tendency to pull 
that end down, that is, it tends to make the lever turn about the fulerum 
in that direction. The amount of this turning effect is known as a 
moment, and is the product of the weight by the length of its lever arm. 
Thus am is the moment of the weight m acting on the lever arm of 
length a. 

Two moments that tend to turn in opposite directions balance each 
other, when they are equal. Two such moments put equal to each other give 
the equation used in solving a problem in levers. 

37. If a lever 16 ft. long is supported at a point 18 in. from one end, 
how heavy a weight can a man weighing 150 lb. on the long part of the 
lever balance? Disregard the weight of the lever. Ans. 1450 lb. 

38. Two men are carrying a load, weighing 350 lb., on a pole 10 ft. 
long. Find the weight carried by each if the weight is 4 ft. from one end 
of the pole. Disregard the weight of pole. Ans. 210 Ib. and 140 lb. 

39. Place a fulcrum under a lever 12 ft, long so that a force of 150 Ib. 
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st one end will balance a weight of 1750 lb. at the other end, if the lever 
weighs 10 lb. per foot. Ans. Nearly 1 ft. 3 in. from the weight. 
When the weight of the lever is taken into consideration, the moment 
of each arm of the lever is the weight of that arm multiplied by half the 
length of the arm. Thus, in exercise 39: 
Let x =the length of the short arm in feet. 
Then 12—x =the length of the long arm in feet. 
1750z =moment due to weight. 
150(12 —x) =moment due to force. 
3x°102 =moment due to short arm: 
2(12 —x):10(12 —x) =moment due to long arm. 
The sum of the moments on one arm is equal to the sum on the other 
arm if the lever is in balance. Then the equation is 


1750z +52? = 150(12 —2x) +5(12 —2)?. 


r< : 44”. . >| 


Fia. 202. 


40. In the arrangement of levers for a platform seale shown in Fig. 
202, find the lengths of the arms of the lever resting on Fy so thata weight 
of 1 lb. at P will balance a load of 1000 lb. at W. 

Ans. 4 in. and 40 in. 

In the following exercises, the numbers in the brackets are the numbers 
of the formulas as given in previous chapters, where their meaning can 
be found. 


41. [30] A=2hw. Solve for w. Ans. w= a6 
42. [60] V=2n’tr?, Solve for R. Vrreese ®, 
Pad 


43. [46] V =rk*h—nxr*h. Solve for r? and then for r. 
Ae rhth—V_ Nie V 
or es awh 


T 


44. A hollow cylindrical cast-iron pillar 12 ft. high and 10 in. in outside 
diameter is to weigh 1200 lb. Find the diameter of the hollow. 
INOS, P(t thay 
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Suggestion. Use the answer of exercise 43, and take cast iron at 450 lb, 
pr cubic foot. 


45. [47] S=ips. Solve for s. Ans. =. 
46. [48] 7 =}ps+A. Solve for p. Ane ee 
AT. [49] S=3(P-+p)s. Solve for-p. ape = 
48. [50] T=3(P+p)st+Bt+b. Solve for s. Ans. 2(T —B—b), 
Parp 
49, [501 V=4xr’. Solve for r. Anan ae 
2 
50. Given F= oe , solve for x. Ansuee a ; 
51. Given H= (P— Pa , solve for 2. Ans SEE. 
Ci 
a Ul , 
52. Given C=K—— sa er solve for r’. Ans. Kra0 


-63. Given Q=K (a= , solve for f; and a. 
aKt.T —dQ. dQ 


aKT *? KT(t—t) 


—t)aT 
d 


Ans. 


54. Given piv: = Dov (1 +543) solve for f. 


273 (pwe— Povo). 
Povo 


Ans. 


65. Given H = 


bay +0.004t), solve for t. 


H(b1 +b») —1,600,000(b1 — be) 
6400(b1 — bz) 
56. Find the side of a square room such that if its length and width 
are increased by 3 ft., the area is increased by 81 sq. ft. Ans. 12 ft. 
57. Find the side of a square field such that if each dimension is de- 
ereased by 10 rods, the field will contain 400 sq. rd. less. Ans. 25 rd. 
58. A rectangle is 3 times aslong asitis wide. If the width is increased 
by 4 in. and the length decreased by 5 in., the area is increased by 15 in.? 
Find the dimensions of the rectangle. Ans. 5 in. by 15 in. 
59. The difference between the base and the altitude of a triangle is 
6 in. and their sum is 36 in. Find the area of the triangle. 
Ans. 157% in.? 
60. The altitude of a triangle is 7 in. longer than the base. If the 
altitude is decreased by 4 in. and the base increased by 6 in., the area is 
increased by 25in.? Find the altitude and base. 
Ans. 23 in. and 16 in. 
61. Find the number such that we can take $ of it away and still have 
€ of 320. Ans. 576. 
62. From what price can I deduct 333% on goods which cost $3.20 
per yard, and still make 20%? Ans. $5.76. 


noe 


Ans 
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63. Find the principal that invested for 43 years at 34% per annum! 
will give an amount of $694.50. Ans. $600. 


Solution. Let p =number of dollars in principal. 
Then p X0.033 X43 =0.1575p =number of dollars in interest, 
and p+0.1575p =number of dollars in amount. 
”. p+0.1575p =694.50. 
1.1575p =694.50 


p =600. 
64. Find the rate in order that an investment of $820 will amount to 
$912.25 in 3 yr. 9 mo. Ans. 3%. 


65. The sum of $1100 is invested, part at 5% and part at 6% per 
annum. If the total annual income is $59, how much is invested at 
each rate? Ans. $700 and $400. 


Suggestion. Let x =the number of dollars invested at 5%, 
then 1100 —z =number of dollars invested at 6%. 
.. 0.052 +0.06(1100 —x) =59. 
66. The interest on $120 for a certain time at 6% is $16.56. Find 


the time. Ans. 2 yr. 3 mo. 18 da. 
67. The interest on $584 for 2 yr. 8 mo. 7 da. at a certain rate per cent 
is $94.1215. Find the rate per cent. Ans. 6%. 


68. A man saves $50 more than + of his income, spends 3 times as 
much for living expenses as he saves, and spends the remainder which 
is $600 for rent. Find his income. Ans. $2400. 

69. If air is a mixture of 4 parts nitrogen to 1 part of oxygen, how many 
cubic feet of each are there in a room 40 ft. by 30 ft. and 12 ft. high? 

Ans. 11,520; 2880. 

Suggestion. Let «=the number of cubic feet of oxygen in the room. 
Then 4x =the number of cubic feet of nitrogen in the room. 

70. A room is 75 as wide as it islong. If the length were decreased by 
3 ft. and the width increased by 8 ft., the room would be square. Find 


the dimensions of the room. Ans. 20 ft. by 14 ft. 
71. A room is $ as long as it is wide, and its perimeter is 70 ft. Find 
the area of the room. Ans. 300 ft.? 


72. A man made a journey of 560 miles, part at the rate of 40 miles 
per hour and part at 50 miles per hour. If it took him 13 hours, how 
far did he go at each rate? Ans. 360 mi.; 200 mi. 

73. A tree 189 ft. tall was broken into two pieces by falling. If 
3 the length of the longer piece equals 3 the length of the shorter piece, 
how long is each piece? Ans. 1007, ft.; 8846 ft. 

74. Sirloin steak costs 14 times as much as round steak. Find the 
cost of each per pound if 3 Ib. of sirloin and 5 lb. of round cost $2.28? 

Ans. 36 cents; 24 cents. 

75. If 2 lb. of butter cost as much as 5 lb. of lard, and 43 Ib. of lard and 

6 lb. of butter cost $5.46, find the cost of each per pound. 


Ans. 70 cents; 28 cents. 
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250. Thermometers.—Two kinds of thermometers are in 
eommon use. The Fahrenheit, which is used for common 
purposes, has the freezing point marked 32°, and the boiling 
point marked 212°. The centigrade, which is used for all 
scientific purposes, has the freezing 
point marked 0° and the boiling 
point marked 100°. 

It is seen then that on the Fahren- ,,¢ 212 F = 100°C 
heit scale there are 212°—32°=180° ra iod 
between the freezing point and the 
boiling point; while on the centi- 
grade scale there are 100° in the same 
space. Hence 180° of the Fahren- 
heit scale=100° of the centigrade 
scale. These relations are shown in 
Fig. 203. 


EXERCISES 87 


1. If F stands for the number of degrees 
on the Fahrenheit scale and C for the 


number of degrees on the centigrade scale, . pret 
find that : FREEZING 
(1) C=§(F —32), 
(2) F=2C+82. 


2. A temperature of 176° Fahrenheit is 
what temperature centigrade? [Use (1) of 
exercise 1.] Ans. 80°. 

3. A reading of 24° centigrade is how 
many degrees Fahrenheit? 


Ans. 75%°. 
4. Given that the following metals melt Tia. 208. 
at the given temperatures in Fahrenheit 
scale, find the melting point of each in the centigrade scale: Wrought 
iron, 2822°; steel, 2462°; cast iron, 2210°; silver, 1832°; lead, 620°; tin, 
475°. 
Ans. Wrought iron, 1550°; steel, 1350°; cast iron, 1210°; silver, 1000°; 
lead, 3262°; tin, 246°. 
5. 60° below 0° Fahrenheit is what on the centigrade scale? 
Ans. 514° below 0°. 
6. At what temperature are the readings on the two thermometers 
the same? Ans. 40° below 0°. 
Solution. Let z=the reading on each thermometer scale. Then by 
the formulas of exercise 1, 
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5 (a --82) =$2+82. 
25x —800 =81z2+1440. 
252 —81xr = 1440+800. 

— 562 =2240. 
a= —40. 


.. the reading is the same when temperature is —40°. 

7. With the oxyacetylene process of welding, the temperature of the 
flame is sometimes over 6000° Fahrenheit. What is this on the centi- 
grade scale? Ans. Over 3315°. 

251. Horse-power.—The term horse-power was first used 
by James Watt, the inventor of the steam engine. He ascer- 
tained that a London draught horse was capable of doing work, 
for a short time, equivalent to lifting 33,000 lb. 1 ft. high in 
1 minute. This value was used by Watt in expressing the 
power of his engines, and has since been universally adopted 
in mechanics. 

The expression foot-pounds is used to denote the unit of work. 
It is equivalent to a force of 1 lb. acting through a distance of 1 ft., 
or a force of 3 lb. acting through a distance of 2 ft., or #5 lb. 
through a distance of 10 ft., etc. Horse-power is the measure 
of the rate at which work is performed. One horse-power is 
equivalent to 33,000 Ib. lifted 1 ft. in 1 minute, or 1 lb. lifted 
550 ft. in 1 second. We say then that one horse-power equals 
33,000 foot-pounds per minute, or 550 foot-pounds per second. 

Therefore, the horse-power of any machine can be found by 
dividing the number of foot-pounds of work done in 1 minute 
by 33,000, or 
Number of foot-pounds of work per minute 

33,000 

In electric-power machines where the watt is used, since 746 
watts equal 1 horse-power, we have 
volts X amperes. 

746 


Horse-power = 


Horse-power = 


EXERCISES 88 
1. What horse-power is necessary to raise a block of stone, weighing 
3 tons, to the top of a wall 40 ft. high in 2 minutes? 
Solution. The number of foot-pounds per minute is 
6000 x 40 
2 
_ 6000 X40 | 
"~~ 3X33,000 — 


and hence the 


dy; Ans. 
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2. What horse-power is required to life an elevator, weighing 4 tons, 
to the top of a building 240 ft. high in 13 minutes? 
Ans. 39h. p. nearly. 
3. What horse-power is required to pump 30,000 barrels of water per 
hour to a height of 45 ft.? (Use 1 bbl. =4.211 cu. ft.) 
Ans. 179.4+ h. p. 
4. The following formula gives the horse-power of a steam engine: 


_ PLAN 
~ 33,000’ 
where H =indicated horse-power, 
P =mean effective pressure of the steam in pounds per square inch, 
L=length of stroke in feet, 
A =area of piston in square inches, and 
N =number of strokes of piston (twice the number of revolutions) 
per minute. 
Solve the formula for each of the letters P, L, A, and N in terms of 
the others. 


33,000H. , 33,000H. , 33,000H, ,, _33,000H 
OE = CLARION SPAN sci PLNiwaey EAA Ss 
Remark. It is to be noticed that the formula H mean has, in the 


numerator, an expression for the number of foot-pounds per minute. 
To see this, note that PA is the pressure on the piston in pounds. This 
times L, or PLA, is the foot-pounds for one stroke of the piston. Finally, 
multiplying this by the number of strokes per minute, N, gives PLAN, 
the number of foot-pounds per minute. 

5. What horse-power will a steam engine with a cylinder 4 in. in diam- 
eter and a stroke of 6 in. develop at 300 R. P. M. of the crank, if the mean 


effective pressure is 95 lb.? Ans. 10.85+ h. p. 
Suggestion. Express in form of cancellation, 
H 440.7854 x95 x1 600 
¥ 33,000 x 2 


cancel what you can and compute by slide rule if you wish. 

6. Find the horse-power of an engine with a cylinder 10 in. in diameter, 
a stroke of 30 in., the crank making 96 R. P. M., and the mean effective 
pressure 120 lb. Ans. 137+ h. p. 

7. Find the diameter of a cylinder to develop 95 h. p. with a stroke 
of 34 in., the crank making 110 R. P. M., the boiler pressure being 80 
Ib., and the mean effective pressure 65% of the boiler pressure. 

Ans. 11.1—in. 

Suggestion. Find the area of the piston by the formula of exercise 4, 
and then the diameter by [27]. 

8. An engine is required to develop 50 h. p. with an average effective 
pressure of 46 lb. on a piston 13 in. in diameter, and a crank shaft speed 
of 100 R. P. M. Find the length of the stroke. 

Ans. 1.851+ Thi, Cie WN sae, 43; in. 
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9. Find the mean effective pressure on the piston of a steam engine 
with a cylinder 12 in. in diameter and a piston stroke of 18 in., if the num- 
ber of revolutions is 110 per minute and developed horse-power 40. 

Ans. 35.37 —lb. per square inch. 

10. In gas engines it is not easy to determine the mean effective pres- 


sure, so the formula H = Fr cannot well be used. As a result of 


, ‘ : 3 DN . 
experiments with engines used in automobiles, the formula H =o 5 18 


often used. Here D is the diameter of the cylinders in inches, and N is 

the number of cylinders. Find H,if D=4$in.and N=6. Ans. 54.15. 
11. In “Locomotive Data’ of the Baldwin Locomotive Works, the 

following formula is given for the tractive power of a locomotive: 


C?2SP 


— ’ 


D 
where C =diameter of cylinders in inches, 
S =stroke of piston in inches , 
P=mean effective pressure in pounds per square inch=85% of 
boiler pressure, 
D=diameter of driving wheels in inches, and 
T =tractive power in pounds. 
Solve for each of the letters C, S, P, and D in terms of the others. 


EB Tie DT p DT C2SP. 
Ans. C= } =p P = cag: D= T 


12. Use the formula of exercise 11 oe find T when C=16 in., S=22 
in., and D=64 in., if the boiler pressure is 160 lb. per square inch. 
Ans. 11,968 lb. 
13. To find the pressure on a lathe tool in turning steel multiply the 
area in square inches of a section of the chip cut by 230,000. In cutting 
cast iron use 168,000. 
What horse-power does it take to turn a 6-in. steel axle making 30 
R. P. M., if the cut is yy in. deep with a feed of j in.? 
Ans. 1.3 nearly. 
14. The power that is transmitted by a belt depends upon the pull of 
the belt and the rate at which it travels. The power may be given as a 
number of foot-pounds per minute or may be given as horse-power. 
Different makers of belts and writers on the subject give different values 
as the working strength for belts. The allowed pull for single belts is from 
30 to 60 lb. per inch of width of belt. For double belts it is from 60 to 
100 lb. per inch of width. 
Show that the following formula gives the horse-power transmitted by 
a belt: 


FWS 
H = 33 000" 
where H =horse-power, 
F =pull in pounds per inch of width, 
W =width in inches, 


S =speed of belt in feet per minute. 
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Solve for each letter involved in the formula. 

15. Find the horse-power that can be transmitted by a belt 14 in. 
wide, if the pull allowed per inch of width is 90 Ib. and the speed is 5000 
ft. per minute. Ans. 19042. 

16. Find the horse-power transmitted by a single belt 6 in. wide, 
running over a pulley 16 in. in diameter, and making 350 R. P. M., if the 
pull of the belt is 45 lb, per inch of width. Allow 2% for slipping. 

Ans. 11.75. 

17. If a single belt 6 in. wide transmits 7 horse-power, find its speed 
per minute, allowing 35 lb. pull per inch of width. 

Ans. 1100 ft. per minute. 

18. Find the horse-power transmitted by a 10-in. double belt, run- 
ning over a 36-in. pulley, making 420 R. P. M. Use a pull of 75 lb. 
per inch of width. Ans. 89.96. 

19. Assuming a tension of 50 lb. per inch of width for a single belt, 
and using D for diameter of pulley in inches, W for width of belt in inches, 
R for the number of revolutions per minute, and H for the horse-power 
transmitted, then 


Use 7 =*? and derive this formula. Solve for W, D, and R in terms of 
the other letters. 

Remark. In the above formula it is assumed that the pulleys are prac- 
tically of the same size so that the arc of contact is 180°. If the pulleys 
differ in diameter the arc of contact of the belt on the smaller pulley should 
be found and the following table used in finding the horse-power that can 
be transmitted. 


If angle of con- 
CACUIS: eae 90° | 100°} 110° | 120° | 130° | 140° | 150° | 160° | 170° 


Multiply by....| 0.65] 0.70} 0.75] 0.79} 0.83] 0.87] 0.91] 0.94] 0.97 


20. Using the notation of the preceding exercise and 80 lb. for the 
tension per inch of width for double belts, 


Derive this formula if t=#*. Solve for D, R, and W in terms of the 
other letters. 

21. Find the width of a single belt to transmit 3 horse-power when 
running over a pulley 15 in. in diameter, making 220R. P.M. Allowa 
pull of 50 lb. per inch of width. Ans. 2.3 in. 

22. Find the number of R. P. M. a pulley 4 ft. in diameter must make 
that transmits 120 horse-power through a double belt 10 in. wide, having 
a pull of 80 lb. per inch of width, Ans, 393}. 
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23. How much work is done in lifting 150 lb. from a mine 1100 ft. 
deep? How many horse-power would it take to lift this weight from the 
mine in 14 minutes? Ans. 34 horse-power. 


252. Relation of resistance, electro-motive force, and 
current.—Resistance, #, is measured in ohms; voltage or elec- 
tro-motive force, EK. M. F. or EH, in volts; and current, J, in 
amperes. ‘The law connecting these is stated as follows: 


volts E 
Amperes = hanson I =a. 


This law is Ohm’s Law, and is the fundamental law for 
electrical work. It is an algebraic equation, and any one of the 
numbers can be found if the other two are given. 

Exercises 27, 28, 32, and 33, pages 305 and 306, are forms of 
this equation. 


EXERCISES 89 


1. Solve the equation 1=% for EH and R. Ages) A ne Raz. 
2. In a certain circuit the voltage is measured and found to be 1.5 
volts. If the total resistance is 12 ohms, what is the current in amperes? 
Ans. 0.125 ampere. 
3. Find the number of amperes of current sent through a circuit of 
20 ohms resistance by one Daniell’s cell which has an E. M. F. of 1.03 
volts. Ans. 0.0515. 
4. Find the strength of current from 50 Daniell’s cells united in series, 
assuming the E. M. F. of each cell to be 1.03 volts, the resistance within 
each cell 0.3 ohm, and the external resistance 25 ohms. 
Ans. 1.2875 amperes. 
Remark. 'The student not familiar with the meaning of “cells united 
in series” can note the fact that 50 cells in series have 50 times the 
KE. M. F. of a single cell, and the resistance within the cells is 50 times 
that of one cell. The formula of exercise 27, page 305, can be used. 


5. An electric bell has a resistance of 450 ohms and will not ring with a 
current of less than 0.06 ampere. Neglecting battery and line resistance, 
what is the smallest E. M. F. that will ring the bell? Ans. 27 volts. 

6. If an electric car heater is supplied with 500 volts from the trolley, 
how great must its resistance be so that the current may not exceed 
2.5 amperes? Ans. 200 ohms. 

7. A certain wire has a resistance of 1 ohm for every 30 ft. of its length. 
What must be the E. M. F. in order that a current of 0.4 ampere may 
flow through 1 mile of the wire? Ans. 70.4 volts. 
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253. Resistance of conductors.—Consider the formula, 
k= a4 
a 

where F is resistance in ohms, J the length of the conductor in 
some unit, a the area of the cross section of the conductor in 
some unit, and k a constant value depending upon the material 
in the conductor and upon the units of length and cross section 
used. This formula is the fundamental formula in wiring 
calculations. 

In engineering practice, the length 1 is taken in feet; the 
area @ is taken in c7rcular mils, which equals the square of the 
diameter in thousandths of an inch when the conductor is 
circular (see Art. 132); and k is the resistance in ohms of 1 ft. 
length of the conductor having a cross section of one circular mil. 
That is, k is the mail-foot resistance of the conductor. The 
formula can then be written 


R= ah. 

If then it is required to find the resistance of any length of 
any size wire of any material, it is only necessary to know the 
mil-foot resistance for the material, and substitute the values 
in the formula. 

The following table gives the mil-foot resistances for the 
materials named at zero degrees centigrade: 


PMEGcaWhayElsele. gece Ba 5 agro ee ean Fee 17.5 ohms. 
Copper (commercial). 0.2... ....0 00: 9.6 ohms. 
(Gemmanstly Crea sane 6 alert cori, Ade 125.7 ohms. 
Irony (DUTe) a mraws a nee aera heehee 58.3 ohms. 
Iron (telegraph wire)...............-: 90.0 ohms. 
Platinum: etd ene hes Does ak has clan 54.3 ohms. 
SIUVEr MAE ee ah etacintee 9.1 ohms. 
VASO Ome Ue A ah OnE te eRe Ro ee 33.8 ohms. 


Example 1. What is the resistance of 2 miles of No. 12, 
B. and 8. gage commercial copper wire? 
Solution. No. 12, B. and 8. gage has an area of 6530 C. M. 


2 miles =2>5280 ft. 


- p_2X5280X9.6 _ 
Oy (eS 7 Tne 15.5 ohms.. Ans. 
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If it is required to determine the size of wire of a given length 
to have a given resistance, the formula is solved for d?. This 


gives d?= - 


Example 2. Find the B.and 8. gage of pure iron wire to have 
a resistance of 3 ohms per mile. 
Solution. Substituting in the formula, 
5280 X 58.3 


d= sama Nea 102,608 C. M. 


d=-~+/ 102,608 =320.3 mils = 0.3203 in. 

The nearest to this size is No. 0, B. and 8. which is 0.3249 in. 
jn diameter. 

If it is required to find the length of wire of a given size to 
have a given resistance, the formula is solved for /. This gives 
Ra 

k 

Example 3. Find the length of a No. 20, B.and 8. gage silver 
wire to have a resistance of 5 ohms. 

Solution. No. 20, B. and 8. has an area of 1022 C. M. 


ae p= 2 = 561.5 ft. nearly. Ans. 


EXERCISES 90 
1. Find the resistance of 340 ft. of No. 25, B. and S. gage German 


silver wire. Ans. 133.4— ohms. 
2. Find the resistance of 20 miles of trolley wire, made of commercial 
copper, and No. 00, B. and S. Ans. 7.6-+- ohms. 


8. Find the resistance of 10 miles of the “third rail’? conductor on an 
elevated railroad. The ‘third rail”’ is iron and has a cross section of 


5.88 in.? Ans. 0.63 ohm nearly. 
4, Find the resistance of 500 turns of No. 30, B. and S. gage silver 
wire, about a core ? in. in diameter. Ans. 8.69+ ohms, 
5. Find the B. and S. gage of commercial copper wire to give a resist- 
ance of 40 ohms per mile. Ans. No. 19 nearly. 
6. Find the length of No. 16, B. and S. gage commercial copper wire to 
have a resistance of 20 ohms. Ans. 5881 ft. 


7. The resistance of a certain commercial copper wire, 1 ft. long and 
1C. M. in cross section, is 10.79 ohms. A wire, 525 ft. long, has a cross 
section of 4117 C, M.; what is its resistance? Ans. 1.376 ohms. 


CHAPTER XXIX 


EQUATIONS WITH MORE THAN ONE 
UNKNOWN 


254. In previous chapters the equations solved have in- 
volved only one unknown letter. In the present chapter will 
be considered equations involving more than one unknown 
letter. These letters will occur to the first power only, or if 
squared, will be such as are easily handled. 

255. Indeterminate equations.—If we have the equation 
x—y=2, and try to solve it for the unknown numbers z and y, 
it is evident that we can get numerous pairs of values for these 
numbers. 

Thus, c=3 and y=1 is a pair of values that satisfy the equation; so 
are c=4 and y=2; x=5 and y=3; x=10 and y=8. 

Such an equation is called an indeterminate equation. 


Find pairs of values that satisfy the following: 


1. c+y=10. 2. x—y=16. 3. 27+y=20. 
4, 3x+2y=40. 5. 7x-—8y=27. 6. 3x—8y=16. 
7. 64—2y=-—2. 8. 4x—8y=—10. 


256. Simultaneous equations.—Take the two indeterminate 
equations 
(1) x—y=2, and 
(2) «+y=12. 


Pairs of values that satisfy (1) are r=3, y=1; +=4, y=2; 
x=5, y=3; x=6, y=4; x=7, y=5; etc. Pairs of values that 
satisfy (2) are x=2, y=10; x=3, y=9; r=6, y=6; z=7, 
y=5;7=8, y=4; ete. 

It is noticed that the pair of values, x=7 and y=5, is found 
in both sets of values; that is, these values satisfy both equa- 
tions. Such aset of two equations satisfied by a pair of 
values for the unknown is called a system of simultaneous 
equations. 
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If, as in the system just considered, there is only one pair 
of values that satisfy both equations, the equations are called 
independent. 

If the equations are as in the set e+2y=7 and 3z+6y=15, 
where there is no pair of values alike for both, the equations 
are called inconsistent. 

If the equations are as in the set 2x-++-y=10 and 6r=30—3y, 
where every pair that satisfies one will satisfy the other, the 
equations are called equivalent. 

257. Solution of independent equations.—It is evidently 
not convenient to finda pair of values that will satisfy two inde- 
pendent equations, by writing down pairs of values for each 
equation, and then selecting the pair which is the same in each. 
It remains then to devise a way that is shorter. 

The different methods of solution that have been devised 
are alike in that an equation is obtained that has only one 
unknown. Wesay then that one unknown has been eliminated. 
There are three ways of eliminating an unknown. ‘They are: 

(1) Elimination by adding or subtracting. 

(2) Hlimination by substitution. 

(8) Elimination by comparison. 

258. Elimination by adding or subtracting.— 

Example 1. Solve x—y=2 and x+y=12 for a and y. 

Solution. (1) «—y=2. 

(2) ety=12. 
Add equations (1) and (2), first member to first member and 
second member to second member, and we have 
(8) 2a=14. 
.. (4) 2=7. 
Substituting this value of x in (1) gives 
(5) 7-—y=2. 
“. (6) y=5. 
Hence the pair of values that will satisfy both equations is 
e=7andy=65. 
Example 2. Solve 80+2y=21 and 7x—5y = 20 for x and y. 
Solution. (1) 8a+2y=21. 
(2) 7a—5y = 20. 
Multiplying (1) by 7 gives (3) 21xz+14y=147. 
Multiplying (2) by 3 gives (4) 2la—15y=60. 
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Subtracting (4) from (8) = (5) 29y=87. 


nem) y=3. 
Substituting in (1) gives (7) 32+6=21. 
Sey es S216. 
(9) 3e=15. 
(10) ee 5. 


Hence «=5 and y=3 are the required values. 

This way of eliminating one of the unknown numbers is 
called elimination by adding or subtracting. The following 
rule may be given for the process: 

Rute. (1) Multiply each equation, if necessary, by such a 
number as will make the absolute values of the coefficients of one 
of the unknown numbers the same in both of the resulting equations. 

(2) Add or subtract the corresponding members of the resulting 
equations so as to eliminate the unknown number having coefficients 
equal in absolute value. 

It should be noticed that we add when the coefficients are 
of opposite signs, and subtract when they are of like signs. 

259. Elimination by substitution.—The elimination can often 
be performed more easily by using amethod called substitution. 
Consider the following system of equations: 

y =42—7x and 3x—y=8. 

Solution. (1) y=42—7z. 

(2) 3a—y=8. 
Substituting the value of y from (1) into (2) gives 
(3) 32—(42—72x) =8. 
(4) 30—42+72=8. 
(5) 370+72 =42+8. 


(6) 10x = 50. 
(7) xr=5, 
Substituting in (1) gives (8) y=42—35. 
re NOT, 


Hence «=5 and y=7 are the values. 

This method of eliminating is called elimination by sub- 
stitution, and can generally be used to good advantage when 
one equation is much simpler in form than the other. The 
following rule may be given for the process: 

Rue. Solve one of the equations for the value ef one of the 
unknown numbers, and substitute this value in place of that 

a1 
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number in the other equation. This will give an equation with 
but one unknown number. 

260. Elimination by comparison.— 

Example. Solve x+4y=21 and 3x—y=11. 

Solution. (1) #+4y=21. 


(Qian 
Solving (1) for x gives (3) c=21—4y. 
Solving (2) for 2 gives (4) atte 
By axiom (5), equations (3) and (4) give 
MG Re! 
(5) 21—4y=—4. 


Clearing of fractions, (6) 68—12y=11+y. 
(7) —12y—y=11—68. 


(Oy See 
(9) y =A, 

Substituting in (8) gives (10) x=21—16. 
(11) Z=5. 


Hence «=5 and y=4 are the values. 

This method of elimination is called elimination by com- 
parison. The following rule may be given for the process: 

Rute. Solve each of the equations for the value of one of the 
unknowns, and equate these values. This forms an equation 
having but one unknown. 

261. Suggestions.—Any method of elimination may be 
used. Usually one of the methods is shorter than the others. 
Elimination by adding or subtracting can usually be used to 
the best advantage. 

Free the equations of signs of grouping before eliminating. 
Usually clear of fractions before eliminating. 

Much practice and dealing with examples will help one to 
determine what method to use. 
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In exercises 1 to 10 eliminate in each by all three methods. 


1. c+y=8 and r—y=2., Ans. =5, y=3. 
2. 2a+y=10 and 2+2y=11. Ans. 2=3,y=4: 
3. 4x —3y =8 and 27+y=14. Ans. x=5, y=4. 
4. 3x4+2y =26 and 54—2y =38. Ans. 2=8, y=1. 
5. 7x+y =42 and 3r—y=8. Ans. ©=5, y=7. 
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6. 82+6y=10 and 54+2y=1. Anis. 2—— li ayi—3- 
7. 7e—9y =13 and 54+2y =10. Ans. c=185, y=e5 
8. 32+5y=8 and 2x—3y =12. Ans. «=4;5, y= —2$. 
Solution. (1) 3x+5y=8. 
(2) 22 —3y =12. 


Multiplying (1) by 2 gives (3) 6x-+10y = 16. 
Multiplying (2) by 3 gives (4) 6x —9y =36. 
Subtracting (4) from (3) gives (5) 19y = —20. 


20 


«“- Y=~—is- 
Substituting in (1), 2=4,%. 
9. 52+6y =17 and 6r+5y = 16. VATS — lal 
10. x—1ly=1 and 11ly—9z=99. INS = NO, Bp 


In exercises 11 to 14 draw the graphs of the equations, determine 
values from these, and solve equations by some method of elimination. 


(See Chapter XXXII.) 


11. e+y=17 and rz—y=7. Asi 1 25a) — oy 
12. 324+4y =24 and 5r4—6y =2. TAS eA ite 
13. 5¢+9y =28 and 7z+3y =20. ING SPX SP. 
14. 54—2y =1, and 4r+5y =47. ANNs: G3, = te 


Solve the following by some method of elimination: 
z+1_ y+2 aty yt? 
13. eae oe gf 
16. (y+1)(x+5) =(y+5)(a+1) and ry+y+a =(y+2)(4+2) 
Ans. c= —2, y=—2. 


PANIES ct =] i 


arb ol ny steal a a 
ae hear Weer and Bit. © Ans. a=1, = Ale 
18. 24% —5 and a—b=4. Ans. a=10, b=6. 

m+1 3m—5 n+1_ n—m 3 “ 
19. iO: aaa and 10 cies Ans. m=3, n=19, 

Pe Nev P I Pip Nib BS > 
20. Sateen O and Bt > oul =0. Ans. «=5, y=2. 

ss Hs ia ine = = 15, 
21. 5-5 4 and 7+75 3. Ans, 7=14, y=15 

ony 1 Cer S a-re dso" 
a Gb ab Bae ¢ decd ARS s ad-+-be y ad-+be 

ase, 
Solution. (1) una 
Fi 
aoa 
Clearing of fractions, (3) be+ay=1. 
(4) dx —cy =1. 


Multiplying (3) by c, (5) bex+-acy =c. 
Multiplying (4) by a, (6) adx —acy =a. 
Adding (5) and (6), (7) (ad+-bc)x=a-+e. 


Re fi ate. 
ee 1cC he 
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Here it is best to solve for y by eliminating x rather than to substitute 
the value of y in (1) or (2). 

23. The sum of two numbers is 15 and their difference is 1. What are 
the numbers? Ans. 7 and 8. 

24. Three times one number plus four times another number is ten, 
and four times the first plus the second is nine. What are the two 
numbers? Ans. 2 and 1. 

25. What is the fraction which equals 1 when 1 is added to the 


numerator, but equals } when 1 is added to the denominator? 


Ans. ib. 
26. Given S i and 7 =1" eliminate N and find the value of T 
in terms of the remaining letters. Anse — ae 


Suggestion. Solve each equation for N and eliminate by comparison. 
27. The formulas of exercise 26 are used in lathe work. In these 
formulas, 7’ is the time in minutes; S is the cutting speed in feet per 
minute; D is the diameter of the work in inches; N is the number of 
revolutions per minute; L is the length of the part to be turned in inches; 
F is the feed and is expressed as the numbers of turns to give a sidewise 
movement of lin. Thus, a feed of 16 means 
that each cut is 4; in. wide. Find the time to 
turn a piece 3 in. in diameter and 2 ft. long, 
if the feed is 20 and the cutting speed 15 ft. 
per minute. Ans. 25.13-++ min. 
28. In locating and boring holes in a drill 
jig, it is necessary to find the diameters of 
three circular disks tangent two and two, 
whose centers are at distances of 0.765 in., 
0.710 in., and 0.850 in. Find the diameters 
of the three circles. 
Fia. 204. Solution. The disks are placed as shown 
in Fig. 204. 
Let x, y, and z=the radii of the circles centered at A, B, and C respec- 
tively. 
Then (1) e+y=0.850. 
(2) <+z2=0.710. 
(3) y+2e=0.765. 
Subtracting (2) from (1) =(4) y—z=0.140. 
Adding (8) and (4)=(5) 2y=0.905. 
(6) y=0.4525. 
Substituting value of yin (1) gives x+0.4525 =0.850. 


we = 08975. 
Substituting value of y in (3) gives 0.4525-++-z =0.765. 
so = Oral or 


The diameters of the circles are: at A, 0.795 in.; at B, 0.905 in.; at G; 
0.625 in. 


EQUATIONS WITH MORE THAN ONE UNKNOWN 325 


29. As in the last exercise, three holes are to be bored, the distance 
between whose centers shall be 0.650 in., 0.790 in., and 0.865 in. respec- 
tively. Find the diameters of the required disks. 

Ans. 0.725 in.; 0.575 in.; 1.005 in. 

30. Three points A, B, and C are located as shown in Fig. 205. Three 
disks are centered at these points and tangent two and two. Find the 
diameters of the disks. 

Ans. At A, 0.8960 in.; at B, 0.9716 in.; at C, 0.9700 in. 

Suggestion. Let 2, y, and z=radii of circles centered at A, B, and C 
respectively. - 

Then x+y =+/ 0.680? -+0.640, 

t+z=/0.880?+0.3102. 
ytz=~V/0.9502+0.22 

31. From geometry we know 
that the sum of the three angles 
of a triangle is 180°. Find the: 
three angles of a triangle if the 
sum of twice the first and the 
second is 90° more than the third, 
and the sum of the first and twice 
the third is 70° more than twice 
the second. Ans. 50°; 60°; 70°. 

32. A man has $98 in dollar 
bills, half-dollars, and quarters. Fic. 205. 

Half of the dollars and + the half- 
dollars are worth $31, and 4 the half-dollars and } the quarters are 
worth $10. How many pieces has he of each? 

Ans. 48 dollars; 70 half-dollars; 60 quarters. 

33. In a factory where 700 men and women are employed, the average 
daily pay for the men is $4.25, and for the women $2.25. If $2415 is 
paid daily for labor, find the number of men and the number of women 
employed. Ans. 420 men; 280 women. 

34. A lever is balanced on a fulerum with a weight of 40 lb. at one end 
and 50 lb. at the other. If 5 lb. is added to the 40-lb. weight, the 50-lb. 
weight will have to be placed 1 ft. farther from the fulcrum to balance 
the lever. Find the lengths of the two arms of the lever at first. 

Ans. 10 ft.; and 8 ft. 

Suggestion. Let «=the length in feet of the long arm, 

and y=the length in feet of the short arm. 
Then 40x = 50y, 
and 452 =50(y+1). 

35. A lever is balanced on a fulcrum with a weight w; on one arm and 
w2 on the other. If p pounds are added to w, we has to be moved over 
f feet te balance the lever. Find the lengths of the two arms of the 

Wf 


lever. Ans. ap: and 


wif 


Pp 
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36. A beam that is supported at its ends has a weight of 50 Ib. placed 
upon it so that it causes an increase in pressure on the support at one end 
of 20 lb. It is also found that the same pressure is produced at this end 
by a weight of 60 Ib. placed 3 ft. farther from this end. How long is the 
beam? Ans. 45 ft. 

Suggestion. Consider the support where the increase is 20 lb. as the 
fulerum. ‘Then there is a pressure of 30 lb. at the other end. 

Let y =the length of the beam 
and zx =the distance the 50-lb. weight is from the fulerum. 

Then 30y = 502. 

Similarly, when the 60-lb. weight is applied, 

40y =60(«+3). 

37. A glass full of water weighs 18 ounces. When the same glass is 
full of sulphuric acid of specific gravity 1.75 it weighs 27 ounces. Find 
the weight of the glass when empty. Ans. 6 ounces. 

38. Given two grades of zinc ore, the first containing 45% of zinc, and 
the second 25% of zinc. Find how many pounds of each must be taken 
to make a mixture of 2000 lb. containing 40% of zinc. 

Ans. 1500 lb. of 45% ore and 500 lb. of 25% ore. 

Suggestion. Let «=number of pounds of 45% ore, 
and y=number of pounds of 25% ore. 

Then x+y =2000, 
and 0.452 +0.25y = 0.40 < 2000. 

39. The sum of the three sides of a triangle is 65in. If the second side 
is 5 in. longer than the first and 7 in. shorter than the third, find the 
length of each side. Ans. Ll6nny 21 ine 28ine 


CHAPTER XXX 
EXPONENTS, POWERS, AND ROOTS 


262. General statement.—In previous chapters, we have 
used positive integral exponents. In Art. 185, a positive 
integral exponent was defined as showing how many times the 
base is to be used as a factor. 

The negative exponent, the fractional exponent, and the 
zero exponent are other kinds of exponents that occur in 
mathematics. They will be dealt with to some extent in the 
present chapter. Logarithms are exponents that will be 
considered in Chapter XXXIV. 

The few facts and theorems concerning exponents, given in 
this chapter, are not intended to be a complete treatment of 
the subject, but they are sufficient for what follows, and will 
give the proper viewpoint for logarithms. 

It should be carefully noted that the definition of a positive 
integral exponent cannot apply to an exponent that is negative, 
zero, or a fraction. For instance, in 8*, the 2 shows that 8 
is taken twice as a factor; but in 8’, the + can in no sense show 
how many times 8 is taken as a factor. To say that 8 is 
taken 4 times as a factor is to make a meaningless statement. 

We shall therefore find it necessary to enlarge the definition 
of an exponent so as to make it include these new kinds of 
exponents. 

263. Laws of exponents.—The law of exponents in mul- 
tiplication (see Art. 216) has been stated and proved for 
positive integral exponents. It may be restated here in symbols 
as follows: 

a™ar=an, 

Likewise the law of exponents in division (see Art. 223) has 
been stated for positive integral exponents. A restatement in 
symbols is as follows: 

C= 0 =O. 
where m is greater than n. When m=n it is 
a*+ar=1. 
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In finding the power of a power the exponents are multiplied. 
That is, (a”)"=a"". This is found from the definition of a 
positive integral exponent. 

Thus, (a”)"=a"a"a™. - - to n factors =a™t™*™. - - to n terms =a™ 

A numerical illustration is (a*)*?=a*-a*-a* =a}8. 

The power of a product zs the same as the product of the powers 
of the factors. 

That is, (abe - *)"=a"brcr. - - 

A numerical illustration is (2:3-4)3 =23.33-43, 

The power of a fraction equals the power of the numerator 
divided by the power of the denominator. 

: ONE Ge 

That 1S, (5) ~pn 

masts Wee (2\ 2 2awiee 

A numerical illustration is ia = 33-97 

If we take the root of a power, we have the inverse of the opera- 
tion by which we get a”, and have ~/a™=a™*, 

A numerical illustration is ¥/34 =34+2=32=9. 

The definition of a positive integral exponent gives us the 
right to state the above only when m+ is an integer. 

A summary of the six laws of exponents mentioned is: 

(1) a™a" =a", 

(2) a™+a"=a"—™, 

(3) (am) =qnn, 

(4) (a-b-c AyacNs )m=amb™c™ S66 


0 ()-e 


(6:) VWam=a"*"=a" 
Example 1. Find the fourth power of 3a?x%y4, 
(3a%n*y*)4 — Bran) 4(q*)4 a Slaty tgs, 


3h 4- 
Example 2. Find the cube of ae 


(254) ee 3°(a*)®(6*) 8a a 270% a8 
2y? 25(y?)8 8y® 
Example 3. Find the cube root of 3°°x??. 

A/ 38212 = 38 + 8H9* 3412+ 3 — 3 2H3y1, 
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EXERCISES 92 


Raise to the indicated powers, or find the root indicated. 


1. (a?y*)4. Ans. a®y?2, 
2. (2y*x*) 6, Ans. 64y18x4, 
3. (3ab)3. Ans. 27a°b3, 
4. (—4a*r‘)3, Ans. —64a5z}8, 
5. (—3a%b2zr)4, Ans. 81a"b8r4, 
6. (—aty®)2, Ans. x8y}2, 
7. (39b-)3., Ans. 334b%, 
8. (4acxr?)?, Ans. 4%arx, 
3z\ 3 2728 

». (3) Ans. Gaps 
47°\ 3 6426 

10. (Fe) Ans, 
2a%b \ 4 16a!2b4 

es (a) é Dag mret’ 
a 2] qn 

12. [ (@) | ° Ans. pn 
n d nbd 

13. (=) ; Anes 
y™c y mod 

14. (—2?y%2)4, Ans, x8y12z16, 
15. (7mn*)*», Ans. 7*¥m*n3zu, 
16. (9x?y7)?. Ans. 94222”, 
17. Wasbicl2. Ans. ab*c’, 


3 / 269 4b3 
18. 39712 Ans. 724 


264. Zero exponent.—If we assume that a”+a"=a™™ 
holds when m=n, we have a"+a"=a"-"=a", for m—n=0 

Also a”-+-a"=1 by Art. 223, if m=n. 

*, a°=1. 

Making the above assumption is the same as stating by 
definition: Any number other than zero affected by a zero ex- 
ponent equals one. 

Examples. (1) 0.8°=1. 

(2) 100°=1. 
(3) 0.019=1, 

265. Negative exponent.—Assuming that the law a"+a"= 
a” holds when n is greater than m, we have 

a’?+a’=at, 
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2 
a 1 
buta?ao= = 
Oe a 
1) 
—4__ 
a = 
a’ 


bee il 
Similarly a ee 


n 


By definition then, a number affected by a negative exponent 
equals 1 divided by the same number affected by a positive ex- 
ponent, equal in absolute value to the negative exponent. 


in 0! 
— 9 ee Ee, 
Examples. (1) 2 == 
1 sll 
Ee 
(2) 4 B64 


266. Fractional exponent.—If we apply the law ¥/a™=a™*" 


when m and n have any values, we have 
1 


V/am=ar. Also ¥/a=a!+"=a", 

By definition then, a fractional exponent indicates a root. 
The denominator is the index of the root, and the numerator is 
the exponent of a power. 

A form like a” means either ¥/a”" or (¥/a)™. That is, the 
number a may be raised to the mth power and then the nth 
root taken, or the nth root may be taken first and then the 
result raised to the mth power. 

Thus, 8? =~/8? = 1/64 =4, or 8) = (1/8)? =2?=4. 

Examples. (1) 4! =./4=2. 

(2) 644=~/64 =4. 
(3) 32° = (¥/32)'=23 =8. 
Leb epee 


Oa ree Vi 8 
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Find the values of the following: 


1. 10° Ams: 1. 6: 16: Ans. 3. 
=f 4rd. Ans. ds. 7. 278. Ans. 81. 
3. 10-8. Ans.zesstoate-... 8..612—% Ans. 
4. 8-3, Ans. sty. 9. (zhs)7?. Ans. 25. 
5. 16%. Ans. 2. 10. 1008. Ans. 1000. 
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11. 100073. Ans. xty. 14. (4°)8 Ans. 1. 
12. 109-32, Ans. 9. 15. 6473 Ans. yst. 
13. (3°)-3, Ans. 1. 16. 9%. Ans. 243. 
17. Divide a-2r-} by a=. Ans. ax-}. 
18. Multiply a by a’. Ans. a®. 
19. Multiply 3a! b} by 4a? b8. Ans. 12a! b3, 


267. Exponents used in writing numbers.—Often in engi- 
neering subjects we see such expressions as 4.25X10%, or 
726 X10-*. These forms are the result of an attempt to write 
certain expressions in a shortened form. Keeping in mind 
the meaning of an exponent, 

4.25 X 10° =4.25 X 1,000,000,000 =4 250,000,000. 

This last number means the same as the given expression, 
but in some ways is not so convenient a form to handle, 
neither is it so easily compared with others of its kind as is 
the first form. Neither does the eye catch its value as quickly 
as it does that of the shortened form. f 

The form 726 k 10-8 = = 726 Xi = 726 Xyo00bvo0t = 


0.00000726. 
EXERCISES 94 

Express the following in the common notation. 

Le LO Ans. 35,000,000. 

Pe P1930 f > IMO Ee Ans. 867,000,000,000. 

3. 523 X 1073. Ans. 790660000 =0.00000523. 

4. 4.786 x 10-9. Ans. 7500000000000 = 0.000000004786. 

5. 9.376 X 10-6. : Ans. 1500666000 =0.000009376. 

6. 4.673 «108. Ans. 467,300,000. 

te Aa, x LOM: Ans. 4,370,000,000,000. 
Express the following in the shortened notation: 

8. 4,768,000,000. Ans. 4.768 X 109. 

9. 23,600,000, 000. Ans. 2.36 1019, 
10. 37,600,000,000. Ans, 37.6 109. 
11. +538 fos. Ans. 3.67 X10-4. 
12. zon 60 000: Ans. 4107-7. 
13. 0.000000367. Ans. 3.67 1077. 
14. 0.000000004676. Ans. 4.676 X10, 


15. .Gi38Go- Ans. 2.798 X 1078, 


CHAPTER XXXI 
QUADRATIC EQUATIONS 


268. Definitions.—An equation that contains the square of 
the unknown number and no higher power of it is a quadratic 
equation. 

A pure quadratic equation is one that has the square only 
of the unknown number, as 27?=4. 

An affected quadratic equation is one that has both the 
square and the first power of the unknown, as z2+3z=10. 


THE PURE QUADRATIC EQUATION 


269, Solution.—The solution of the pure quadratic equation 
is the same as that of the simple equation until the value 
of the square of the unknown is found. The next step is to 
take the square root of each member of the equation. 

Example 1. Solve 3x2?+8 =7x?—8 for x. 


Solution. 

(1) Given equation, 3x°+8 =72x?—8, 
(2) Transposing, 32?—7x? = —8—8. 
(3) Collecting terms, —4r?= — 16. 
(4) Dividing by —4, v= 4, 


(5) Extracting the square root of both 2? and 4, #2=+2. 

Here we use the sign +, and it indicates that the answer 
is either a +2 ora —2. (See Art. 237.) 

Since the product of two minus numbers gives the same value 
as the product of the same plus numbers, we may always call 
a square root either plus or minus. 

Thus, »/4= £2, /b?= +0. 

Example 2. Find the radius of a circle whose area is 4932 in.? 

Solution. (1) Let r stand for the radius, 

(2) then 3.1416r?=area of circle. 
(3) But 4932 in.?=area of circle. 


(4) —.*. 8.14167? = 4932, by axiom (5). 
(5) r? = 1569.9007. 
(6) r= +39.622. 
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It should be noticed that the radius cannot be negative, 
hence the only value of r permissible is +39.622. 


So 


Le 


2 
3. 
4 


14. 


15 


EXERCISES 95 


lve for x in exercises 1 to 10 and test. 
7x? +25 =22?+150. Ans, +5. 
. 822?—-10—27? = 124-42? — 54. Ans. +4. 
53 —72°+27 = —2r?. Ans. +4, 
2 
: x t1=7 +4. Ans. +2. 
a(9+2x) _ 3x+6 
1k ee ee Ans. +3. 
hire i ae BY fe A | 
Mer a ce Ans. +6. 
. 22(5—2r) +82? =10(r+4+2). Ans. +1.826—. 
13. 38z+2 
res po we Ans. +1.826—. 
. (82+6) (38x —6) = (22+5) (2x —5). Ans. +1.483+. 
zt+e2e+1 ae 24-1 
4F Renee ay BG Ans. 2; 
: 5 tas 8 
. Given —— + —— = g<, find the value of y. ANDY, sell 


4+y'4-y 3’ 


2 
. Given pave find the values of v. 


Ans. ++ Ae. 


. (a) Given S =4g@t?, find values of t. (b) If S=5280 and g=32.2, 
28 
find values of f. Ans. (a) + NES (b) +18.11. 
2 
Given Paillis, solve for t. Ans. + J 
T g 
. Given pate, solve for d. Ans. + Alaa 
2 
. Given n? AS solve for S, l, and n. 


nl KS%t KS 
Aree ENT? = Nadu?) =N Bae 


17. Find the radius of a cylinder of altitude 12 ft. and volume 1400 


cu. ft. 


volume 145 in.? 


(Use formula V =hrr?, substitute values and solve for r.) 


Ans. 6.09-+ ft. 
18. Find the diameter of a right circular cone of altitude 20 in. and 


Ans. 5.26+ in. 
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THE AFFECTED QUADRATIC EQUATION 


270. Solution by factoring.—An affected quadratic equation. 
in x, when simplified, can have a term in 2”, a term in 2, a 
term not containing z, and no other term. Thus, «2—5z=— 6) 
is such an equation. 

The solution of this equation has been discussed in Art. 237. 

The steps in the solution of a quadratic equation that can be 
solved by factoring are restated here. 

(1) Simplify the equation. 

(2) Transpose all terms to the first member of the equation. 

(3) Factor the expression in the first member. 

(4) Equate each factor to zero. 

(5) Solve each of these equations. 

Example. Solve x?+23a = —102. 

Solution. (1) Given equation, 7?+23x2 = —102. 

(2) Transposing, x?+232+102=0. 

(8) Factoring, (e+6)(x+17) =0. 

(4) ~. @-+6=0 or 2+17=0. 

(5) .. c=—6 orz=—17. 


EXERCISES 96 
Solve and test. 


1. 2?+152+56 =0. Ans. —7 or —8. 
2. x?—17x+72 =0. Ans. 8 or 9. 
3. «?—162 =36. Ans. —2 or 18. 
4. 5e¢-6=2". Ans. 2 or 3. 
6. #?4+27 =24. Ans. 4 or —6. 
6. x? +262+160=0. Ans. —10 or —16. 
7. 2?+327=54. Ans. —9 or 6. 


271. It was stated in Art. 235 that there are many trino- 
mials we had not learned to factor. It is necessary then to 
have some other method than factoring for solving affected 
quadratic equations. 

272. Completing the square.—In Arts. 229 and 230 we 
learned the form of a trinomial square. The first and 
last terms are perfect squares of monomials, and the middle 
term is twice the product of the square roots of the first and 
last terms. Keeping this in mind then, we can find the last 
term if we know the first two. 
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Thus, if we know that a?+ 2ab are the first two terms, we can 
find the third term by taking the square of the quotient ob- 
tained by dividing the second term by twice the square root of 
the first. Twice the ‘square root of the first term is 2a. 
The second term divided by this gives 6; which squared is 6?, 
the third term. We say then that we have completed the 
square, which is a?+2ab+0b’. 

Example. Complete the square of x?+4z2. 

Twice the square root of x? is 2x, 4a-+2a”=2, and the square 
of 2is4. Hence the completed square is 77-+4x7+4. 

When the coefficient of x? is 1, all that is necessary is to add 
the square of one-half the coefficient of x. 

Complete the square of each of the following: 


1. 2?-+-22. Result #«?+22+1. 

2. «?—2z. Result 2?—22-+1. 

3. 2?—32. Result x?—32-+ 4. 

4, x?—10z. Result 22—102+ 25. 

5. a?—10ab. Result a?—10ab+25b?. 


273. Solution by completing the square.—We can _ best 
show how this is applied to the solution of an equation by an 
example. 

Example 1. Given 2?+4a=12, find x. 

(1) Completing the square of the first member we have 
z’?+4r+4. Since 4 is added to x?+42, we must also add 4 to 
12 in order that the equality may be true. 


~0+-4e4+4= 16: 
(2) Extracting the square root of both members, we have 
2+2= +4. 
(3) Transposing, g=—2+4. 
(4) . £2=2 or —6. 


Each of these results checks the original equation and is 
therefore a root of the equation. 

Example 2. Given x?+12x= —35, find a. 

Solution. (1) Given equation, 7?+127%= —35. 

(2) Completing square, 2?+12z7+36=1. 

(3) Extracting roots, Oo Oe le 

(4) v= — (Ole, 
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Example 3. Given 2r?+4r=48, find r. 
Solution. (1) Given equation, 2r?+4r=48, 


(2) Dividing by 2, r?-+-2r = 24, 

(3) Completing square, r?+2r+1=25. 

(4) Extracting roots, Tala 5: 

(5) ..r=4 or —6. 


Example 4. Given 3x?—7x=6, find z. 
Solution. (1) Given equation, 3z2—7x=6. 


(2) Dividing by 3, w—fo=2. 

(3) Completing square, a? — fat 33 = 1. 

(4) Extracting roots, r—F= +44, 
(5) .“.x2=3 or—Z. 


It should be noticed that we always divide by the coefficient 
of x*, unless it is 1, before completing the square. 


Example 5. Given 9x =4—32%, find z. 


Solution. (1) Given equation, 9x7 =4— 32°. 

(2) Transposing, 327+ 92 =4., 

(3) Dividing by 8, xv?+32=4. 

(4) Completing square, v?+32+3=$+3= 49. 
(5) Extracting roots, r+ $= ++/4%= +1.893-. 

(6) “.2=—$41,893—. 
(7) x =0.393 or —3.393. 


The method of solving an affected quadratic equation 
may be summarized in the following: 

Rute. (1) Reduce the equation to the form x°+bx=c. 

(2) Complete the square by adding to both members the square 
of one-half the coefficient of x. 

(3) Hquate the square root of the first member to + the square 
root of the second member, and solve the two equations thus formed. 
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Solve for x by completing the square. 


1. «?—427 =60. Ans. 10 or —6. 
2. x?+11lz= —24, Ans. —8 or —3. 
3. 3x?—102%+3 =0. Ans. 3 or 3. 
4. 36x? —362 —7 =0. Ans. % or —}. 
5. 10x2?+72 =12. Ans. # or —3. 
6. 2?+47 =2, Ans. 0.4494 or —4,4494, 
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7. 2?+22 =2. Ans. 0.732 or —2.732. 
8. 422-42 =7. Ans. 1.9142 or —0.9142, 
9. 92?+62 —17 =0. Ans. 1.0809 or —1.7475. 
10. 322+121 =44z. Ans. 11 or 43. 


274. Solution of the affected quadratic equation by the 
formula.—If we solve the general quadratic equation az?+ 
bx+c=0, we shall have a formula which may be used to find 
the value of the unknown in any quadratic equation. 

Example 1. Given ax?+bxr+c=0, find z. 


Solution. 
(1) Given equation, ax?+bse+c=0. 
(2) Transposing, ax?+bxe =—c. 
(3) Dividing by a, ates = 
Dove DUE -€ 


; b 
/ : tal ‘zs ; 
(4) Completing square, 2?+ a da? a 


: b?—4ac 
(5) Extracting roots, aoe eae 
(6) 1 pt wae —b++/b?—4ac 4ac. 
4a? 2a 


This last form is a formula that can be used in solving any 
quadratic equation. 

In using the formula, care must be taken as regards the 
signs. They must be considered a part of the values of 
a, b, and ec. 

Thus, in 322—27—4=0, a=3, b= —2, andc= —4. 

Example 2. Substitute in the formula of example 1, and 
find the value of x in 62?+17r+7 =0. 

Solution. Here a=6, b=17, and c=7. 

Substituting these values in the formula, 


oes —174-V177—46-7 _ —17+11_ =f Gear 
2°6 12 
Example 3. By the formula, find the value of z in 6x?+ 
82 —30=0. 
Solution. Here a=6, b=8, and c= —30. 
—8++/8?—4-6(—30) —8+28 _ 
2°6 OP, 


Boer 12 or —3. 


42 
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EXERCISES 98 
Solve the following equations by any method. 


1. x?—32 = -2. Ans. 1 or 2. 
2. 2?+52 = —6. Ans. —2 or —3. 
3. 2? —x=6. Ans. 3 or —2. 
4. y?—2y =168. Ans. 14 or —12. 
6. y?+2y =120. Ans. 10 or —12. 
6. y?—22y =48. Ans. 24 or —2. 
7. 5r2?+12r =9. Ans. 2 or —38. 
8. 2r?-+-5r = —2. Ans. —4 or —2, 
9. 7a?+9a =10. Ans. ? or —2.. 
10. 722+22 =32. Ans. 2 or —23. 
iy OY A 
alk, Via 9 =0(:! Ans. 2 or 2. 
Ss 8 . Fah Soe 
12. (oss San Ans. at is 
9b? 9 
2 ar ns. = a 
13. x?+4bx 7 Ans, oer 
14. Given S = Vt+4gt?, solve for V, g, and t. 
— at es er amen eet 72 <= 
Lae = gt ; 28 Vt, Viv V2+4298. 
2t e g Pee 
15. Given T’=2rrh+2nr?, solve for r, Ans, —7! ave 
Tv 
16. Find three consecutive numbers, such that their sum is one-third 
of the product of the first two. Ans. 9, 10, 11 or —1, 0, 1. 
17. Find two numbers, one of which is 5 times the other, and whose 
product is 4500. Ans. 150 and 30, or —150 and —30. 
18. A walk containing 784 ft.2 is to be built around a garden 50 by 49 
ft. How wide must the walk be? Ans, 3 ft. 8} in. nearly. 
19. There are as many square feet in the surface of a certain sphere as 
there are cubic feet in its volume. Find its radius. Ans. 3 ft. 


Solution. Let r=number of feet in radius. 
Then 47r? =number of square feet in surface, 
and $r?=number of cubic feet in volume. 
“gars =4err?, 
4rr3—12rr2 =0, 
Factoring, 4rr2(r —3) =0. 
..4rr*=0 and r—3=0, 
or r=0 and r=3. 


20. Same as last exercise, but substitute cube for sphere and find the 
edge. Ans. 6 ft. 
21. Find two numbers whose sum is 25 and whose product is 144. 
Ans. 9 and 16. 
22. Divide 71 into two parts, the sum of the squares of which is 2561. 
he Ans. 40 and 31. 
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23. If a train traveled 5 miles an hour faster, it would take 2 hours 
less to go 420 miles. Find the rate of the train. 
Ans. 30 miles an hour. 
24. What is the radius of a circle whose area is doubled when the 


radius is increased by 2 ft.? Ans. 4.828 ft. 
25. What is the diameter of a circle whose area is multiplied by 3 

when the diameter is increased by 2 ft.? ATiSmon oat Us 
26. The height of a right circular cylinder is 6 in., and the entire area 

is 100 in.2 Find the radius of the base. Ans. 1.99+ in. 


Suggestion. Let r stand for radius of base. 
Then 2zr?+12z7 is the entire area. 


*, Qar?+12rr = 100, 


100 
or 72-67 =—— = 115.915. 
Qn 
27. The differences between the hypotenuse and the two sides of a 
right triangle are 3 and 6 ft. respectively. Find the sides and the area 
of the triangle. Ans. 15 ft., 12 ft., 9 ft., and 54 sq. ft. 
28. The hypotenuse of a right triangle is 4 in. longer than one leg, and 
8 in. longer than the other. Find the lengths of the three sides. 
Ans: 20 in.; 16 ims; 12 in. 
29. The circumference of the hind wheel of a wagon is 5 ft. more than 
that of the front wheel. If the hind wheel makes 150 fewer revolutions 
than the front wheel in going one mile, find the circumference of each 
wheel. Ans. 16 ft. and 11 ft. 
30. An aeroplane which is at an altitude of 1200 ft. and moving at the 
rate of 100 miles per hour in a northerly direction drops a bomb. Dis- 
regarding the resistance of the air, where will the bomb strike the ground? 
Ans. 1270 ft. north of starting point. 
Suggestion. Find the number of seconds it will take the bomb to reach 
the ground from the formula s=4g#?, where s=height of aeroplane in 
feet, g =32, and t=time in seconds. ‘This gives t=8.66 seconds. 
Then the bomb will strike as many feet north of the starting point as 
the aeroplane will travel in 8.66 seconds. 


CHAPTER XXXII 
VARIATION 


275. General statement.—We depend upon the ideas dealt 
with in variation for most of our physical laws and formulas. 
The meaning of many of the formulas already used will be 
made much clearer by considering their meaning from the 
viewpoint of variation. 

The relations considered in variation are those considered 
in ratio and proportion. In many ways, however, it will be 
found that the methods used in variation are more convenient 
than the methods of ratio and proportion. Familiarity with 
them gives the student another powerful mathematical 
instrument. 

For the principles of ratio and proportion used in the present 
chapter the student is referred to Chapter VII. 

276, Constants and variables—A number whose value 
does not change is called a constant. 

In mathematical problems, certain constants occur that are 
always the same. 


The value of x, the ratio of the circumference to the diameter of a circle, 
is such a constant. 


There also occur other constants that do not change in the 
same problem, but which may have another value in a dif- 
ferent problem. 


The radius of a circle and the side of a square are such constants. 


A variable is a number that may take an unlimited number 
of values. 


For example, the number expressing a person’s age, the height of a 
growing corn stalk, or the distance a moving train is from a station it has 
just left. 


277. Direct variation.—The idea of variation is a very com- 
mon one. Nearly everything is affected by its surroundings; 
that is, things vary according as something else varies. 

340 . 
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The growth of a tree depends upon the amount of light it 
receives; the more light it receives, the faster it grows, if other 
conditions are favorable. In such a case we say its growth 
varies directly as the amount of light. 

The amount of pay a man gets varies directly as the time 
he works; that is, the longer he works the more pay he receives. 

Definition. If two numbers are so related that their ratio 
is constant, that is, if either increases the other increases, or 
if either decreases the other decreases, the two numbers are 
said to vary directly as each other. 

278, Mathematical statement.—Just as with many other 
ideas, there is a mathematical way of expressing the idea of 
variation. When the ideas are so expressed, they can be 
combined and handled according to the rules of mathematics. 
In this manner, new relations are seen and new results obtained. 

The sign « means ‘‘varies as.” 

If x and y are two variables that vary directly as each other, 
it may be written in the shorthand form a«y. It may also 
be written in the form z=ky. This last is an equation stating 
that the ratio of z to y is a constant k. The equation is the . 
form most often used. 

Example 1. If a train is moving away from a station at a 
uniform rate, express the relation between its distance d 
from the station and the time ¢ since it left the station. 

Here evidently the distance d varies directly as the time ¢. 


.. d=Kt. 


The student should consider very carefully the meaning of 
the constant k in the different examples taken up. Here 
the k evidently represents the uniform rate per unit of time. 
If the time is in minutes, k stands for the rate per minute. 
This rate may be given in feet, rods, miles, or any other unit 
of length. The & then depends for its value upon the kind 
of units used, but this is not the only thing that may change 
the value of k. 

Example 2. If two numbers x and y vary directly as each 
other, and when x=10, y=4, find « when y=25. 

Solution. Since the relation between «x and y is direct, 
x=ky. 
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Substitute the values of x and y given, and 
10 =4k. 
.. k= 28, 
.. x=2}y is the relation between the variables, and if 
y =25 we have x= 24:25 = 624. Ans. 

Such a relation as x=24y is often spoken of as a law. 

Example 3. The space passed through by a body falling 
freely from a distance above the ground varies as the square 
of the time. If s=the space in feet and t=time in seconds, 
write the law. Find the value of k, if the body will fall 402.5 
feet in 5 seconds. 

Solution. Since the variation is directly as the square of 
the time, s=kt?. Substituting values of s and ¢, 

402.5=k-52. 
ee 16.1. 

Hence the law or formula to find the distance in feet a body 
will fall in ¢ seconds is s=16.1t2. This is usually written 
s=3gt?, where g=32.2. 

279, Inverse variation.—Consider a horizontal beam, resting 
at each end on a support, and having a weight at its midpoint. 
The size of the weight it will support depends upon its length; 
but here the longer the beam, the less it will support. In such 
a case the variation is said to be indirect or inverse. 

The resistance to an electric current is less in a large wire 
than in a small one of the same material; the resistance varies 
inversely as the size of the wire in cross section. 

The intensity of the light from a lamp decreases as we go 
away from it. Here the variation is an inverse one, but the 
intensity of illumination is not one-half as much when the 
distance is doubled. It decreases inversely as the square of 
the distance; that is, the intensity is one-fourth as much at 
twice the distance. 

Definition. One number varies inversely as another when 
their product is constant. That is, if either increases, the 
other decreases, or if either decreases, the other increases. 

280. Mathematical statement.—The shorthand way of 


writing the fact that 2 varies inversely as y is x <r 


The equation form is o> or zy=k. 
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Example 1. If x varies inversely as y, state the law and find 
the value of the constant # «=10 when y=3. 

Solution. xy=k is the mathematical statement of the 
variation. 

Substituting, 103=h. .“. k=5. 

If this value of k is used, the law, or equation, becomes 


xy=5d. 


Example 2. If x=xzbv, find y from the law of example 1. 
Substituting in the law, z},5y =5. 


". y=500. Ans. 


281. Joint variation.—Definition. One number varies 
jointly as two or more other numbers when it varies directly 
as the product of the others. Thus, 2 varies jointly as wu 
and v when z=kuv. 

A number may vary directly as one number and inversely 
as another. It then varies as the quotient of the first divided 
by the second. 


Thus, if z varies directly as y and inversely as z, it is written «= Ke 
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1. If c<y and when +=20, y=60, write the equation between x 
and y. Ans. 34 =y. 

2. If b«<d and when b=10, d=15, find b when d=80. Ans. 534. 

3. If x varies jointly as y and z, and when y=6 and z=2, +=120, 
find the constant. Find y when z=200 and z=15. 

Ans. k=10; y=1}. 

4, The area A of a triangle varies jointly as the base b and the altitude 
a. Write the law if when a=6 in. and b=4in., A=12in.? What will 
be the area when the base is 25 in. and the altitude is 40 in.? 

Ans. A=}4ab; 500 in.? 

Remark. The law here is the well-known formula for the area of a 
triangle, but we have not supposed that we knew anything about the 
formula in working the example. 

5. Similar figures! vary in areas as the squares of their like dimensions. 
The diameter of one circle is four times that of another. Using this 
principle, find the relation of their areas. (Similar figures are those that 
are alike in shape.) 


1 The ideas used here are not new, but will help to show the intimate 
relation between variation and ratio and proportion. (See Art. 87.) 
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Solution. Here the relation is best expressed as a proportion. Using 
A and a for the areas, and 4D and D for the diameters, we have 
A:a=(4D)?: D2. 
“.A:a=16D?: D?, 
Dividing both terms of the second ratio by D2, we have 
A:a=16:1. 
“.A =16a. 

6. A grindstone when new is 48 in. in diameter. How large is it in 
diameter when { ground away? When } ground away? When 3 
ground away? Ans. 41.57 — in.; 33.94+ in.; 24 in. 

Suggestion. Let di in. =diameter when } ground away. Then since 
$ remains, 1:3=48?:d,2. Solving for di, we have d,;=41.57—. 

7. To double the diameter of a circle has what effect on its area? To 
double the side of a regular hexagon has what effect on its area? 

Ans. Multiplies area by 4 

8. Similar solids vary in volumes as the cubes of their like dimensions. 
A water pail that is 10 in. across the top holds 12 quarts. Find the vol- 
ume of a similar pail that is 12 in. across the top. Ans. 20.736 quarts. 

9. The number of vibrations made by a pendulum varies inversely 
as the square root of its length. A pendulum 39.1 in. long makes one 
vibration per second. How long must a pendulum be to make four 
vibrations per second? To make one vibration in 10 seconds? 

Ans. 2.44 in. +3 325 ft. 10 in. 


k 
Solution. The law is ne where n=number of vibrations per 


second, and /=length of pendulum in inches. 
To find k, put n=1 and 1/=39.1. 


k — 
LSS d k=/§ , 
39.1. a V39.1 


To find the length of a pendulum to vibrate four times per second, 
put n=4. 


va ee nd 1= == =2.44+ in. Ans. 


To find the length of a pendulum to vibrate once in 10 seconds, 
put N=75- 
BoA ooL) 


mo) Sat 

10. If a lever with a weight at each end is balanced on a fulcrum, the 

distances of the two weights from the fulerum vary inversely as the 

weights. If two men of weights 160 lb. and 190 lb. respectively are bal- 

anced on the ends of a 10-ft. stick, what is the length from the fulerum 
to each end? Ans. 5% and 4# ft. 

11. Could a 1-Ib. weight balance a 100-Ib. weight? How could they 

be placed on a 3-ft. bar? 

Ans. Yes. Fulcrum 2;o% ft. from 1-lb. weight. 


and 1=100X39.1 =3910 in, =325 ft. 10 in. Ans. 
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1 qq’ 
12. If f«qq’ and f«—, show that fe >" 


r? 
13. If Re E, Rel, andR« ? find R in terms of E, l, and d. 
kEl 
Ans. R=" 


14. If the illumination of an object varies inversely as the square of 
the distance d from the source of light, and the illumination of an object 
at the distance 8 ft. from the source of light is 3, find the illumination of 
an object at 32 ft. from the source of light. At the distance of 20 ft. from 
the source of light. Ans. 75; 0.48. 

15. The number of units of heat H, generated by an electric current 
of I amperes in a circuit, varies as the square of the current I, as the 
resistance R, and as the time ¢ in seconds during which the current passes. 
Write the law in the two forms. Ans. H«l?Rt; H=kPRi. 

16. By trial in the above formula it is found that H =388,800 if J =10, 
R=9, and t=30 minutes. Find H when J=40, R=50, and t=45 
minutes. Ans. H =51,840,000; k =0.24. 

17. Two parallelepipeds (rectangular solids) of the same shape have 
corresponding dimensions of 33 ft. and 7} ft. Find the relation of their 
volumes. Ans. 343:3375. 

18. A circular sheet of steel 2 ft. in diameter increases in diameter by 
zs, when the temperature is increased by a certain amount. Find the 


increase in area of the sheet. Ans. zeta or nearly zho. 
19. A wire rope 1 in. in diameter will lift 10,000 lb. What will one 
2 in. in diameter lift? Ans. 1406} Ib. 


20. A cone of cast iron 8 in. high weighs 50 lb. What will be the 
weight of a cone of the same shape and material and 5 in. high? 
Ans. 12.207-+ lb. 
21. Two persons of the same “build” are similar in shape. A man 
5} ft. tall weighs 150 lb. Find weight of a man of same “build”’ and 
6 ft. tall. Ans. 194.74-++ lb. 
22. A man 5 ft. 5 in. tall weighs 140 lb., and one 6 ft. 2 in. tall weighs 
216 1b. Which is of the stouter “build”? Ans. The 216-lb. man. 
23. The electrical resistance of a substance varies directly as the length 
L, and inversely as the area A of the cross section. If the resistance of 
a bar of annealed aluminum 1 in. long and 1 sq. in. in cross section is 
0.000001144 ohm at 32° Fahrenheit, find the resistance of a wire of the 
same material 1 ft. long and 0,001 in. in diameter. 
Ans. 17.48— ohms. 
Note that you have in this exercise the law of Art. 253. 
24. Find the resistance of 1 mile of wire 3; in. in diameter of above 
material and at 32° F. Ans. 94.5-++ ohms. 
25. If the resistance of a coil of wire of the above material at 32° F. 
is 27.3 ohms, and the wire is 0.05 in. in diameter, find the length. 
Ans. 3904.7 ft. 
26. If the resistance of a wire 9363 ft. long is 21.6 ohms, what would be 
the resistance if its length were reduced to 5732 ft. and its cross section 
made half again as large? Ans. 8.816— ohms. 
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27. The resistance of 1 ft. of silver wire 0.001 in. in diameter at 32° F. 
is 9.023 ohms. Find the resistance of a silver wire 1 meter long and 1 
mm. in diameter. Ans. 0.0191 ohm. 

Suggestion. Use 0.001 in. =0.0254 mm. and 1 ft. =0.3048 m. 

28. The resistance of 1 meter of German silver wire 1 mm. in diameter 
is 0.2659 ohm. Find the resistance of 1 ft. of wire of the same material 
and 0.001 in. in diameter. Ans. 125.6-+ ohms. 

29. Find the resistance of a coil of copper wire 0.03 in. in diameter, 
the coil being 18 in. in diameter and having 300 turns, if 1 ft. of copper 
wire 0.001 in. in diameter has a resistance of 9.803 ohms. 

Ans. 15.4— ohms. 

30. There are three wires of diameters 2 mils, 3 mils, and 4 mils respec- 
tively. What length must the second and third have to have the same 
resistance as 20 ft. of the first? Ans. 45 ft. and 80 ft. 

31. The size of a stone carried by a swiftly flowing stream varies as 
the sixth power of the velocity of the water. If the velocity of a stream 
is doubled, what effect does it have on its carrying power? What effect 
if changed from 5 miles per hour to 15 miles per hour? 

Ans. Multiplies by 64. Multiplies by 729. 


282, Transverse strength of wooden beams.—Other things 
being equal, the strength of a beam, rectangular in cross section, 
and supported at each end, varies (1) inversely as the length 
in feet, (2) directly as the breadth in inches, and (3) directly 
as the square of the depth in inches. 


Fie. 206. 


That the strength varies inversely as the length in feet 
means that if a beam, supported horizontally as in Fig. 206, 
has its length increased and everything else unchanged, the 
weight that it will support is decreased in the same ratio 
as the length was increased. That is, if the length is doubled 
it will support one-half as great a weight. If W is the weight 
and L the length, in the language of variation this fact is 
stated thus, 
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The length L is the distance between the points of support. 

That the strength varies directly as the breadth in inches 
means that if the breadth 6 is increased in a certain ratio 
and everything else is unchanged, the weight that it will 
support is increased in the same ratio. That is, if the breadth 
is doubled the weight that it will support will be doubled. 
This law is expressed in symbols thus, 


W <b, or W=keb. 


That the strength varies directly as the square of the depth 
in inches means that if the depth d is increased in a certain 
ratio while other things remain the same, the weight that it 
will support is increased by the square of the ratio of that 
increase. That is, if the depth is doubled the weight that it 
will support is four times as great. In symbols this is ex- 
pressed thus, 


W «d?, or W =k;d?. 


Finally, if the length, breadth, and depth are all changed we 
have a combination of all these laws, and it may be expressed 
thus (see Art. 281), 


By the expression ‘‘other things being equal’ is meant 
that the material must be the same, and the beams must be 
similarly supported and similarly loaded. The nature of the 
timber is an important factor, since timber, even of the same 
kind, varies in strength to a considerable extent. Each 
beam therefore has what is called a natural constant, the K 
of the formula, which must be considered in the calculation 
of its carrying capacity. This constant is the same for beams 
when these “other things” are equal. That is, for beams 
of exactly the same material, supported the same and weighted 
the same. 

283. The constant.—To find this constant, it is usual to 
take a bar of similar material, 1 in. square in cross section, and 
long enough to allow of its being placed on supports 1 ft. apart. 
The constant to be used with beams weighted in the middle 
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is the weight of the central load which is just sufficient to 
break the bar. The constant may be expressed in pounds, 
hundred weight, tons, etc., and the carrying capacity of the 
beam it is applied to will always be in the same units. 

284. Factor of safety.—For the man who wishes to apply 
these facts, another important consideration is the ratio which 
the breaking load bears to the safe load. This ratio is called the 
factor of safety. Its value depends upon whether the load is 
a live load, that is, a moving load; or a dead load, that is, a 
stationary load. 

The factor of safety for a dead load is usually taken as 5, 
which means that the safe load upon a beam must not be more 
than one-fifth of the breaking load. The factor of safety for 
a live load is often taken as 10. 


EXERCISES 100 


1. Solve the formula W ae for each letter used. 
Kbd? WL WL _ WL 
Ans, L= wo OK d Kb 8 har 


2. The constant for white pine is 300 pounds. Find the weight a 
beam of this material, centrally loaded, and 10 ft. long, 3 in. broad, and 
7 in. deep, will support. How much is the safe load if the factor of safety 
is 5? Ans. 4410 lb.; 882 lb. 

3. How long may a beam of white pine, centrally loaded, be between 
supports, if it is to have a safe load of 750 lb., and is 8 in. by 8 in. set on 
edge? Ans. 15.36 ft. 

4. By experiment we find that a beam of pine 40 ft. long, 1 ft. broad, 
and 1 ft. deep, will carry a load of 4500 lb. Find the depth of a beam of 
the same wood similarly loaded to carry a load of 1200 Ib., when the 
length is 6 ft. and the breadth is 2 in. Ans. 5.88— in. 

@ 2 

Solution. Use the formula W = i 2 , and substitute W =4500, L =40, 
K12:12? K —825 
= ee 
Substituting W =1200, L=6, b=2, and K - in the same formula, 
625-2d2 
1200 = eat 

Solving for d, d=5.88—. 

5. In the above exercise find the depth if we allow a factor of safety 
of 10. Ans. 18.6— in. 


b=12, and d=12. This gives 4500= 
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6. In beams having the load uniformly distributed, the constant is 
twice as large as when the load is centrally located. Solve exercise 2 if 
the beam is uniformly loaded. Ans. 8820 lb.; 1764 Ib. 

7. Find the breadth of a beam of oak, resting upon supports 18 ft. 
apart, the beam being 12 in. deep, to carry safely a uniformly distributed 
load of 5 tons. The constant is 500 lb. if loaded in center, and the factor 
of safety is 5. Ans. 6% in. 

8. A hall 16 ft. wide has the floor supported by joists of pine 3 in. by 
12 in. set on edge; using the constant 300 lb. and a factor of safety of 
5, find how far the joists must be placed from center to center to support 
a load of 140 lb. per square foot of floor surface. Ans. 17% in. nearly. 

9. O'Connor gives the following formula to calculate the dead dis- 
tributed safe load on timber, supported at both ends, and of rectangular 
cross section (this includes floor joists): 


where W =load in pounds, 
b =breadth in inches, 
d=depth in inches, 
L=length of span in inches, 
K =1900 for oak and 1100 for fir. 


(Notice how this formula differs from the one previously given.) What 
safe weight distributed will an oak beam 6 in. by 10 in., set on edge, sup- 
port if the span is 16 ft.? Ans. 11,875 lb. 
10. The joists in a room 14 ft. wide and 26 ft. long are fir 3 in. by 10 in. 
How far should their centers be placed apart if the floor is to support a 
crowd of men? (A crowd of men closely packed average 140 lb. per 


square foot.) Ans. 2 ft. nearly. 
41. From another source the following is taken: For white pine beams 
the formula W= am xe gives the safe load when the beam is sup- 


ported at both ends and loaded in the middle. 


W =safe load in pounds, less weight of beam, 
L=length of beam in inches, 
d=depth of beam in inches, 
b =breadth of beam in inches. 
(1) Given L=12 ft., b= 3in., and d=8in., find W. 
(2) Given L =12 ft., b= 8in., and d=3in., find W. 
(3) Given L =16 iy j= 4! ei and W= 1900, find d. 
(4) Given b= 6in., d=10in., and W =4100, find L. 
Ans. (1) 889 Ib.; (2) 3334 lb.; (3) 11.7— in.; (4) 8 ft. nearly. 


12. The following are the results of some experiments on the strength 
of timbers when loaded in the middle. In each case find the strength of a 
stick of the same material 1 ft. long, 1 in. in breadth, and 1 in. in depth. 
This value is called K in the list. 
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Length | Breadth | Depth} Breaking 
Name of wood in in in weight in K 
feet inches | inches | pouuds 

Whiter pine.c.ccacne a crioe 2 2 2 1,480 | 3573 
LYellowsapineserre sia terre |e L Oe: 14 15 68,000 | 232+ 
Eich pick ts, oF nee 103 14 | 15 | 118,500 | 404.4 
CA Shinelente ry s eer wer epee 2 2 2 2,052 | 513 
Ritehspines Aver ian<-aeynet ae re 7 2 2 622 | 544% 
CAS HERE PR At eet a eee tee 7 2 2 772. | 6153 
Die eae mae eee ed a 7 2 2 420 | 3673 


13. Suppose there are three pieces of timber of the following dimen- 
sions: 
(1) 12 ft. long, 6 in. deep, and 3 in. thick; 
(2) 8 ft. long, 5 in. deep, and 4 in. thick; 
(8) 15 ft. long, 9 in. deep, and 8 in. thick, 
Compare their strengths. Ans. In the ratio of 9:12.5:48.2. 
14. Given a stick of timber 14 ft. long, 8 in. deep, and 3 in. thick; find 
the depth of another piece of the same material 18 ft. long and 4 in. 
thick that will support five times as much as the first. Ans. 17.6— in. 
Solution. Let W=weight first stick will support. 


_Kbd?_K-3:8?_ 96K 


Then W Tao ed oe 
F , , 480K. 
In the case of the second stick dis to be found when 5W = z is the 
weight. 
480K _K:d-d? 
7 18 


Solving, d=17.6—. 

15. Given a piece of timber 12 ft. long, 6 in. deep, and 4 in. thick; 
find the thickness of another stick of the same material 16 ft. long and 
8 in. deep that will support twice as much as the first. Ans. 6 in. 

16. Given a stick of timber 12 ft. long, 5 in. deep, and 3 in. thick; 
find the thickness of another stick of the same material 14 ft. long and 
6 in. deep that will support four times as much as the first. 

Ans. 9.72+ in. 

17. Given a stick of timber 12 ft. long, 6 in. deep, and 4 in. thick; 


find the depth of a stick of the same material 20 ft. long and 5 in. thick 
that will support twice the weight of the first. Ans. 9.8— in. 


CHAPTER XXXIII 
GRAPHICS 


285. The graph.—The temperatures read each hour during 
March 21, 1917, were as given in the following table: 


Hour AS eee 1 Pe? 1 8 44 6 G6 7S OO ny 
Ae. Sie aint ote 45 45° 45 45 43° 42. a 40. 42 ra 57° 59° 62 
Bee Bee 1j2/3|4|s\6|7/sleholihe| 
Temperature........ 66 70 v2 76 76 |75 \74 (73 |72 |70 leo 6s | 


The change in temperature is quite easily seen from a study 
of this table, but it may be seen at a glance if we put the facts 
into a diagram as shown in Fig. 207. Here the hours are 
located on a horizontal line and the degrees on a line perpen- 
dicular to it. The reading for any hour is located so as to be 
above the hour and to the right of the degree of temperature. 
In this manner we can locate 24 points. 

Evidently if the temperature reading had been taken each 
minute instead of each hour, there would be determined 60 
points in the same space in which we now have one. If we 
suppose no sudden change in temperature between the hourly 
readings, we may connect the points representing these by a 
line, and any point on this line will indicate the temperature 
for the corresponding time. Of course, if there had been a 
sudden rise and fall in temperature between the hours, it is not 
shown by this line. The oftener then we take the readings, 
the truer will the line indicate the changes.! 

The representation, made as in Fig. 207, is called a graph; 

1 Cross-ruled paper, or paper ruled into squares of various sizes, can 
be obtained cheaply; and, by using this paper, the points can be located 


with greater accuracy than on plain paper. 
351 
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and such a method of representing relations between numbers 
is called a graphical method. 

The use of the graph is of very wide application. At 
the weather bureaus there are thermometers with an attach- 
ment which automatically traces the graph of the temperature 
and time. Engineers make constant use of the graph in their 
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work. Laboratory data are put in the form of a graph. 
Graphs can be made for algebraic equations, and relations are 
thus clearly shown that otherwise would be difficult to see. 

Making the graph is often spoken of as plotting. 

286. Definitions and terms used.—Since we often wish 
to plot negative as well as positive numbers, it is necessary 
to give certain definitions and make certain assumptions which 
will now be explained. 
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If in Fig. 208 OX and OY are drawn at right angles to 
each other, the position of any point, as P, may be located by 
measuring its distance from OY and from OX. These lengths, 
which in the figure are OA and OB, are called the codrdinates 
of the point P. The length OA is called the x-coérdinate ; 
and OB, the y-coordinate. 

The two lines OX and OY are called the x-axis and the 
y-axis respectively. Together they are spoken of as the 
codrdinate axes. The point O where the two axes cross is 
called the origin. 


Fic. 208. 


The z-axis is called the axis of abscissas, and the y-axis, 
the axis of ordinates. The z-codrdinate and the y-codrdinate 
are also called the abscissa and ordinate respectively of the 
point. 

_ The coérdinates are always measured from the origin. Any 

abscissa measured toward the right is positive, and measured 
toward the left is negative. Any ordinate measured upward 
is positive and downward is negative. 

The four parts into which the axes divide the plane are 
called quadrants. ‘These are called the first, second, third, 
and fourth quadrants, and are numbered in Fig. 208 by the 
numerals I, II, III, IV. 

It is evident that, in the first quadrant, both coédrdinates 


are positive;in the second quadrant, the abscissa is negative and 
23 
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the ordinate positive; in the third quadrant, both coédrdinates 
are negative; in the fourth quadrant, the abscissa is positive 
and the ordinate is negative. This is shown in the following 
table: 


Qusdranttgn mest hast area er I | II | III | IV 


HAIDSCISSA aac bps <Oseeaes iw ene ae 


(Ordinate hee coy tee ae steven: 


287, Plotting points.—To plot a point is to locate it with 
reference to a set of codrdinate axes. To plot a point whose 


Fie. 209. 


z-codrdinate is 3 and y-coérdinate 4, first draw the axes (see 
Fig. 209), then choose a unit of measure and lay off OA 3 
units to the right of O. Through A draw a line parallel to the 
y-axis. Now lay off OB, 4 units above O, and through B 
draw a line parallel to the x-axis. The required point is 
located where these two lines meet. In the figure it is located 
as P(8, 4), which is the usual manner of writing the codrdinates 
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of a point. The abscissa is placed first; they are separated by 
a comma and inclosed in parentheses. It is read: ‘The 
point P whose coérdinates are 3 and 4.” 

In a similar manner the following points are located as 
given in the figure: P(—2, 5), P(—4, —3), P(4,—5). 
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EXERCISES 101 


1. Plot the following points: (—1, 6), (7—2), (0, 4), (4, 0), (—6, 0), 
(—3, —8), (—6, 2), (0, 0). 

2. The temperatures read each hour for the 24 hours ending Jan. 
26, 1918, at 2 Pp. M. were as follows: Above zero 11, 11, 10, 6, 8, 5, 4, 3, 2, 
2, 1, 0, 0; below zero 1, 1, 2, 3, 2; above zero 1, 3, 6, 8, 10, 12. Plot these 
using the hours as abscissas and the temperatures as ordinates, and 
connect by a smooth curve. 

3. The populat.on of a town in 1850 was 16,000; in 1860, 16,300; in 
1870, 16,850; in 1880, 17,800; in 1890, 19,100; and in 1900, 20,700. Plot 
a curve showing the variation in population, and estimate the probable 
population in 1875 and in 1907. 

Discussion. Draw the axes; lay off the years, beginning with 1850 at 
the origin, along the z-axis; and lay off the population in thousands along 
the y-axis, beginning with 16,000 at the origin. The curve will then be 
as in Fig. 210. 

The population for any year is estimated by locating the year on the 
z-axis; drawing a perpendicular to the z-axis; and, from the intersection 
of this with the curve, drawing a parallel to the z-axis. The point where 
this parallel intersects the y-axis determines the population. 
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The process by which we determine the coérdinates of any point on 
the curve is called interpolating. 

4. A company began to sink a mining shaft on June 4; on June 11 it 
had reached a depth of 30 ft.; on June 18, 54 ft.; on June 25, 70 ft.; on 
July 2, 82 ft.; on July 9, 100 ft.; on July 16, 135 ft., and on July 23, 150 ft. 
Plot a curve showing the progress of the work. 

56. The population of the United States by decades was as follows. 
Plot and estimate the population for 1913 and 1919. 


. Year Population Year Population 
1790 3,929,214 1860 31,443,321 
1800 5,308,433 1870 38,558,371 
1810 7,229,881 1880 50,155,783 
1820 9,663,822 1890 62,669,756 
1830 12,806,020 1900 76,295,200 
1840 17,069,453 1910 91,972,266 
1850 23,191,876 


6. Make a graph from which can be read the product of any number 
from —225 to 225 multiplied by 0.367. 

Suggestion. Plot the numbers from —225 to 225 as abscissas and the 
products as ordinates. 


Time in Seconds 


O “40 20 30 40 50 30 100 150 
Distance in Feet 
Mies 211% 


7. Make a graph from which can be read the quotient of any number 
less in absolute value than 500 divided by 12.7. 

8. A stone, falling from rest, falls through 4 ft. in } second, 16 ft. in 1 
second, 36 ft. in 13 seconds, 64 ft. in 2 seconds, 100 ft. in 23 seconds, and 
144 ft. in 3 seconds. Find, by plotting a curve, how long a stone would 
be in falling 80 ft.; and also how far it falls in 2% seconds. 
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The graph for exercise 8 is as shown in Fig. 211. To find how long the 
stone would be in falling 80 ft., locate 80 ft. on the z-axis, draw a per- 
pendicular line AB, and through the point B on the curve draw a line 
parallel to the z-axis to intersect the y-axis. This point of intersection 
C determines the number of seconds it will take the stone to fall 80 ft. 
To find how far the stone will fall in 2? seconds, proceed in a similar man- 
ner, starting on the y-axis. 

9. The football accidents for the years given are as follows: 


Year Deaths Injuries Year Deaths Injuries 
1901 7 74 1910 22 499 
1902 15 106 1911 ial 178 
1903 14 63 1912 13 

1904 14 276 1913 14 

1905 24 200 1914 12 

1906 14 160 1915 16 

1907 15 166 1916 19 

1908 di 304 1917 12 

1909 30 216 


Plot two curves, using the years as abscissas and the deaths and injuries 
respectively as ordinates. State the conclusions that you can draw from 
the curves. 

10. The monthly wages of a man for each of his first 13 years of work 
was as follows: $28, $30, $37.50, $45, $60, $65, $90, $95, $95, $137, 
$162, $190, and $210. 

Plot the curve showing the change. Estimate his salary for the four- 
teenth and fifteenth years. Can you be certain of his salaries for these 
years? Why? 

11. A cyclist starts from a town at 8 a. mM. and rides 4 hours at the 
uniform rate of 9 miles per hour. He then rests 1 hour and returns at 
the rate of 8 miles per hour. At 11 A.M. asecond cyclist starts from the 
same town and rides over the same route at the rate of 6 miles per hour. 
Plot curves showing where they will meet: 

12. (a) Reckon the simple interest at 6% on $100 for the several 
years 1, 2, 3, -- +10. Plot the years as abscissas and the interest as 
ordinates. Connect with a smooth curve from which may be read the 
interest on $100 at 6% for any time. 

(b) Reckon the compound interest at 6% on $100 for the several 
years 1, 2,3, -+-- 10. Plot as in (a), using the same axes. 

13. Plot the numbers 1, 4, 9, 16, 25, 36, etc., as abscissas and their 
square roots as corresponding ordinates. Make scale for ordinates 5 
or 10 times that of abscissas. How can you determine roots of interven- 
ing numbers? (See discussion of exercise 3.) Find roots of 11, 14, 21, 
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29, 42 from curve. How do these agree with computed values of roots 
of these numbers? 

14. lf T is the tensile strength, in tons per square inch of cross section, 
of steel containing X per cent of carbon, and we are given the following 
values, plot a curve to show, as accurately as the data will allow, the 
tensile strength of steel containing any percentage of carbon from 0.1 to 
1 per cent. What strengti would you expect for 0.4 per cent of carbon? 


x | 0.14 | 0.46 | 0.57 0.66 | 0.78 


0.80 | 0.87 | 0.96 


41.1 | 45.9 6.7 | 52.7 


P| a8. | 83.8 35.6 | 40 


15. Plot the Fahrenheit thermometer scale on the x-axis and the centi- 
grade scale on the y-axis. Draw the line any point of which has as co- 
ordinates equivalent temperatures on the two scales. How can this 
graph be used to reduce from one scale to the other? Read from the 
graph the centigrade temperatures for the following Fahrenheit readings: 
25°, 90°, 367°, —40°, 15°. Give in Fahrenheit the following centigrade 
readings: 33°, 76°, 15°, —46°, —9°. 

16. In an experiment on the stretching of an iron rod the linear exten- 
sion, Z in inches, for a load, W in pounds, was found to be as follows: 


3600 oes 4600 5100 


0 937]0.043 0.050 
| 


600 | 1100; 1600 


2100 2600) 3100 


Teas we {0.005 0.009 0.013 0.018,0.022 0.027 0.032 

Plot, choosing suitable distances on the x-axis for W, and on y-axis for 
L. Up to how great a load is the extension proportional to the load? 
That is, where does the curve change direction rapidly? 

Remark. While the curve is a straight line, the relation between L 
and W can be expressed in the language of variation by the equation 
W=kL. Or we may say that the straight line is the graph of a direct 
variation where the ratio is constant. 

17. A stick of white pine 1 in. broad and 0.5 in. thiek is supported at 
points 24 in. apart and loaded in the middle. The deflection, d in inches, 
for a load, W in pounds, is as follows: 


Seo o| 5 8 | 13 


2s | 38 | 48 58 63 68 | 69 | 70 


hepa oaete | 0 | ae 0.14 0.85 0.56 0.7 0.99 1.22 1.35 1.685 1.765, 1.85 
Plot so as to show the deflection is proportional to the weight up to a 
certain point. 
18. Plot the following data of the weight of railway locomotives. The 
weights are of the largest locomotives made each year. Plot time on 
the x-axis. 
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Year Engine, pounds Engine and tender, 
pounds 
1898 230,000 334,000 
1899 232,000 364,000 
1900 250,300 391,400 
1902 259,800 383,800 
1904 287,240 453,000 
1905 334,000 477,000 
1909 425,900 596,000 
1910 440,000 611,800 
1911 616,000 850,000 


19. A rifle sighted to 1000 yd. rests upon a support 5 ft. from the 
ground and is fired. The height of the bullet above the support at the 
various distances is given in the following table: 


: 
Distance in yards | 199 200 300 400 500| 600| 700\ 800! 900 1000 
from firing point. | | 


— 


above support 5.0} 18.5} 21.0) 23.3} 25.0) 22.5) 16.5) 0 


in feet. 


Vertical height 
fees) | Au 


Plot a representation of the path of the bullet. Show the ground level 
and the height of the support. Where does the bullet reach a height of 
20 ft.? 

20. Plot the relation between centimeters and inches. 

Suggestion. Take the numbers of centimeters on the z-axis and the 
inches on the y-axis. Any point on the curve has as coérdinates a num- 
ber of centimeters and a number of inches that are equivalent in length. 

21. Plot a curve showing the relation between yards and meters. 

22. Plot a curve showing the relation between pounds and kilos. 

23. Plot a curve showing the relation between dollars and francs. 
Use 1 franc = 19.3 cents. 


288, Graph of an equation,—If we have an equation in two 
unknowns, as 32+4y=12, we can determine a number of 
pairs of values for x and y that will satisfy the equation. 
(See Art 255.) If we consider each of these pairs as the co- 
érdinates of a point, the value of x for the abscissa and y for 
the ordinate, then the graph determined by these points is 
called the graph of the equation or the curve of the equation. 

To plot the curve of 37+4y=12, determine the pairs of 
values: (0, 3), gq 0), (2, 1), (3, %),(5, Bai) (8, —3), (8; 9}, 
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(—4, 6), (12, —6). Plot these points and connect with a 
smooth line. The curve is shown in Fig. 212. 

Whenever the equation is of the first degree the graph will 
be a straight line. Since a straight line is determined by 
knowing two points on it, the graph can be drawn when two 
points only have been plotted. Usually the most convenient 
‘points to take are those where the line crosses the two axes. 
These two points are found by putting «=0 and finding y, and 
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then putting y=0 and finding z. The distances from the 
origin to these points are called the intercepts on the axes. 
If the line goes through the origin another point will be nec- 
essary. If the two points are near together the line will not 
be well determined unless the work is very accurate. 

289. Simultaneous equations.—I{ we plot the graphs of 
two simultaneous equations they will intersect at some point 
if they are not parallel. The codrdinates of the point of 
intersection evidently satisfy both equations and are the values 
obtained by solving the equations as simultaneous. 

Example. Plot each of the following equations and solve 
them as simultaneous equations. 


(1) +4y=3 (2) 3a+2y=4. 
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Pairs of values for first: (0, 2), (1, 3), (8, 0), (7, —1). 
Pairs of values for second: (0, 2), (2, —1), (4, —4), (—2, 5). 
These are plotted and the intersection is determined to be the 
point (1, 3). Solving as simultaneous equations, we find a=1 
and y= as values of x and y. The plotting is shown in 


Fig. 213. 
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290. The graph of an equation of any degree.—The graph 
of an equation of any degree in two variables (unknowns: 
can be plotted by taking values for one variable and deter- 
mining corresponding values for the other variable. Each pair 
of values determines a point, and a sufficient number of these 
points will determine the form of the curve. 

A graph of an equation of higher degree than the first is 
not a straight line. The graph of an equation of the second 
degree in two variables is a conic section, that is, the section 
of a cone. 

EXERCISES 102 


Plot and solve the following systems of equations: 
. e+y=5 and 32+2y =12. 

. 8a+5y =11 and 44+7y=15. 

. 62+4y =6 and 77+6y = 10. 

. 22+38y =4 and 4x4 —6y =8. 

. 6r+y=4 and 42+3y =11. 


ar wb 
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6. Plot the curve of the equation zy=1. This will Pairs of values 
give a curve from which can be read the reciprocals of x y 
any number. It is plotted by first finding a number 


antl 


of pairs of values for x and y which satisfy the equa- +16 
tion, and then plotting the points that have these +% +8 
pairs as coérdinates. It should be noticed that when + +4 
x is negative, y is negative, and when z is positive, y +2 +2 
is positive. =e +1 
The pairs of values given in the table arefound and +2 +3 
plotted as shown in Fig. 214. +3 gery 
7. Plot the curve for y=z?, and thus find the curve +6 +% 
from which can be read squares and square roots of +8 +% 
numbers. +16 ys 


8. Plot the curve for y=‘, and thus find the curve from which can 
be read cubes and cube roots of numbers. 

9. In simple interest, if p stands for principal, ¢ for time, r for rate, 
and a for amount, then a=p(1+rt). If now particular numerical 
values are given to p and 1, and if the different values of a be taken as 
ordinates, and the corresponding values of ¢ as abscissas, then the graph 
of this equation may be drawn. Draw the graph. What line in the 
figure represents the principal? What feature in the graph depends 
upon the rate per cent? 

10. With the same axes as used in exercise 9, draw the graph for which 
interest and time are the codrdinates of points on the curve. 
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11. Using the formula for the area of a circle A =ar?, plot the curve, 
using radii as abscissas and areas as oridnates, from which can be read 
the areas of circles of radii from 0 to 6. 

12. Follow directions similar to those in exercise 11 and plot the curve 
from which can be read the volumes of spheres. 

13. If the temperature of a gas is constant, the pressure times the vol. 
ume remains constant. Using p for pressure and v for volume, plot so as 
to show their relative change when pv =4. 


291. Simpson’s Rule.—The area of the space included 
between a curve and a straight line can easily be found ap- 
proximately by the use of Simpson’s Rule which may be 
stated as follows: Let AB, in Fig. 215, be the curve and C'D 
the straight line. Divide the length CD into an even num- 


ber of equal parts, say 8, of length a, and erect the ordinates 
ho, hi, he, + + * , hg. Then the area of the figure CDBA will 
be given by the formula: 


Area => 4a(hot4h, + 2hot+4h3+2hy+4hs+2he+4h7+hs). 


It is to be noticed that the coefficients of the ordinates are 
alternately 4 and 2, excepting the first and the last. The 
greater the number of divisions made the more accurate, in 
general, will be the result. 

In words this may be stated in the following: 

Rue. Duiide the base CD into an even number of equal 
parts, and measure the ordinate at each point of division. Add 
together the first and last ordinates, twice the sum of the other odd 
ordinates, and four times the sum of the even ordinates; multiply 
the sum by one-third the distance between consecutive ordinates. 
The result is the area inclosed (approximately). 
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292, The average ordinate rule.—For approximate results 
the area between a curve and a straight line, base line, may 
be found as follows: 

Rute. Divide the base line into any number of equal parts; 
at the center of each of these parts draw ordinates. Take the 
average length of these ordinates and multiply by the length of 
the base line. The result is the area inclosed (approximately). 

In Fig. 215, mn, op, rs, etc., are the ordinates. 

A convenient way for adding the ordinates is to draw a line 
of indefinite length; then with the dividers measure the 
ordinates successively on this line. The total length can then 
be measured at once. This will avoid errors to some extent. 

293. Area in a closed curve.—Either of the methods given 
may be used in finding the area within a closed curve. Thus, 


eS 


Pei bee Oy 
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in Fig. 216, draw the two parallel tangents OY and MN, and 
draw OX perpendicular to these. Divide ON into any number 
of equal parts’ (an even number for Simpson’s Rule) and draw 
the ordinates AB, CD, etc. Call the several widths of the 
figure on these ordinates hy, he, hs, etc. These widths can be 
used in Simpson’s Rule to find the area within the closed curve. 

The widths mn, op, rs, etc., can be used in the average 
ordinate rule to find the area. 


1 To divide a line into any number of equal parts see Art. 149. 
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It should be noted that ho and hg for this figure are each 0. 

294, The steam indicator diagram.—As a useful application 
of the discussion in the preceding articles, we will consider the 
steam indicator diagram.+ 

The steam indicator is a mechanical device to attach to a 
steam engine to make a graphical representation of the steam 
pressure acting on the piston throughout the stroke. Knowing 


Bies 217. 


the pressure, the indicated horse-power of the engine can be 
calculated from the formula given in exercise 4, page 313, 
H- PLAN 
33,000 
H = indicated horse-power, 
P=mean effective pressure in pounds per square inch, 
L=\length of stroke in feet, 
A =area of piston in square inches, 
N =the number of strokes per minute. 


» where 


The indicated horse-power is the power developed by the 
steam on the piston of the engine, without any deduction for 
friction. 

The effective horse-power is the actual available horse- 
power delivered to the belt or gearing, and is always less than 
the indicated horse-power, because the engine itself absorbs 
some power by the friction of its moving parts. 

The indicator diagram may be as given, Fig. 217. 


1 For a full discussion of the steam indicator the student is referred 
to Peabody—Manual of the Steam Engine Indicator. 
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The width of a rectangle the same in length as this, and of the 
same area, would represent the mean effective pressure per 
square inch on the piston during the stroke. 

The diagram is always to a certain scale, which is known 
from the indicator. For instance, the scale might be 60 lb. 
per inch in diagram. The mean effective pressure is then 
60 lb. multiplied by the average width of the indicator diagram. 

The average width of the diagram may be found by dividing 
the area by the length. The area can be found by Simpson’s 
Rule or by the average ordinate rule. 

A convenient method for locating the ordinates is to place 
a common ruler as in Fig. 218, and locate 10 ordinates, the two 


--4,36~ 
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end ordinates being half as far from either end as the distance 
between the other ordinates. 

The average length of these ordinates multiplied by the 
scale, taken from the indicator, gives the mean effective 
pressure. 

Example. ‘Taking the indicator diagram in Fig. 218, find 
the mean effective pressure of the steam if the scale is 30 lb. 
to the inch. Find the horse-power of the engine if the diam- 
eter of the piston is 18 in., length of stroke 23 ft., and number of 
revolutions 110 per minute. (The number of strokes of the 
piston is twice the number of revolutions.) 

Solution. Adding together the ten ordinates, we have 
1.82+2.66+2.81+ 2.91+2.73 +2.21+1.78+1.46+1.17+0.76 
= 20.25. 
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Since there are 10 ordinates, the mean is 20.25 + 10 = 2.025. 
Multiplying by the scale, we have 2.025 X30 = 60.75 = pounds 
pressure per square inch, the answer to the first part. 

Area of piston =3.1416 X 9? = 254.47 in.? 

PLAN 
33,000 
P=60.75, L=2.5, A=254.47, 
60.75 X 2.5 X 254.47 X 220 
.H= 33,000 = 257.00. 


Formula for the horse-power is H = 
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1. An indicator diagram has a length of 2 in. The ten ordinates, 
beginning at the left, are 0.70 in., 0.90 in., 0.97 in., 0.85 in., 0.67 in., 
0.52 in., 0.42 in., 0.35 in., 0.23 in., 0.07 in. Draw a diagram that these 
ordinates will satisfy. If the indicator scale is 120 lb. to the inch, find 
the mean effective pressure. Ans. 68.16 lb. per in.? 

2. Find the indicated horse-power of an engine having the indicator 
diagram of exercise 1, if length of stroke is 3 ft., diameter of piston 23 in., 
and number of strokes 100 per minute. Ans. 257.4-+ h. p. 


Fie. 219. 


3. Draw a semicircle 2 in. in radius. Divide the diameter into four 
parts and find the area by Simpson’s Rule. Divide the diameter into 
ten parts and find area by the same rule. Find the area by the formula. 
Compare the three results and state your conclusions. 

4. Find the area of the ellipse in Fig. 219 by Simpson’s Rule. Find 
the area by the formula A =zab, and compare the two results. 

5. Find the area of the indicator diagram of Fig. 217 both by Simpson’s 
Rule and by the average ordinate rule, using ten divisions. Compare 
the results. Ans. 4.46 in.” nearly. 

6. If the indicator diagram of exercise 5 has a length of 3.73 in., and 
the scale is 50 lb., find the mean effective pressure. If the stroke is 
2 ft. 6 in., the cylinder 18 in. in diameter, and the number of revolutions 
per minute 80. find the indicated horse-power of the engine. 

Ans. 59.79 lb, per in.?; 184.4-+ h. p. 


PART FOUR 


LOGARITHMS AND 
TRIGONOMETRY 


CHAPTER XXXIV 
LOGARITHMS 


295. Uses.—By the use of logarithms, the processes of mul- 
tiplication, division, raising to powers, and extracting roots 
of arithmetical numbers are much simplified. The process 
of multiplication becomes one of addition, that of division 
becomes one of subtraction, that of raising to a power be- 
comes one of simple multiplication, and that of extracting a 
root becomes one of simple division. 

Many calculations that are difficult or impossible by ordi- 
nary arithmetical methods are readily carried out by means of 
logarithms. For instance, by the help of logarithms a square 
root is more readily found than by ordinary methods, and any 
other root is found as easily as a square root. The value of a 


2 ys 
number affected with any exponent, as 2.34'", can be com- 
puted easily by logarithms. 
296. Exponents.—For convenience the definitions and laws 
of exponents previously given are repeated here. 


Definitions. 


(1) a*=a-a-a --- ton factors. n an integer. 


(2) ana 
(3) a°=1, 
(4) am = Var, 
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Laws. 
Cima en 
(2) arg" = qr, 


(3) (abc: * - )>=a"brc” og 


0 8 
COGS Soe 


297. Definitions and history.—A logarithm of a number is 
the exponent by which the base must be affected to produce 
that number. 

The logarithms of all the positive numbers to a given base 
are called a system of logarithms, and the base is called the 
base of the system. 

Any base may be used in a system of logarithms; but the 
base 10 is commonly used because, as will be seen later, it 
makes a very convenient system of logarithms to work with. 

Logarithms were invented by John Napier of Scotland, who 
lived from 1550 to 1617. They were described by him in 1614. 
Napier used the number 2.71828 - - » as a base. This base 
is still used in mathematics (see Art. 315). 

Henry Briggs (1556 to 1631), professor at Gresham College, 
London, modified the new invention by using the base 10, and 
so made it more convenient for practical purposes. 

Because of the time they save and the help they give in 
performing difficult computations, logarithms may be consid- 
ered among the great inventions of the world. 

298, Notation.—If we take 2 as a base, we may write in the 
language of exponents, 2*=16. In the language of logarithms, 
we may express the same idea by saying, the logarithm of 16 
to the base 2 is 4. This is abbreviated and written thus 
logy Iya 

Similarly, we have the following expressed in the language of 
exponents and in the language of logarithms: 


Language of Language of 
exponents logarithms 
a= 32. log, 382=5. 
3‘= 81. log; 81=4, 


54= 625. log; 625=4. 
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Language of Language of 
exponents logarithms 
Soo lee logs. Diao 

49.5 = 2. log, 2=0.5. 
gi= 4, logs  4=2. 

64! = 4. logs 4= d, 
10° = 1000. logy 1000 =3. 


EXERCISES 104 


Answer as many as you can orally. Cover the answers so that they 
will not be seen until the results are written. 
1. Express the following in the language of logarithms: 


(1) 2°=64. (4) 16° =4. (7) 329-4 =4. 
(2) 53=125. (5) 104=10,000. (8) 101-8979 =95, 
a 
(3) 73=343. (6) 125° =5. (9) 102-5465 — 352, 
Ans. (1) loge 64=6. (4) logig 4=0.5. (7) logso 4=0.4. 
(2) logs 125=3. (5) logio 10,000 =4. (8) log1o 25 =1.3979. 
(3) logy 343=3. (6) logies 5=4. (9) logio 352 = 2.5465. 


2. Express the following in the language of exponents: 


(1) log: 256 =8. (4) logiy 643 =2.8082. 
(2) logs 216 =3. (5) logio 429 = 2.6325. 
(3) logis 2=0.25. (6) log 999 =2.9996. 


Ans. (1) 28 =256. (4) 102-8952 =643. 
(2) 6% =216. (5) 107-6325 = 429, 


(3) 16°25 =2., (6) 102-9996 = 999, 
3. Find the logarithms of the following: 
(1) log; 49. (4) logs 729. (7) logs 2. 
(2) log; 243. (5) logs 256. (8) logis 64. 
(3) log; 3125. (6) logio 100,000. (9) logio 0.01. 


Ans. (1) 2; (2) 5; (3) 5; (4) 3; (5) 4; (6) 5; (7) 35 (8) 3; (9) —2. 


4. Find the value of z in the following: 


(1) log; x=4. (5) logis t= —2. (9) loge, «=3. 
(2) logis © =6. (6) logs z= —3. (10) logis x=. 
(3) logis 2 =. (7) logipx= —3. (11) logies =}. 
(4) logio x =0. (8) logs t= 7. (12) logs w=3. 


Ans. (1) 81; (2) 1,000,000; (3) 8; (4) 1; (5) 0.01; (6) #y; (7) 0.001: 
(8) 16; (9) 125; (10) 64; (11) 25; (12) 343. 
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6. Find the value of x in the following: 


Glogs 002) (5) logs 4=0.5. (9) log. 27 =0.75. 
(2) log, 81=4. (6) log, 4=0.25. (10) loge 2=0.125. 
(8) logs 5123, (7) log: 16 =#. (11) log, 49 =. 
(4) log, 1024 =10. (8) log, 17 =0.5. (12) log: 100 =2. 


Ans. (1) 10; (2) 3; (3) 8; (4) 2; (5) 16; (6) 256; (7) 32; (8) 289; (9) 81; 
(10) 256; (11) 343; (12) 1000. 

299. Illustrative computations by means of exponents.— 
It is very important that the fundamental ideas of logarithms 
shall be well understood. In this article are given examples 
illustrative of the use of exponents, or logarithms, in making 
computations in multiplication, division, raising to powers, 
and extracting roots. These computations are made by the 
help of the following table in which 2 is the base. The work 
is kept in the language of exponents but can be easily trans- 
lated into the language of logarithms. 


26=4 21=2 2° =256 
25=. 22 =4 2° =512 
g-1= 1 23=8 210 = 1024 
2354 24=16 211 = 2048 
2-%=} 25 =32 2% = 4096 
21=2 25 = 64 213 =8192 
2° =1 27=128 214= 16,384 


Multiplication. Multiply 512 by 32. 
From the table, 512 = 2°, 
and 32 2°, 
«« DIZ X32 Beco? = 214 
From the table, 2'4*= 16,384. 
~. 512X32 =16,384. 


Division, Divide 512 by 4096. 
From the table, 512 =29, 
and 4096 = 212, 
.. 01244096 =2?+ 22 = 2-3. 
From the table, 2-3 =1. 
“. 51244096 =4. 


Raising toa power. Find the value of 163, 
From the table, 16 =24. 
wi 168 = 4s ete 212, 
From the table, 212 =4096. 
.. 163=4096., 
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Extraction of a root. Find the value of 1/4096. 
From the table, 4096 = 2". 


2. ¥/4096 =~0/2?2 = 28. 
From the table, B= 8: 
“. W4096 =8. 
EXERCISES 105 


By the help of the table on page 372 find the value of the following: 
Do the work without using a pencil when possible. 


1. 256 X16. 2. 256 X64. 3. 20488. 
4, 128X128. 5. 32256. 6. 2 X 16,384. 
7. 8192 +1024. 8. 2048 +256. 9. 16+512. 
10. 8+512. 11. 16°. 12. 642. 
13. +/ 16,384. 14. ¥/4096. 15. \/ 16,384. 
32x 2048 16,384 X512 32x64 
Avaheerst: A cee TES 13.512 <, 
19. (4096) 5. 20. (32 X128)#- 21. (8192 X32)3. 
99, _1024x64_, Aa ((EAB x86. &. 94: 4 Paes 
512 X 16,384 1024 X8192 4096? 


300. Logarithms of any number.—It is readily seen that, in 
the exercises of the last article, the numbers considered were 
all integral powers of 2. It is also readily seen that there are 
many numbers that cannot be expressed as integral powers of 
2. Thesame thing is true for any base. Thus, for the base 3, 
we have as integral powers the numbers 3, 9, 27, 81, 248, etc., 
and no numbers except these between 3 and 243. 

We can, therefore, with any given base write integral log- 
arithms for only a small part of all possible numbers. That 
is, the logarithms of numbers to any given base are usually 
not integral. Thus, the logarithm of 95 to the base 3 is 4 
and some fraction, because 95 is between 34 and 3°. What this 
fraction is cannot easily be determined. 

301. Logarithms to the base 10.—In what follows, if no 
base is stated, it is understood that the base 10 is used. 

When the base is 10 we evidently have the following: 


log 100,000 =5. log 1 =0. 

log 10,000=4. log Oye ts 
log 1000 =3. log 0.01 =—2. 
log 100 = 2. log 0.001 =—83. 


log 10=1. log 0.0001 = —4. 
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The logarithm of any number between 1000 and 10,000 
is between 3 and 4, or it is 3 and some fraction. Between 100 
and 1000 the logarithm is 2 plus a fraction. Between 0.01 
and 0.1 the logarithm is —2 plus a fraction or —1 minus a 
fraction. In order that the fractional part of the logarithm 
may always be positive, we shall agree to take the logarithm so 
that the integral part only is negative. 

In general, the logarithm of a number consists of two parts, 
a whole number part and a fractional part. 

The whole number part is called the characteristic. 

The fractional part is called the mantissa. 

The mantissas of the positive numbers arranged in order 
are called a table of logarithms. 

The logarithm of 3467 consists of the characteristic 3 and 
some mantissa because 3467 lies between 1000 and 10,000. 
The logarithm of 59,486 is 4 plus a fraction because 59,436 
hes between 10,000 and 100,000. The log 0.0236 is —2 plus 
a fraction because 0.0236 lies between 0.01 and 0.1. 

It is readily seen that multiplying a number by 10 increases 
its characteristic by 1. 

One of the great advantages in using the base 10 is that the 
characteristics can be determined by inspection. It is only 
necessary, then, to have the mantissas given in a table. 

302. Rules for determining the characteristic—From what 
has been said in the last article, and from a further con- 
sideration of the table given there, the following rules are 
evident: 

(1) For whole numbers, the characteristic is one less than the 
number of whole number figures and is positive. 

(2) For decimals, the characteristic is one more than the num- 
ber of zeros immediately at the right of the decimal point and 
ws negative. 

(3) In a number consisting of a whole number and a decimal, 
consider the whole number part and apply rule (Gin 

Thus, the characteristics of the following are as given: 
of 326 is 2 by rule (1), of 37,265 is 4 by rule (1), of 0.046 is 
—2 by rule (2), of 0.000046 is —5 by rule (2), of 2.36 is 0 by 
rule (3), and of 276.36 is 2 by rule (3)) 
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EXERCISES 106 
State the characteristics to the base 10 of the following: 


846 3956 2.325 87,654 
44.36 43,968 0.0123 9.3264 
173.94 39.267 0.00492 0.0003967 
4.7654 3333.3 0.4689 0.039643 


303. The mantissa.—The determination of the mantissa is 
more difficult than the determination of the characteristic. 
The mantissa is found from a table of logarithms. 

Tables of logarithms are made only by a great deal of work. 
They are spoken of as three place tables, four place tables, 
ten place tables, etc., according to the number of decimal 
places given in the mantissas. The degree of accuracy in 
computations made by logarithms depends upon the number 
of places in the table used, the more places in the table the 
greater the degree of accuracy. The tables generally used 
are those having from four to six places. . 

The mantissa depends only upon the figures of the number, 
and not at all upon the decimal point. To illustrate this, 
consider the following: Suppose that we have given that log 
867 = 2.9380. 

(1) This means that 10?-°** = 867. 

(2) Now 107=100. 

(3) Dividing (1) by (2), 10°-998°=8.67. 

(4) .°. log 8.67 =0.9380. 

Hence the mantissa of 8.67 is the same as the mantissa of 
867. . 

It is evident that if both members of (1) are multiplied or 
divided by any integral power of 10 the mantissa is unchanged. 
Hence the decimal point of a number can be moved as we 
please without the mantissa of the logarithm of the number 
being changed. 

This also illustrates the fact that a change in the position 
of the decimal point of a number changes the value of the 
characteristic of the logarithm of the number. 

304. Tables.—Upon examining a four place table of loga- 
rithms (see Table X), it is noticed that the first column has 
the letter N at the top. This is an abbreviation for number. 
The other columns have at their tops and bottoms the numbers 
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0,1, 2,3,- +--+ 9. Any number consisting of three figures has 
its first two figures in the column headed N and its third 
figure at the top of another column. For instance, take the 
number 456; 45 is found in the column headed N and 6 at the 
top of another column. 

The columns, after the first, are ae up of numbers con- 
sisting of four firaces These numbers are decimals, and are 
the mantissas of the logarithms of the numbers made up of 
the figures in the column headed N together with a figure from 
the head of another column. 

The difference between two consecutive mantissas is called 
the tabular difference, that is, the table difference. 

305. To find the mantissa of a number.— 

(1) When the number consists of three significant figures. 

Example. Find the mantissa of 347. 

From the manner in which the table is formed, the first two 
figures of 347 are found in the column headed N, and the third 
figure at the top of the page. The mantissa of 347 is found to 
the right of 34 and in the column headed 7. It is 0.5403. 

The mantissa of 3.47, 3470, or any number consisting of 
these figures in the same order is 0.5403. 

(2) When the number consists of one or two significant figures, 
the number is found in the column headed N, and the mantissa 
to the right in the column headed 0. 

Thus, the mantissa of 13 is 0.1139, and the mantissa of 4 is 
0.6021; this is found to the right of 40. 

(3) When the number consists of four or more significant 
Sigures. 

Example 1. Find the mantissa of 7586. 

Since 7586 lies between 7580 and 7590, its mantissa must lie 
between the mantissas of 7580 and 7590. 

Mantissa of 7580 = 0.8797. 
Mantissa of 7590 = 0.8802. 

The difference between these mantissas is 0.0005, whichis the 
tabular difference. Since an increase of 10 in the number 
increases the mantissa C.0005, an increase of 6 in the number 
will increase the mantissa 0.6 as much, or the increase is 0.0005 
0.6 = 0.0003. Hence the mantissa of 7586 = 0.8797 +0.0003 = 
0.8800. 
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The process of determining the mantissa as above 1s called 
interpolation, As carried out, the mantissa is supposed to 
increase in a constant ratio between the values taken; however, 
this supposition is only approximately true. 

Example 2. Find the mantissa of 43,286. 

Mantissa of 43,200 =0.6355. 
Mantissa of 43,300 = 0.6365, 
and the tabular difference = 0.0010. 

Since an increase of 100 in the number increases the mantissa 
0.0010, an increase of 86 in the number increases the mantissa 
0.0010 X 0.86 =0.0009, to the nearest fourth decimal place. 
Hence the mantissa of 43,286 = 0.6355 + 0.0009 = 0.6364. 

The processes that have been given should seem reasonable ; 
but, since the process of finding a mantissa has to be performed 
so often, it is best to do it by rule. 

306. Rules for finding the mantissa.— 

(1) For a number consisting of three figures, find the first 
two figures of the number in the column headed N, and the third 
figure at the head of a column; then read the mantissa in the column 
under the last figure and at the right of the first two figures. 

(2) For a number consisting of one or two figures, find the 
number in the column headed N, and the mantissa opposite in 
the column headed 0. 

(3) For a number consisting of more than three figures, find 
the mantissa for the first three figures by rule (1), and add to this 
the product of the tabular difference by the remaining figures of 
the number considered as decimals. 

Illustrations. The mantissa of 243, 2.43, 0.0243, or any 
number consisting of these three figures in the same order, is 
found by rule (1) to be 0.3856. 

The mantissa of 25, 0.025, or any number consisting of 
these two figures in this order, is found by rule (2) to be 0.3979. 

The mantissa of 2364 is found by rule (3) to be 0.3736. 

Process. Mantissa of 2360=0.3729. Tabular difference is 
0.0018. 0.0018X0.4=0.0007. Adding this to the mantissa of 
2360 gives the mantissa of 2364 =0.3736. 

307. Finding the logarithm of a number.—In looking up 
the logarithm of a number, it is best to first determine the 
characteristic, and then the mantissa. 
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Example 1. Find the logarithm of 236. 
By rule (1) for characteristic we find 2. 
By rule (1) for mantissa we find 0.3729. 
.. log 236 = 2.3729. 


Example 2. Find the logarithm of 7326. 
Rule (1) for characteristic gives 3. 
Rule (8) for mantissa gives 0.8649. 

.. log 7326 =3.8649. 


Example 3. Find the logarithm of 0.00037. 
Rule (2) for characteristic gives —4. 
Rule (2) for mantissa gives 0.5682. 

.. log 0.00037 = 4.5682. 


It is not permissible to place the minus sign before the 
characteristic in writing a negative logarithm, for this would 
indicate that both characteristic and mantissa are negative, 
and we have agreed that the mantissa shall always be positive. 
To overcome the difficulty, the negative sign is placed above the 
characteristic. Another way of writing the negative loga- 
rithm is to increase the characteristic by 10 and subtract 10 
at the right of the mantissa. 

Thus, the logarithm of 0.00037 is written 4.5682 or 
6.5682 —10. 


EXERCISES 107 


1. Study the following to fix in mind the meaning of characteristic and 

mantissa: 

log 4580 =3.6609; that is,  4580=10°°°°°°. 

log  458.0=2.6609; that is, 458.0=10°°°°°°. 

log 45.80 =1.6609; that is, | 45.80=10*°°°°°. 

log 4.580 =0.6609; that is, 4.580 =10°°°°°°. 

log 0.4580 =1.6609; that is, 0/4580 =107°°*°* =10-710"°°8e. 

log 0.0458 =2.6609; that is, 0.0458 =107°°°°° =10- 77°89", 

log 0.00458 =3.6609; that is, 0.00458 =10°°°°°® =107°+°°°°°°, 


2. Verify the following by the tables: 


(1) log 10=1.0000. (2) log 100 =2.0000. 
(3) log 110 =2.0414. (4) log 2=0.3010. 
(5) log 20=1.3010. (6) log 200 =2.3010 
(7) log 0.2 =1.3010. (8) log 542 =2.7340. 
(9) log 345 =2.5378. (10) log 5.07 =0.7050. 


(11) log 78.5 = 1.8949. (12) log 0.981 =1.9917. 


(13) log 1054 =3.0228. 


(15) log 0.0165 =2.2175. 


(17) log 21.09 = 1.3241. 
(19) log 3.060 =0.4857. 


(21) log 0.7854 =1.8951. 
(23) log 54.657 =1.7377. 
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(14) log 1272 =3.1045. 
(16) log 0.1906 =1.2801. 


(18) log 0.09095 =2.9588, 


(20) log 4.411 =0.6445. 


(22) log 0.10125 = 1.0054. 
(24) log 0.09885 =2.9950. 
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308. To find the number corresponding to a logarithm.— 
In nearly every problem involving logarithms it is not only 
necessary to find the logarithms of numbers, but the inverse 
process, that of finding a number corresponding to a logarithm, 
has to be performed. 

Since the decimal point in no way affects the mantissa, we 
can determine only the figures of the number from the mantissa. 
The decimal point has to be placed by the rules for determining 
the characteristic. 

(1) When the mantissa of the given logarithm is exactly given 
in the table. As an example, find the number having 2.8344 
for a logarithm. 

Find in the table the mantissa 0.8344. To the left of this 
mantissa, in the column headed N, find the first two figures, 
68, of the number, and at the head of the column in which the 
mantissa is found, find the third figure, 3, of the number. The 
number then consists of the figures 683, but we do not know 
where the decimal point is till we consider the characteristic. 

Since the characteristic is 2, there must be three figures at 
the left of the decimal point. Hence the number having 
2.8344 for a logarithm is 683. 

This means that 107°°**4=683. Notice that a change in 
the characteristic would change the position of the decimal 
point. Thus, the number corresponding to 4.8344 is 68,300; 
while the number corresponding to 2.8344 is 0.0683. 

(2) When the mantissa of the given logarithm is not exactly 
given in the table. As an example, find the number corre- 
sponding to the logarithm 3.4689. 

Find the mantissas 0.4683 and 0.4698, between which the 
given mantissa lies. The number corresponding to 3.4698 = 
2950. The number corresponding to 3.4683 =294V. That is, 
an increase in the mantissa of 0.0015 makes an increase of 10 
in the corresponding number. The given mantissa is 0.0006 
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larger than 0.4683. Then the required number is }'}032 X19 
=4 larger than 2940. Hence the number corresponding to 
the logarithm 3.4689 is 2944. 

In dealing with the tabular difference, for convenience, it is 
best to drop the decimal point. Then we should have 
+s X10 =4 instead of $3993 x10 =4. 

309. Rules for finding the number corresponding to a given 
logarithm.—(1) When the mantissa of the given logarithm is 
exactly given in the table, the first two figures of the number are 
found to the left of the given mantissa in the column headed N, 
and the third figure is found at the head of the column in which 
the mantissa is given. 

(2) When the mantissa of the given logarithm is not exactly 
given in the table, find the mantissa nearest the given mantissa 
but smaller. The first three figures of the number are those 
corresponding to this mantissa, and are found by rule (1). 

For another figure, divide the difference between the mantissa 
found and the given mantissa by the tabular difference. The 
quotient is the other figure. Always determine this figure to the 
nearest tenth. 

In both (1) and (2) place the decimal point so that the rules 
for determining the characteristic may be applied and give the 
given characteristic. 

Example 1. Find the number of which 2.8414 is the log- 
arithm. The mantissa 0.8414 is found in the table to the right 
of 69 and in the column headed 4; hence the number consists 
of the figures 694. The decimal point must be placed so as to 
give a characteristic of 2 when the rule for characteristic is 
applied. Hence 694 is the number whose logarithm is 2.8414. 

Example 2. Find the number whose logarithm is 1.7624. 
Mantissa nearest 0.7624 is 0.7619 which is the mantissa of 
578. Tabular difference=8. Difference between the man- 
tissasis 5. 5+8=0.6 nearly. Hence 1.7624 is the log 57.86. 


EXERCISES 108 
Find the value of x or verify the following: 


1. 0.3010 =log zx. 2. 1.6021 =log a. 
3. 2.9031 =log zx. 4. 1.6669 =log 46.44. 
5. 2.7971 =log 626.7. 6. 3.9545 =log 9006. 


7. 0.8794 =log 7.575. 8. 3.9371 =log «a. 
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9. 0.8294 =log 6.752. 10. 1.9039 =log 80.15. 
11. 9.3685 —10=log z. 12. 8.9932 —10=log 0.09845. 
13. 8.9535 —10=log z. 14. 7.7168 —10=log 0.00521. 
15. 6.7016 —10 =log 0.000503. 16. 7.8654 =log z. 
17. 3.4792 =log 0.003014. 18. 4.9231 =log 0.0008378. 
19. 4.2975 =log 0.0001984. 20. 4.2975 =log z. 


310. To find the product of two or more factors by the use 
of logarithms.—Rutr. Find the sum of the logarithms of the 
factors. The product is the number corresponding to this sum. 


Example. Find the product of 3.76 X 0.89 X 7.628. 


Process. log 3.76 =0.5752 
log 0.89 =1.9494 

log 7.628 = 0.8824 

log of product = 1.4070 

.. product = 25.53. 


That this is an application of the law of exponents in mul- 
tiplication will be seen from the following form: 


eta Ua 
Oso =10°"*** 
TE2g= 10a nee 
F376 sc 089 5C7.608 = 109797 = 3c 107"* 29 * 109° 8244 


0-5752+1-9494+0-8824 
= AKG 


=101°4°7° =95.53. 


311. To find the quotient of two numbers by logarithms. — 
Rutr. Subtract the logarithm of the divisor from the logarithm 
of the dividend. The quotient is the number corresponding to 
this difference. 


Example 1. Find the quotient of 38.76 + 7.923. 
Process. log 38.76 =1.5884 
log 7.923 =0.8989 
log of quotient = 0.6895 
.. quotient =4.892. 
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7.246 X 0.8964 X 5.463 
4,27 X 0.38987 X 27.89 


Example 2. Evaluate 


Process. 
log 7.246 =0.8601 log 4.27 =0.6304 
log 0.8964 =9.9525—10 log 0.3987 =9.6007—10 
log 5.4638 =0.7374 log 27.89 =1.4454 
log of Num. = 150500 log of Den. = 1.6765 


log of Den. = 1.6765 


log of quotient =1.8735 
. quotient = 0.7473. 


EXERCISES 109 
1. Multiply the following by the use of logarithms: 


(1) 226 X85 =19,210. (2) 7.25240 =1740. 
(8) 8272 X75 = 245,400. (4) 0.892 X805 =718.1. 
(5) 1.4142.829=3.999. (6) 42.37 0.235 =9.958. 
(7) 2912 X0.7281 =2120. (8) 289 X0.7854 = 227. 
(9) 7.62 X3.67 =27.97. (10) 7.09X3.99 =28.29. 
(11) 10.0012489.5=0.1110. (12) 4.768 X9.872 =47.07. 
2. Divide by the use of logarithms and check by actual division: 
(1) 3025 +55. (2) 0.2601 +0.68. 
(3) 8950 +0. 250. (4) 10+8.14. 
ne 0.6911 +0.7854. (6) 1+762. 
(7) 6786 +4236. (8) 200 +0.5236. 
(9) 300+17.32. (10) 0.220 +0.3183 
3. Find the product of 3.246 X 98.768 X 0.4376. Ans. 140.3. 


4. Find the product of 0.00389 X9.876 X 0.00468. , Ans. 0.0001798. 
5. Divide the product of 0.38765 and 7.498 by 4.3792. Ans. 0.6637. 


Evaluate the following by the use of logarithms: 


OPC owle UE 650° ' 
6. 33 0.7854 XL.7 Ans. 5.031. 


6000 X5 X29 | . 
1. 07854 X25,000X8L7° Ans. 0.5425. 


3.516 X485 X65 
ot 3.83 X17 X18 X73 Ans. 1.490. 


15 X0.37 X26.16 
9 11 x8X18X6.67" sient 


78 es 52 x L052 


‘0. 5 X3.15 X428 
1. 0317 X0.973 X43.7° Ans. 50. 
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312. To find the power of a number by logarithms.—RvuLz. 
Multiply the logarithm of the number by the exponent of the 
power. The number corresponding to this logarithm is the 
required power. 


Example 1. Find the value of (2.378)°. 
Process. log 2.378 =0.3762 
6 Xlog 2.378 = 2.2572 =log of the power. 
.. (2.378)®=180.8. 


Example 2. Find value of (0.876)*. 
Process. log 9.876 =0.9946 
3 of log 9.876 =0.7460 =log(9.876)'. 
”. (9.876)* =5.571. 


313. To find the root of a number by logarithms.—RUvLE. 
Divide the logarithm of the number by the index of the root. The 
number corresponding to this logarithm is the required root. 


Example1. Find ~/ 27.658. 

Process. log 27.658 =1.4418 
1 log 27.658 =0.2884=log ~/27.658. 
J. 027.658 = 1.948. 


Example 2. Find ~/0.008673. 
Process. log 0.008673 =7.9382—10 
log +/0.008673 =} of (7.9382 —10) 
=1 of (57.9382 —60) 
=9.6564—10. 
”. ¥/0.008673 = 0.4533. 


Note that, as in this example, when we are to divide a loga- 
rithm with a negative characteristic, not a multiple of the 
divisor, it is best to first add and subtract such a number of 
times 10, that after dividing there will be a —10 at the right. 
Thus, in the above, before dividing (7.9382 —10) by 6, we add 
and subtract 50. 

314, Computations made by logarithms only approximate.— 
By performing the above operations without the use of loga- 
rithms, it will be noticed that the results, in most cases, will 
vary slightly from those obtained by the use of logarithms. 
This emphasizes the fact that computations by the use of 
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logarithms are only approximately correct. However, as 
great a degree of accuracy as desired can be obtained by using 
tables of a large enough number of places. In general, we 
obtain an answer with about as many correct figures as the 
number of places in the logarithm tables. 

315. Natural logarithms.—While in computations it is 
usually more convenient to employ logarithms to the base 10, 
often in theoretical work, and in some formulas, logarithms 
to another base are used. This base is a number that cannot 
be exactly expressed by figures. ‘To seven decimal places it 
is 2.7182818. It is usually represented by the letter e, just 
as the ratio of the circumference of a circle to its diameter is 
represented by the Greek letter z. Logarithms to this base 
are called natural logarithms, hyperbolic logarithms, or 
Napierian logarithms. 

Tables of natural logarithms are published; but, for pur- 
poses of computation, it is only necessary to remember that 
the natural logarithm of a number is approximately 2.3026 
times the common logarithm of the same number. Or the 
common logarithm of a number is 0.4343 times the natural 
logarithm. Stated in symbols, this is, in the exponential 
form: 


10” — 71 Baar eae or 2.71828" = Lone sn. 
and in logarithmic form it is 
log.N = 2.3026 logioN, or logioN =0.4343 log.N, 


where N is any number. 

As an example of the occurrence of the Napierian logarithms 
in a problem of applied mathematics, consider the following: 
In finding the insulation resistance by the leakage method, the 
resistance F is found from the formula 


t 
x (os — 
ac) 
e V 
where ¢ is time in seconds, C capacity, and V voltage. 


Compute the value of R if t=120, Vo=123, V=115.8, 
and C =0.082. 
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Solution. In order that we may use the table of common 
logarithms, the formula may be written 


R=10°-4. 


© 9.3026 jogs) 


Substituting values, 
120 1 
R-10°X~9g9 “9.3026(log 123 —log 115.8)" 
”. R=2.426 X10". 

As other examples where the base of the natural system of 
ogarithms occurs, consider the following: (1) In an alter- 
nating current circuit, the current 7 at any instant is given 
by the formula 


where J is the maximum current, FR the resistance, L the coeffi- 
cient of self-induction, ¢ the time in seconds, and e the base 
of the natural system of logarithms. 

(2) The work W done by a volume of gas, expanding at a 
constant temperature, from a volume V, to a volume JV; is 
given by the following formula: 

V 
W =poVo log. (i): 

Formulas that involve logarithms to the base e occur fre- 

quently in applications of calculus. 


EXERCISES 110 


Use logarithms in evaluating the following: 


1. (0.543). Ans. 0.1601. 10. (1.4641)! Ans. 1.1. 
2. (4.07)%. Ans. 67.42. 11. (0.00032)é. Ans. 0.2. 
3. (1.738)%. Ans. 5.248. 12. 7/2. Ans. 1.260. 
4. (1.02)°. Ans. 1.104. 13. ~/4. Ans. 1.414. 
6. (4s) *. Ans. 0.004394. 14. 7/3. Ans. 1.442. 
6. (xts)4. Ans. 2.868 X10-1°, 16. 1/2. Ans. 1.149. 
7. (0.1181)3, Ans. 0.3436. 16. /0.032. Ans. 0.5023. 
8. (1381). Ans. 11.14. 17. (4.56)4:5, Ans. 1012. 
9. (1024), Ans. 128. 
18. (7.23)7-23, Ans. 1,627,000. 
190 ees Ans. 0.2899 

: 48 X64 X11 7 ; 
20 be? 200 ie 05411; 


* “12 .31225 x 400,000" 
25 
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23. 
24. 


25. 
26. 
27. 
28. 
29. 


30. 
31. 


32. 


33. 


34. 


35. 


Suggestion. 
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1 ie A00 ie 
* N55 X3.1416° 


22. 


91.5 
50 X ars 63. 


434X964 
641500 — 
3500 
(1.06)5 
3.8961 X .6945 x .01382 
4694 x .00457 : 


4/ .0009657 + ~/ 0044784. 


( 7.61 X.0593 ) 2 
1.307 : 


4/5106.5 X .00003109 
cea 

69.37 
(837.5 X.0094325) ?. 
(01)? = 477. 
0005616 X V/424.65 

(6.73)4X (.03194)§ — 
V/3929 X 976548 

 4/721.83 
~/ 05287 

W374 XW .078359 
In the formula S = 


.220 


Ans. 1.522. 


Ans. 4.769. 


Ans. 19.60. 


Ans. 51.14. 


Ans. 0.001743. 
Ans. 1.070. 
Ans. 0.4505. 
Ans. 0.7945. 
Ans. 5.259. 


Ans. 1.805. 
Ans. 0.0005228. 


Ans. 0.00001146. 


Ans. 188.2. 


Ans. 1.023. 


I and Rit S= 500, 2 200) end ioe 


Ans. 9.17. 


Here, as in many exercises which follow, the computation 


can be more easily done without logarithms than with. Endeavor to 
use logarithms only when they are necessary or when they save time. 
36. Using the formula for the horse-power of a steam engine, 


RETIN 


~ 33000 


» (see Art. 251): 


(1) Find H when P=76.5, L=2}, A =231.8, and N =116. 
(2) Find N when H =52, P=49.12, L=1.5, and A =113.1. 


Ans. 140.3; 205.9. 


37. Given W =.0033 X10~‘n, find W when n=75,000. 


Ans. 0.00002475. 


38. If H=E. M. F. in volts in moving conductor, L=length of con- 
ductor in centimeters, V =velocity in centimeters per second, B =the 
number of lines of force per square centimeter, we have the formula 


B=LVB10-. Given Voor; B=8000 


60 


, and L=0.6X100, find EZ. 
Ans. 0.072. 
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39. Find the value of P from the following formula when A =11, 


B=1.71, and C=1.3: P=* a Ans. 0.6199. 
1.4 (B+ a) 
Suggestion. First find the logarithm of the expression under the 
radical, and then divide by 3. This will give the log P. 
40. In measuring electrical resistance by a Wheatstone’s bridge, the 
following data were taken: 
(1) R=3 G1 —539.1, ay =459. 
(2) R=9, a1=510.1, a2 =488.4. 
Find the values of z from (1) and (2) by the formula 
SO Ans. (1) 9.404; (2) 9.40. 
41. In finding the diameter of a wrought-iron shaft that will transmit 
90 horse-power when the number of revolutions is 100 per minute, using 
a factor of safety of 8, we have to find the diameter d from the formula 


3 90 
a=68.5x . /——enn_—Ss: Find the value of d. Ans. 3.591. 
Ne oe 


3 
42. Find the value of M from the formula M -}e, when g=980, 


W =75, 1=50, b=0.98178, d=0.5680, and B =0.01093. 
Ans. 11.69 104, 


Solution. 

log W = 1.8751 log 4 =0.6021 
log g = 2.9912 log b = 1.9920 
log 1? = 5.0970 log d? = =1.2629 
log Num. = 9.9633 log B = 2.0386 
log Den. = 3.8956 log Den. =3.8956 
log M =12.0677 

“. M  =1,169,000,000,000 = 11.69 10". 


43. Find the value of 7 from the formula ne when g=980, 
1=28, @=0.857, r=0.477, L=109.7, and m=100. Ans. 2.47610". 
44. Use the same formula as in exercise 43, and find the value of n 
when L =69.6, m=10, g=980, 1=28, 96=1.1955, and r=0.317. 
Ans. 0.577 X 1011, 
45. If m=ar-}-18, find r when m=2.263 and a=0.4086. 
Ans. 0.2287. 


Solution. Solving for r, we have 


1 0.862 
ee (EN aa, | 
m \m m 


log a =1.6113 
log m =0.3547 


log = = 1.2566 
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lt is now best to unite the characteristic and mantissa by algebraic 
addition. 

Thus, 1.2566 = —1+.2566 = —.7434. 

Now multiply by the exponent .862, and get —.7434 .862 = —.6408. 

This is next changed to the form of a logarithm as given in the table, 
that is, to a form where the mantissa is not negative. 


—.6408 =1.3592. 
VER oe 
~. log (<) =1.3592. 


a 862 
= (<) =0.2287. Ans. 
m 


= 
46. Given p=[po (3) y¥—1 find the value of p in terms of poif y=1.41. 
of 


Ans. p=0.527po. 

(For the meaning of this 
formula see Perry’s Calculus, 
page 55.) 

47. If an open tank kept full 
of water has a rectangular notch 
cut on one side as shown in Fig. 
220, the number of cubic feet of 
water that will flow through 
Fig. 220. this notch per second is given 
by the formula: 


VES Rs SQV S S 
SS WS 
VSS 


SS 


Q = febhi/ 2g; 

where Q=the amount of flow in cubic feet, 
c=a constant found by experiment, 
b=the width of the notch in feet, 
h=the depth of the notch in feet, 


and g =32.2, 
Find Q when h=14, b=2, and c=0.586. Ans. 9.654. 
48. Using the formula of the last exercise, find @ when h=, b=2.5, 
and c=0.589. Ans. 5.991. 


49. If Q is the number of cubic feet that will flow through a V-shaped 
notch per second and h the height in feet of the water above the bottom 
of the notch, then Q«h'. If Q=7.26 when h=1.5, find h when Q=5.68. 

Ans. 1.360. 

Suggestion. If Q«h! then Q=Khi. 

Substituting values, 7.26=K1.58. .°. K=7.26+1.5%. 
Using this value of K with Q =5.68, gives 
5.68 = (7.26 +1.55)hi. 
5.68 X1.58 
J. A= . 
7.26 

50. The following is an approximate formula for determining the num- 

ber of wires that can be enclosed in a pipe: 


D 2 
N =0.907 (7 -0.94) Biponee 
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where N =the number of wires, 
D=the diameter of the enclosing pipe, 
d=the diameter of the wires. 


Solve this formula for D and find D=d (0.04 44 N37) ‘ 


51. Use the formula of the preceding exercise and find the diameter 
of a casing to hold 100 wires each having a diameter of § in. 
Ans. 1.405 in. 
52. The amount of a principal at compound interest for a certain time 
is given by the following formula: 


A=P(1-+1r)t, 
where A=the amount, P=the principal, r=the rate per cent, and 


{=the time in years. 
Find the amount of $236 at compound interest for 14 years at 3 per 


cent. Ans. $356.50. 
63. Find the amount of $3764 at compound interest for 21 years at 
43 per cent. Ans. $9478. 


Remark. lt should be noted that in such problems as those of exer- 
cises 52, 53, and the following, a four-place table of logarithms will not 
give results that can be relied upon when the exponent is large. For 
instance, if exercise 52 be computed by a six-place table of logarithms 
the amount is $356.97, and that of exercise 53 is $9486.07. Of course, 
all that is necessary to secure a desired degree of accuracy is to use a table 
of logarithms that has a sufficiently large number of decimal places. In 
life insurance computations a ten-place table is often used. 

64. The government Farm Loan Banks loan money to farmers for a 
period of years at 5 or 6 per cent, and the money is paid back in 
equal annual installments. The following table, in use by the United 
States government, gives the annual installment necessary to discharge 
a loan of $1000 with interest, the number of years and the rate of interest 
being indicated in the table. 


Table fcr Loan of $1000 


Number of Annual installment 
years at 5% at 6% 
NO ga: a SOE ere $129.50 $135.87 
LG ae eps areas gts ach ees 96.34 102.96 
D0 AMR eas Arte dene. ate Ege 80.24 87.18 
DB eh Reey i RAPA AGRA fees SiGe 4 70.95 78.23 
SO eee ac eect kes ras 65.05 72.65 
BT ick: Lee wee onan Geen 61.07 68.97 
AC) nek Ree Ske te Rara cus 58.28 66.46 


Compute the installments in this table by using the following formula: 


err 
BP G-ene— 1. 


390 PRACTICAL MATHEMATICS 


where P =the amount of the loan, 
r =the rate per cent per annum, 
n =the number of annual payments, 
p=the amount of each installment. 


Suggestion. If P=$1000, r=6%, and n=10, then 


1000 X.06 X 1.0619 _ 
P= | gg ee 


55. The above formula will give the amount of each installment made 
at any equal intervals of time, in order to discharge a debt, if r divided by 
the number of intervals per year is used for the rate. Thus, if the install- 


ments are monthly, 7D is the rate per month. 
Find the amount of the equal monthly payments to discharge a debt 
of $3000 in 5 years if the rate is 6%. Ans. $58.34. 
Suggestion. Here P =3000, »=60, and rate per month is “ = 0.005. 


56. Find the amount of the equal semi-annual installments to discharge 
a debt of $4500 in 7 years at 6%. Ans. $399.30. 

57. If an indebtedness is paid in installments, the payments being 
equal and each including the interest to the date of the installment, then 
the number of installments necessary to pay the debt is given by solving 
the formula of exercise 54 for n and finding 


_ log p—log (p—Pr) 


log (1-++r) : 
where P =the total indebtedness, 

p =the amount of one installment, 
and r =the rate per cent for the period between installments. 


How many semi-annual installments of $600 each will it take to dis- 
charge a debt of $7000 bearing 5% interest. Ans. 14, 
Suggestion. Here P=7000, p=600, and r=0.025. Substituting in 
formula, 
‘ _ log 600 —log (600 —175) 


sa 


log 1.025 
gw oeT782 —2.6284 0.1498 54 4 
WOLOzT me O00 ee 


58. An indebtedness of $1500 is to be paid in installments of $15 per 
month, each installment to cover the interest to that date. Find the 
number of installments if the interest is at 8 per cent per annum. 

Ans. 164.5. 

59. An indebtedness of $1800 is paid in installments of $5.00 per week, 
each payment to cover the accrued interest to that date. How many 
payments will be required if the interest is at 5 per cent per annum, and 
52 weeks are counted as one year? Ans. 461.5. 

60. Find the radius of a sphere that contains 5263 cu. ft. 

Ans. 10.79 ft. 
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Suggestion. Take the formula for the volume of a sphere, V = #2r3, 
3 /3V 

4 

61. In the equation y=log 2, find the values of y corresponding to 
the values 0.5, 1, 2, 5, 10, 25, 50, and 100 of x. Choose a pair of codrdi- 
nate axes and plot these pairs of points. This will give acurve that shows 
the relation between a number and its logarithm. (It will be best to 
choose a unit on the y-axis 5 or 10 times the length of the unit on the 
x-axis. ) 

62. lf the mixture in a gas engine expands without gain or loss of heat, 
it is found that the law of expansion is given by the equation pv!-37=C. 
Given that p=188.2 when v=11, find the value of C, then plot the curve 
of the equation using this value of C. This curve shows the pressure 
at any volume as the gas expands. Consider values of v from 11 to 23. 


and solve it for r. This gives r= 


Solution. Given pv137=C, 
Substituting p=188.2 and v=11, gives C=188.2 111-37, 
- Computing by logarithms, 
log 188.2 =2.2747 
1.37 log 11=1.4267 
log C'=3.7014 


C =5028. 
The formula is then pv!-*7 = 5028. 
5028 


yl-37 


Now choose, say, six values of v, as given in the table, from 11 to 23 
and compute the corresponding values of p. 


Ds 3 sitet lies 11 | 13 15 17 20 23 


| | 
Dee i, 3 eases taut ett HOO AB a8 68.53 


These values are plotted in Fig. 221 and a smooth curve is drawn 
through the points. From this curve any value of p corresponding to 
values of »v from 11 to 23 can be read. Such curves when accurately 
plotted are of great value in engineering. 

63. D is the diameter of a wrought-iron shaft to transmit an indicated 


: , ¥ 3 /65H 
horse-power H at N revolutions per minute. Given D= V ——— loud 


curve showing the relation between D and H, from H=10 to H =80, 
when N is 100 revolutions per minute. From your curve find the diam- 
eters for horse-powers 35, 47, and 72. 

Remark. Many of the following exercises can be worked without the 
use of logarithms. Some will review ideas previously discussed. Use 
logarithms only where they are more convenient, 
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64. The tractive power of a locomotive is found by the formula: 
DP?L 
T= W” 
where D=the diameter of the cylinder in inches, 
P =the mean pressure of the steam in the cylinder in pounds 
per square inch, 
L =the length of the piston stroke in inches, 
W =the diameter of the driving-wheel in inches, 
and T =the tractive force upon the rails in pounds. 


200 


150 - = 


Values of 7D 
” 
Ss 
| 


PeGeerr ET a 


20 
10 Z 


O| 123 4 5 6 78 9 1011 12 1814 15 16 17 18 19 20 21 22 23 24 25 26 27 
Values of v 


Fie. 221. 


Tind the tractive force for the following data: 
(1) D=16in., P= 90 lb., D=45 in., W =78 in.; 
(2) 2D =20iiin ye LOOM bea —o4nin) = o4aams 
Ans. (1) 74,770; (2) 128,570. 
65. To find the weight which a column of soft steel, with square bear- 
ings, will support per square inch of cross section we use the following 
formula: 


45000 
ete (2L)2” 


36000r? 
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‘where P is the weight in pounds; L, the length in feet; and 7, the radius 


L 
of gyration ininches. Find P if —=5. Ans. 40,910 Ib. 
r 
Suggestion. P=—o 45000 45000 
ae re (5 ere (‘) ene 
36000r? 36000 \r 36000 


66. In a column which is solid and circular in cross section, PF 


where d is the diameter of the cross section in inches. Find the weight 
such a column of soft steel will support per square inch of cross section, 
if L=16ft. andd=6in. Find the total weight this column will support. 
Ans. 30,920 Ib. per sq. in.; 874,400 Ib. 
Vr E 
4 


67. In a hollow cylindrical column, r= » where d and d; are 


the outer and inner diameters of the column respectively in inches. 
Find the weight the column in the preceding exercise will support per 
square inch of cross section and the total, if it is hollow and the shell is 
1 in. thick. Ans. 34,220 lb. per sq. in.; 537,500 Ib. 

68. For a column whose cross section is a regular hexagon, r =0.264d, 
where d is the diameter of the circle inscribed in the hexagon. Find the 
weight a solid hexagonal pillar of soft steel and square bearings will 
support, if the length is 12 ft. and the edge of the base is 2 in. 

Ans. 276,900 lb. 

Note. The safe load for the above columns is one-fourth or one-fifth 
of the value given. The formula used is Gordon’s formula. For medium 
steel the 45,000 of the formula is changed to 50,000. 

69. In any class of turbine, let P be the power of the waterfall; H, the 
height of the fall; and n, the rate of revolution. It is known that for a 
particular class of turbines of all sizes, n « H1*5P~°-, In the list of a 
certain maker, when the fall equals 6 ft., and horse-power 100, the num- 
ber of revolutions per minute is 50. Calculate n for a fall of 20 ft. and 
75 horse-power. Ans. n=260 nearly. 

70. In transmitting power by means of a belt and pulley, if the belt 
embraces 180° of the pulley, the number of horse-power transmitted is 
given by the formula: 

tws 
33000 
where H-=horse-power, 
¢=tension in pounds per inch width of belt, 
w= width of belt in inches, 
and s=speed of belt in feet per minute. 


Solve for values of ¢, w, and s in terms of the remaining letters. 
ie __ 330008 , _ 330008 . f _ 33000H 


Ws ts iw 
71. Using the formula of the preceding exercise, find t when H =50, 
w=10 in,, and s =4000 ft. per minute. Ans. 41.25 lb. 


’ 
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72. To determine the elevation of the outer rail in a curve in a railroad 
track, the following formula is used: 
GV? 
e= , 
32.2R 
where e=the elevation in feet, 
G=gage of the track in feet, 
V =velocity of train in feet per second, 


and R=radius of curvature of the curve in feet. 


Find e for the following data, if G is 4 ft. 83 in., the standard gage 

(1) R=5730 ft, (a) V=20 mi. per hr., (b) V —50 mi. per hr. 

(2) R=2865 {t., (a) V =15 mi. per hr., (b) V=40 mi. per hr. 

(3) R=716.8 ft., (a) V=25 mi. per hr., (b) V =50 mi. per hr. 

Ans. (1) (a) 0.02 ft., (b) 0:14 Tt: 
(2) (a) 0.02 ft., (b) 0.18 ft. 
(8) (a) 0.27 ft., (b) 1.10 ft. 

73. In long water pipes, when the diameter and length of the pipes 
are constant, that is, do not change, the amount of discharge varies as 
the square root of the head. How many times must the head H be in- 
creased to double the amount of discharge G? To make the discharge 
five times as much? Ans. 4; 25. 

Definition. The head is the distance the source of supply is above the 
point of discharge. 

74. lf the pipe is of such length and diameter that the discharge is 20 
gallons per minute, what will it be if the head is doubled? 

Ans. 28.28+ gallons. 

75. If when the head is 10 ft., the discharge through a certain pipe 
is 50 gallons per minute, what must be the head so that the same pipe 
may discharge 210 barrels per hour? Ans. 48.2 ft. 

76. In long water pipes, when the lengths of the pipes are the same 
and when the head does not change, the amount of discharge varies 
directly as the square root of the fifth power of the diameter. Using D 
and d for the diameters, and G and g for the amounts of discharge, write 
this relation in the form of a proportion. Ans. G@:g=+/ D5:\/d'. 

77. Write the above relation in the variation form both with and 
without the constant. What does the constant include in it? Would 
there be a different constant for each length of pipe? For each head? 

Ans. G=K+/D5; G«+/Ds. 

78. If the length and the head remain constant, what change in the 

discharge will be caused by a change in diameter from 38 in. to 4 in.? 
Ans. 2.05 times, nearly. 

Suggestion. Increased in the ratio 1/35 :+/45. 

79. A 3-in. pipe 100 ft. in length with a certain head discharges 110 
gallons per minute; find the discharge from a 5-in. pipe of the same length 
and head. Ans. 394.5 gal. per minute. 

Suggestion. 110:2 =+/35 :+/655. 

80. How many 1-in. pipes will it take to discharge the same amount 
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as one 6-in. pipe? Here we are considering long pipes so use N v2. 
where N =the number of small pipes, and D and d are the diameters of 
the large and the small pipes respectively. (See exercise 9, page 157.) 
Ans. 88.2. 
81. In long water pipes, when the discharge and the length are con- 
stant, the head will be inversely as the fifth power of the diameter. Us- 
ing H and h for heads, and D and d for the diameters respectively, write 
this relation in the proportion form. Ans. H :h=d>:D*. 
82. With a head of 4.1 ft. and a length of 100 ft. a 3-in. pipe will dis- 
charge 95.4 gallons per minute; find the head so that a 2-in. pipe of the 
same length will discharge an equal amount. Ans. 31.13 ft. 
83. Using H and D for head and diameter respectively, write the rela- 
tion given in exercise 81 in the variation form. Using this formula solve 


exercise 82. Ans. H==- 


84. In long water pipes when the head and the diameter are constant 
the discharge will be inversely as the square roots of the lengths. Using 
G for discharge and L for length, state this in the variation form. In 


A K ae 
the proportion form. Ans. @=—755 Gig= JT :V/L. 


85. In a long water pipe of certain diameter and head, the discharge 
is 2000 gallons per minute. How many gallons will be discharged per 
minute under the same head and the same size of pipe if the length is 
doubled? If six times as long? Ans. 1414 gal.; 816.5 gal. 

86. In long water pipes, when the discharge and the diameter are 
constant, the head varies directly as the length. Using the letters given 
in the preceding exercises, state this in the form of a proportion, and in 
the variation form. Ans. H:h=L:l; H=KL. 

87. The square of the initial velocity of a projectile in feet per second 
varies as the number of pounds of powder in the charge and inversely as 
the weight of the projectile. If 5 lb. of a certain kind of powder will 
give a projectile weighing 10 Ib. an initial velocity of 1850 ft. per second, 
how great a velocity will 50 lb. of powder give an 80-Ib. projectile? 

Ans. 2068 ft. per second. 

Solution. Let p=number of pounds of powder in charge, w=weight 

of projectile, and v=velocity in feet per second. 


Then ye= Ke, 

When p=5 and w=10, v=1850. 
.". 1850? =k, and k=2X1850% 

When p=650 and w=80, 


50 
= 2 = 
v= NE «1850 X30 = 2068. 


88. Using the same quality of powder as in the last, find the charge 
necessary to give a 1200-lb. projectile an initial velocity of 2100 ft. per 
second, Ans. 773 tb. 


TRIGONOMETRY 
CHAPTER XXXV 
INTRODUCTION, ANGLES 


316. Introductory.—Each advance step in mathematics 
is an attempt to do something more easily than it could have 
been done before, or to accomplish something that was before 
impossible. We have seen that many problems could be 
worked more easily by algebra than by arithmetic, and that 
many other problems could be solved by algebra that could not 
be solved by methods of arithmetic. 

It was found that the area of a segment of a circle could not 
be obtained by geometry except in a few special cases; by 
methods of trigonometry, this area can be found in all cases 
where there are sufficient facts to do it by any means. By 
geometry, one side of a right triangle can be found if the other 
two sides are known; but there is no way by geometry of 
finding the acute angles when only the sides are known. By 
trigonometry, the angles as well as the sides can be found. 
Many such illustrations could be given in which trigonometry 
is a more powerful tool than either algebra or geometry. 
Trigonometry is based upon geometry, but makes use of the 
methods and machinery of algebra. 

While trigonometry can be applied at once to the solution 
of various practical problems, it is also of great assistance in 
other branches of mathematics. In the following chapters 
will be given some of the direct applications of the subject. 

317. Angles.—The definition of an angle as given in Art. 
90 admits of a clear conception of small positive angles only. 
In trigonometry we wish to deal with negative as well as posi- 
tive angles, and these of any size whatever. We, therefore, 
need a more comprehensive definition of an angie. 

If a line is turned about a fixed point in the line and kept in 
the same plane, it is said to generate or sweep out an angle. 

396 
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The hand of a clock may be thought of as the line that is 
revolving and generating the angle. 

The size of the angle is determined by the amount of turning 
made by the line. ; 

If the line turns in a counter-clockwise direction, that, is, 
opposite in direction to the hands of a clock, the angle described 


Initial Side x€ 


Negative 
Angle ( b) 
Positive 
Angle (a ) 


Initial Side 


Fie. 222. 


is called a positive angle. If the line turns in a clockwise 
direction, the angle described is called a negative angle. 

The position of the line at the start is called the initial 
line or side, and the final position is called the terminal line 
or side. 

A circular arrow drawn between the two lines and having 
its head in the terminal line shows the direction of turning and 
the size of the angle. 


(4) (0) 


Fie. 223. 


In Fig. 222(a), the line OX is imagined pinned at O and 
turning in a counter-clockwise direction to the position OP. 
The angle described is positive, and is read angle XOP. 
Notice that the initial line is read first. 

In Fig. 222(b), the line OX is thought of as turning in a 
clockwise direction, and so describing the negative angle XOP. 
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It is evident that the idea of an angle given in this article 
allows it to be of any value whatever, positive or negative. 


Thus, an angle of 467° is one complete turn and 107°. . It is shown 
in Fig. 223(a). 

An angle of —229° is a turn of 229° in the negative, clockwise, direc- 
tion. It is shown in Fig. 223(b). 

An angle of 720° is two complete turns of the initial line. An angle 
of 3760° is ten complete turns and 160° more. 


318. Location of angles, quadrants.—For convenience 
in locating the angles, the agreement is made as for plotting 
(see Art. 286). Two lines, 
X’X and Y’Y of Fig. 224, are 
drawn at right angles to each 
other. The directions of the 
lines and the location of the 
quadrants are as in the 
article referred to. 

If the positive direction of 
the z-axis is taken as the 
initial side, the angle is said 
to be in the first quadrant if 

Fic. 224. its terminal side lies between 

OX and OY. It does not 

matter how many turns are made. ‘Thus the angles of 40°, 
400°, 760° all lie in the first quadrant. 

Similarly, if the terminal side lies between OY and OX’, 
the angle is said to be in the second quadrant. If the terminal 
side lies between OX’ and OY’, the angle is said to be in the 
third quadrant. If the terminal side lies between OY’ and 
OX, the angle is said to be in the fourth quadrant. 


Thus, angle XOA is in the first quadrant. 
Angle XOB is in the second quadrant. 
Angle XOC is in the third quadrant. 
Angle XOD is in the fourth quadrant. 
If the terminal side falls on OX, OY, OX’, or OY’ the angle 
is said to lie between two quadrants. 
319. Measurement of angles.—In Chap. XIII, the three 
units for measuring angles are discussed. These units are the 
right angle, the degree, and the radian. 
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By definition, the radian is an angle of such size that when 
placed at the center of a circle its sides intercept an are equal 
to the radius. It is found in the chapter referred to that 
27 radians are measured by a whole 
circumference. This is illustrated 
in Fig. 225. From the definition 
it is evident that the size of the 
radian does not depend on the size 
of the circle. 

As before 1 radian = 57.29578° — 
=57° 17’ 44.8”, and 1°=0.017453 
+ radians. 

The measurement of an angle by 
the radian unit is often called circular measure or 7-measure. 


Fie. 225. 


Since 2x7 radians =360°, 2 radians=180°, 5 radians = 90°, 
cal 
3 
of the most frequently used angles by means of 7. 

In using circular measure, the word radian is usually omitted. 


radians =60°, etc., it is often convenient to represent some 
) >] 


. efi . . 
Thus, we write 7, y 4’ 3, 0.5, meaning in each case so many 


radians. 


To convert radians to degrees, multiply the number of radians by 


” or 57.29578—. 


To convert degrees to radians, multiply the number of degrees 
by | or 0.017453-+. 
Example 1. Reduce 2.5 radians to degrees, minutes, and 


seconds. 
Solution. lradian =57.29578°, 


*, 2.5 radians = 2.5 X57.29578° = 143.2394°. 


To find the number of minutes, multiply the decimal part 
of the number of degrees by 60, 


*. 0.2394° =60 X 0.2394 = 14.364’. 
Likewise, 0.364’ = 60 X 0.364 = Diss 
, 2.5 radians = 143° 14’ 22”. 
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- Hzample 2. Reduce 22° 36’ 30” to radians. 
Solution. First, change to degrees and decimals of degrees, 


22° 36’ 30’’ = 22.6083°+. 
1°=0.017453-+ radians, 
.. 22.6083°+ = 22.6083 0.017453 =0.3946— radians. 


320. Relations between angle, arc, and radius.—From 
the definition of the radian, it is evident that the number of 
radians in an angle at the center of a circle can be found by 
dividing the length of the arc its sides intercept by the length 
of the radius. 

arc 
radius 

are AB 

If @ (the Greek letter theta) stands for the number of radians 
in an angle, r for the length of the radius of a circle, having 
its center at the vertex of the angle, and s for the length of the 
arc between the sides of the angle; then, 


That is, number of radians in angle = 


In Fig. 226, angle AOB (in radians) = 


6=s+r. 

Solving, first for s and then for r, 
s=r0, 

and r=s+6. 


These relations are important as 
they may be used in solving many 
practical problems. 

Wie, 208. Example. The diameter of a gradu- 

ated circumference is 10 ft., and the 

graduations are 5 minutes of are apart; find the distance, 

length of arc, between the graduations in fractions of an inch 
to three decimal places. 


Solution. By formula, s=ré. 
From the example, r=12X5=60 in., 
and @=0.01745 X45 =0.00145+. 
Substituting in the formula, s=600.00145+ =0.087-++. 
.. length of 5’ arc is 0.087-+ in. 


321. Railroad curves.—In the United States it is customary 
to express the curvature of railroad tracks in degrees. The 
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degree of a curve is determined by the central angle which is 
subtended by a chord of 100 ft. Thus, in a circle, a 5-degree 
curve is one in which a 100-ft. chord subtends a central angle 
of 5 degrees. 

In curves commonly used, the error is slight if the are is 
taken in place of the chord. Then, assuming that 1 radian = 
57.30°, the radius of a 1-degree curve is found by the formula 
for r of Art. 320. Thus, 


spe As 


Hence 1 degree of curvature gives a radius of 5730 ft. It 
follows that 5730 divided by the number of degrees in the curve 
gives the radius of the curve; and 5730 divided by the number 
of feet in the radius gives the number of degrees in the curve. 
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1. In what quadrant is each of the following angles: 27°, 436°, 236°, 
4372°, —46°, —324°, —90°, —476°, —2342°, gn, 30, 3m, 4.3, 78.5, 82.3? 
Draw each angle. 

2. Draw the terminal side of 237°, and give value of a negative angle 
having the same terminal side. How many such angles are there? 

3. Draw the following angles: 76°, 25.6°, 425°, 5263°, —25°, —236°, 
— 146°, —935°. 

4. Can a positive and negative angle each have its terminal side in the 
same position? Illustrate. 

5. Express the following angles as some number of times 7 radians: 
30°, 45°, 54°, 60°, 81°, 90°, 120°, 135°, 150°, 180°, 210°, 225°, 240°, 270°, 
300°, 315°, 330°, 360°, 540°, 720°. 

a wv on wr Or w 2r 30 Sr Tn Se 4r 3x Sar Tr 


Ama. Gs 4° 10! 31 2021.8 4? 67). 6? 4? B? QB id’ 
1 Qn, Bx, Ar. 

6. Reduce the following to radians: 

(a) 47°, (f) 135°, 

(b) 75° 30’, (g) 120°, 

(c) 16° 438’ 10”, (h) 175° 45’ 40”, 

(d) 125° 46’ 30”, KS) OD eck Oneal Oe 

(e) 62° 40’, (j) 127° 417 50’. 


Ans. (a) .820+; (b) 1.818—; (c) .292—; (d) 2.195+; (e) 1.094—; 
(f) 2.356+; (g) 2.094+; (h) 3.068—; (i) 1661+; (j) 2.229~. 
26 


402 PRACTICAL MATHEMATICS 


7. Reduce the following (1) to degrees and decimals of degrees to four 
places, (2) to degrees, minutes, and seconds: 


(a) in, (d) 4.23, (g) 0.125, 
(b) 2, (e) 2.76, (h) 2.236, 
(ce) $a, (f) 432, (i) 3.14159. 
Ans. (a) 45°. (d) 242° 21’ 40”. (g) 7°9' 43”. 
(b) esse. (Gy alse fei" ane (hb) 12384684872 
(@) TOF, Gey kee aay (i) 180°. 
8. How many radians are in each of the angles of a right triangle, if 
one of the acute angles is 36° 47’? Ans. 37; .642—; .929—. 
9. How many degrees in each of the angles of an isosceles triangle, if 
the angle at the vertex is 4m radians? EVO GU YAS 


10. Two of the angles of a triangle are respectively 3 and 2 of a radian. 
Find the number of radians and degrees in the third angle. 
Ans. 2.0749 radians =118° 52’ 59’. 
11. If an angle of 126° at the center has an arc of 226 ft., find the 
radius of the circle. 
Solution. Use the formula r=s +9. 
6 =126 X0.017453 =2.199. 
r = 226 X 2.199 = 102.77. 
radius is 102.77 ft. 


12. A flywheel 20 ft. in diameter has an angular velocity of 37 per 
second. Find the rim velocity. Ans. 94.25 ft. per sec. 

13. The circumferential speed generally advised by makers of emery 
wheels is 5500 ft. per minute. Find tae angular velocity per second in 
radians for a 10-in. wheel. Ans. 220 radians per sec. 

Suggestion. Use the formula @=s +r. 

14. Solve similar problems for the velocities of the following: 

(a) Ohio grindstones, advised speed 2500 ft. per minute. 

(b) Huron grindstones, advised speed 3500 ft. per minute. 

(c) Wood, leather covered, polishing wheels, 7000 ft. per minute. 

(d) Walrus hide polishing wheels, 8000 ft. per minute. 

(e) Rag wheels, 7000 ft. per minute. 

(f) Hair brush wheels, 12,000 ft. per minute. 

15. A flywheel of 4-ft. radius is revolving counter-clockwise with a 
circumferential velocity of 75 ft. per second. Find the angular velocity 


in radians per second. Ans. 18 radians. 
Solution. io Xen =184. 
8r 


16. A train is traveling on a curve of half a mile radius at the rate of 
30 miles per hour. Through what angle does it go in 15 seconds? Ex- 
press the answer in both radians and degrees. 

Ans. 0.25 radian =14° 19’ 26”, 

Suggestion. Use the formula @=s-+r, where s= 4 mile and r=} mile, 
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17. Find the radius of a circle in which an are of 20 ft. measures an 
angle of 2.3 radians at the center. In this circle, find the angle at the 
center measured by an arc of 3 ft. 8 in. 

Ans. 8.70— ft.; 0.421+ radians. 

18. Find the angular velocity per minute of the minute hand of a watch. 
Express in degrees and radians. Ans. 6° =0.1047-+ radians. 

19. A train of cars is going at the rate of 15 miles per hour on a curve 
of 600-ft. radius; find its angular velocity in radians per minute. 

Ans. 2.2 radians. 

20. A flywheel 22 ft. in diameter is revolving with an angular velocity 
of 9 radians per second. Find the rate per minute a point on the cir- 
cumference is traveling. Ans. 5940 ft. per min. 

21. Find the length of are which, at the distance of 1 mile, will subtend 
an angle of 10’ at the eye. Anangle of 1”. Ans. 15.36 ft.; 0.0256 ft. 

22. The radius of the earth’s orbit, which is about 92,700,000 miles, 
subtends at the star Sirius an angle of about 0.4’... Find the approximate 
distance of Sirius from the earth. Ans. 478 X 101! miles. 

23. What radius has a 5-degree curve in a railroad track? A curve of 
3°15’? If the radius of curvature is 4550 ft., what is the degree of curve? 

Ans. 1146 ft.; 1763+ ft.; 14° nearly. 


CHAPTER XXXVI 
TRIGONOMETRIC FUNCTIONS 


322, Sine, cosine, and tangent of an acute angle.—In 
geometry we learn of certain relations between the sides of a 
triangle; here we find that the angles are related to the sides 
in a certain way. These relations are very useful in the con- 

A struction of angles and in 
solving various triangles and 


Ee other figures. 

Definitions. If an acute 
angle XOA, Fig. 227, is 
taken, and from P, any point 

é pas x in OA, a perpendicular QP is 
Q drawn to OX, a right triangle 
Ea QOP is formed. It is evident 


because of similar triangles (see Art. 104) that the following 
ratios will not change no matter where the perpendicular 
@P may be drawn, so long as the angle XOA, or 6, does not 
change. 


The ratio a is called the sine of angle 6, written sin 6. 


The ratio oe is called the cosine of angle 6, written cos 6. 


mae. : 
The ratio 9 is called the tangent of angle 6, written tan 0. 


These lines can be measured, say, in inches, and numerical 
values of these ratios can then be found. 

323, Ratios for any angles.—The same ratios may be written 
for an angle in any quadrant. Thus, in Fig. 228, angle XOA 
is in the second quadrant. QP is the perpendicular drawn 
from any point in the terminal side to the z-axis. The ratios 
are 

sin XOA ae cos XOA mas tan XOA eee 


OP OP OQ 
404 


TRIGONOMETRIC FUNCTIONS 405 


As an exercise the student may write these ratios for the 
angles YOB and XOC. 

As will be seen in the next article, some of the ratios are 
positive and some are negative numbers. 


Fic. 228. 


324, General form for ratios.—Let the distance from O 
along the terminal side to the point chosen be called the 
distance, represented by 7, and always considered positive. 
The length of the perpendicular to the x-axis is the ordinate 


Ordinate 


Fie. 229. 


of the point, positive if extending above and negative if below 
the z-axis, and is represented by y. The distance from O 
to the foot of the perpendicular is the abscissa of the point, 
positive if extending to the right of the origin and negative 
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if to the left, and is represented by z. The ratios for any 
angle @ (see Fig. 229) may then be written as follows: 


_ ordinate y 


sin 6= ———__=-, 
distance r 
abscissa x 

cos §=————__ =) 
distance r 
ordinate 

tan 6= ei 


abscissa x 


The rectprocals of these ratios are often used and are named 
as follows: 


cosecant 6, abbreviated csc 6= e =n 
sné y 

secant 0, abbreviated sec 0= J = 
cos@ x 

cotangent 0, abbreviated cot 6 = J mee 
tan@ y 


These six ratios are called trigonometric functions. They 
are of the greatest importance in trigonometry and must 


be learned so that they can be given at any time without 
hesitation. 


A 
B 
Cc a c : 
A C 
b 
B a Cc 
TGs Os 


325, Acute angle in a right triangle.—In the right triangle 
ABC, Fig. 230, sin A ="=cos B, cos 4="=sin B, tan A= 
= 
These ratios for angle B will readily be seen if the triangle 
is placed in the position of Fig. 230(b). 
In working with right triangles, the following forms of the 


b 
5 =cot B, cot A=- =tan B, sec A => = ese ee ese A=" =see B, 


TRIGONOMETRIC FUNCTIONS 


407 


definitions of the trigonometric functions will be found con- 


venient for either acute angle: 


sin A (or sin B) = 
cos A (or cos B) = 
tan A (or tan B) = 
esc A (or ese B) = 


sec A (or sec B) = 


cot A (or cot B) = 


side opposite 
aaa SSL 
hypotenuse 


side adjacent 


hypotenuse 


side opposite 
side adjacent’ 


hypotenuse 


side opp opposite’ 


hypotenuse 


side adjacent’ 
side adjacent. 
side SRO 


A m G oS Nop 
n c ” Cc 
“7 5 
P C 4 >| 
> 
B B 
B 
A 
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As an exercise give rapidly the functions of the acute angles 
of the right triangles shown in Fig. 231. 


326, Relation between the 
functions of an angle and the 
functions of its complement. 
In the right triangle, angle 
A+angle B=90°. That is, 
angle A and angle B are com- 
plements of each other. (See 
Art. 90.) In the previous 
article it is seen that sin A = 
cos B; cos A=sin B; tan A= 
cot B; etc. From this, we see 


Fie. 232. 


that any function of an angle is equal to the co-function of a 


complement of the angle. 
22° = csc 68°. 


For example, cos 30°=sin 60°, 
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327. Trigonometric functions by construction and measure- 
ment.—Let it be required to find the sine, cosine, and tangent 
of 40°. 

Draw an angle XOA =40°, Fig. 232. Take a convenient 
distance OP on the terminal side and draw the perpendicular 
QP. Then by measuring the lines we have the following: 


ore 80) 

sin 40° = = OP ~ 195 = .64, 
of OW 18,96 

cos 40° = = OP 71.95 =.77, 
onal © 80 

tan 40° = noose “06 = .84. 


The measurements are made in inches. 
As an exercise draw the angles and fill out the following 
table. Carry the results to two places of decimals. 


Angle sin cos tan | Angle sin cos tan 
10° 50° ; 
15° 55° 
20° 60° 
25° 65° 
30° | 70° 
oon ae eee oe 
40° Aah 80° 
45° 85° 


In the above table, compare the sine and cosine of 10° and 
80°, 15° and 75°, 20° and 70°, etc. As in Art. 326, it will be 
noticed that any function of any angle is the co-function of 
the complement of that angle. It follows that any function 
of an angle larger than 45° is a function of some angle that is 
less than 45°. If then a table is made for the functions of all 
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the angles from 0° to 45°, it can be used for finding the func- 
tions of the angles from 45° to 90° as well. Table XI is 
arranged in exactly this way. It includes the angles for 
every 10’ from 0° to 90°. 

328, Use of functions in constructing angles.— 

Example 1. Construct an angle of 40°. 

Construction. sin 40°=0.64. By the help of this, the 
angle may be drawn as follows: Draw a straight line AB, Fig. 
233. At some point Q erect a perpendicular QP 0.64 in. In 
length. With P as a center draw an arc with a radius of 1 in. 
cutting ABatO. Draw OP. Angle QOP is 40°, for sin QOP = 
0.64 =sin 40°. 


Fie. 233. Fic. 234. 


In constructing an angle of 40° all that is necessary is to 
make the sides QP and OP of such lengths that the ratio shall 
be 0.64. For this 1.28 in. and 2 in. could be used conveniently. 
Usually it is most convenient to make one of the sides unity. 
In making the construction, some other function of 40° could 
be used as well as the sine. 

Example 2. Construct an angle of 35° by using tan 35°. 

Construction. tan 35°=0.70. Draw a straight line MN, 
Fig. 234. At some point Q erect a perpendicular QP to MN 
0.70 in. in length. Locate O, making OQ=1 ins DraweOk, 
Angle QOP is 35°, for tan QOP =0.70=tan B0:. 
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1. Construct by the use of sines, angles of 25°, 65°, 47°, 53° 20’, and 
252 30% 
Suggestion. Use data from the table of Art. 327 or from Table XI. 
2. Construct by use of cosines, angles of 20°, 40°, 17° 20’, and 67° 40’. 
3. Construct an angle @ whose tangent is 2. Find the other functions 
of this angle. 
Ans. sin 6 =.89; cos 6 =.45; cot @=.50; sec 9 =2.24; esc (es 
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4. Construct an angle @ whose cosine is .8. Find the other functions 

of this angle. 
Ans. sin §=.6; tan 0=.75; cot 6=1.33; sec @=1.25; esc @=1.67. 
5. Construct @ when (a) sec @=3; (b) cot 0=5; (c) esc 06=2; (d) 
sin 0=.3. 

p 329. Values of functions by computa- 

tion.—From our knowledge of geometry 

.| we know the relations between the sides 

@ 45°) and the angles of right triangles when the 

1” acute angles are 30°, 45°, or 60°. 


Thus, when the acute angles are 45° each, the 


/ 48 two legs are equal; and if they are given the 
A MZ hypotenuse can be found. If one acute angle 
Fig. 235. is 30° and the other 60°, the shorter leg is one 


half the hypotenuse. 
(1) The 45° angle. Draw a right triangle ABC, Fig. 
235, with the angle A=45°. Then the angle B=45°. Let 
AC=1andCB=1. Then AB=+/12+12=~7/2. 


: 1 

NN ae aan 14/2 =0.707, B 
° 1 AY 

cos 45 SA Rene 107, 

tan 45°=1. 


(2) The 60° and 30° angles. Draw a 
right triangle with the acute angles 60° 
and 30° respectively, Fig. 236. Let 
AC=1, then AB=2 and CB=~7/3. 
The functions can now readily be 
written: 


sin 60° = vi 3 14/3, sin 30° 


13" 


ll 
BONES 


cos 60°=3, cos 30°=—5- = 34/3 
tan 60°= /3, tan 80°=—~= 34/3. 

Vv 
330. Angles in other quadrants.—In the second quadrant, 


the angle XOA = 120°, Fig. 237, has the same numerical ratios 
between the abscissa, ordinate, and distance of the point P 
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in the terminal side as the ratios between the abscissa, ordinate, 
and distance of the point P’ in the terminal side of the angle 
XOB=60° in the first quadrant. 
- Thus, using the values given in the figure, 
sin 120° ae and sin 60°. = 
cos 120°= —4 and cos 60° = 
tan 120°= —+/3 and tan 60° = 7/3. 


Nie | 
ww 
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There are angles in the second, third, and fourth quadrants 
whose functions are connected in this way with the angles 30°, 
45°, and 60° in the first quadrant. What are they? 

The functions of these angles can easily be written by 
remembering (1) that the distance is always positive; (2) that 
the ordinate is positive in the first and second quadrants and 
negative in the third and fourth; (3) that the abscissa is posi- 
tive in the first and fourth quadrants and negative in the second 
and third. (See Art. 286.) 

331. Angles of 90°, 180°, 270°, and 0°.—For an angle of 90°, 
the ordinate equals the distance and the abscissa is zero. 
The functions are as follows: 


sin 90° =2=1, ese 90°="=1, 
i y 

cos 90° = 2, sec 90°=— = © ! 
r x 

tan 90°=2= © ; cot 90°===0. 
x Y 
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The symbol © is read infinity, and here means that as the: 
angle increases to 90°, the tangent and the secant increase: 
without limit. 

That the values of the functions are as given will readily: 
be seen if one draws an angle XOP, Fig. 238, nearly equal 
to 90°, and considers the values of the ratios as the angle: 
changes to 90°. 

For an angle of 180°, the ordinate is zero and the abscissa, 


and distance are equal. 
sin 180°="=0, 


cos 180°=—=-—1, 


The functions are as follows: 


ese 180°== © 


see 180°= 


=—] 


? 


? 


cot 180° =-=0, 


These values may be found by considering angle XOR, 
Fig. 238. 


ve 
Rd bie 
y 
ie Ls 
S O\r Q x 
Fia. 238. 


Similarly the functions for 270° and 0° are as follows: 


sin 270° =—1, esc 270° =—1, 
cos 270° =0, sec 270° =o, 
tan 270°= 0, cot 270° =0, 
sinQ° =0, csc 0° =a, 
cos 0° =], sec 0° =1, 
tan 0° =0, cot 0° = 0, 


332. The sine, cosine, and tangent of each of the angles 
mentioned in the previous articles are arranged in the follow- 
ing table. The student should carefully verify each result by 
drawing a figure and computing the ratios. Also express the 
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results in decimals and compare with the values given in 
Table XI. 


Deg.| Rad. | sin cos | tan || Deg. | Rad. | sin cos tan 
0° 0 0 1 210° ue ae ae oe 
so | t | y ee oe 225° a ee a, 1 
45° : Fi on 1 || 240° S ae = 7/3 
COVA): -s a $0473 02707 : = 0 o0 
Lo eee 0 | © |} 300° - mee i af been 
120° | = ve —} |—vV3 || 315° e SEF Ee = 

30 1 1 3 1 
aN 4 Sai v2 . || 330° Les ar) a ey 
150° 7 } oe Fai lee ee 0 1 0 
180°| = Cnd=1 0 


CHAPTER XXXVII 
TABLES AND THEIR USES 


333. Nature of trigonometric functions——From what has 
been done with the trigonometric ratios, it is seen that they are 
abstract numbers and, in general, cannot be expressed exactly 
as decimals. For convenience in computing, these ratios are 
arranged in tables somewhat similar to the tables of logarithms. 
The ratios in these tablesmay be carried toany number of deci- 
mal places. The larger the number of decimal places, the more 
nearly accurate the computations with the tables will be. 

334. Table of functions.—In Table XI are arranged the 
natural and logarithmic functions of angles for every 10’ 
from 0° to 90°. The logarithms have 10 added when the 
characteristics are negative to avoid the writing of negative 
signs in the table. These logarithms are simply the logarithms 
of the natural functions that are in the adjoining columns, and 
are placed here for convenience. 

Since, as stated in Art. 327, each acute angle above 45° has 
as a function the co-function of an angle less than 45°, each 
number in the table serves as the function of two different 
angles whose sum is 90°. 

The angles less than 45° are found at the left of the page, 
and the names of the functions at the top of the page. The 
angles greater than 45° are found at the right of the page, and 
the names of the functions at the bottom of the page. 

335. To find the function of an angle from the table.— 
To find the function of an angle from the table we proceed 
much the same as with the table of logarithms. It can best 
be illustrated by examples. 

(A) When the angle zs given in the table. 

Example 1. Find the tangent of 23° 20’. 

Find the angle of 23° 20’ at the left of the page and read 
0.4314 in the column headed natural tangent, 

”. tan 23° 20’=0.4314. 
414 
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Example 2. Find the cosine of 86° 40’. 
Find 86° 40’ at the right of the page and read 0.0581 in the 
column with natural cosine at the bottom, 


*, cos 86° 40’=0.0581. 


(B) When the angle is not given in the table. 

Example 3. Find sin 17° 27’. 

Find sin 17° 20’=0.2979. Find the tabular difference 
between 0.2979 and the next ratio below. This difference is 
0.0028. Since this difference is for 10’, the difference for 7’ 
is 0.7 X0.0028 =0.0020, 


*. sin 17° 27’ =0.2979-+0.0020 = 0.2999. 


Note that the interpolation is very similar to that in loga- 
rithms, and gives approximate results only. 

Example 4. Find tan 69° 43.6’. 

Find tan 69° 40’ =2.6985. 

Tabular difference for 10’ =0.0243. 

Difference for 3.6’ =0.0243 X0.36 =0.0087. 


~, tan 69° 43.6’ =2.7072. 


Example 5. Find cos 37° 57.3’. 

Find cos 37° 50’ =0.7898. 

Tabular difference for 10’=0.0018. 
Difference for 7.3’=0.0018 0.73 =0.0013. 


. cos 37° 57.3’ =0.7898 — 0.0013 = 0.7885. 


It is to be noted that a subtraction is to be made when inter- 
polating in finding a cosine or a cotangent of an angle; while 
in finding a sine or a tangent, an addition is performed. This 
is because as the angle increases from 0° to 90° the sine and the 
tangent increase, but the cosine and the cotangent decrease. 

336. To find the angle corresponding to a function.— 

(A) When the function is given in the table. 

Example 1. Find z if sin x=0.2728. 

Find 0.2728 in the column labeled natural sine and read 
15° 50’ in the column labeled angle. 


*, 2=15° 50’. 
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(B) When the function is not given in the table. 

Example 2. Find x if tan x=1.5725. 

In the column labeled natural tangent, find the ratio nearest 
1.5725 and smaller. This is 1.5697 and is the tangent of 
57° 30’. The tabular difference is 0.0101. The difference be- 
tween 1.5697 and 1.5725 is 0.0028. Since a difference of 10’ 
gives a difference in the ratio of 0.0161, it will take a difference 
of as many minutes to give a difference in the ratio of 0.0028 
as 7° X 10’ =2.8’. 

©, ©=O1° 30'4-2,8' =572 32.8’. 

Note again how similar the interpolating is to that in 
logarithms. 

Example 3. Find x if cos x=0.7396. 

Since the cosine decreases as the angle increases, find the 
cosine nearest to .7396 but larger. This is cos 42° 10’ =0.7412. 

Tabular difference =0.0020. 

Difference of 0.7412 —0.7396 =0.0016. 

44 X10’ =8’, 

*, 2 =42° 10’+ 8’ =42° 18’, 
Example 4. Find x if log sin «=9.3762—10. 

From table log sin 13° 40’ = 9.3734. 
9.3762 — 9.3734 =0.0028 
Tabular difference = 0.0052. 

28X10! =5.4’, 

*, ©=18° 40'-++5.4' =18° 45.4’. 
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1. Find the sine, cosine, and tangent of 40° 10’, 59° 50’, 76° 30’, 
and 5° 40’, 
2. Find the sine, cosine, and tangent of (a) 17° 36’, (b) 29° 29’, (c) 
76° 14’, (d) 88° 33’, (e) 638° 47’. 
0.3024 | 0.4922 0.9713 0.9937 0.8971 
Ans. (a) } 0.9532 (b) } 0.8705 (c) } 0.2380 (d) { 0.1128 (e) } 2.4418 
0.3172 0.5654 4.0817 8.8468 2.0308 
8. Find the angles having the following as sines: 0.5807, 0.2725, 
0.4986, 0.9127, 0.0276. 
Ans. 35° 30’, 15° 48,9’, 29° 54.4’, 65° 52. Cyel34i8% 
4. Find the angles having cosines as follows: 0.3764, 0. 8642, 0.9091, 
0.4848, 0,0986. Ans. 67° 53,3’, 30° 12.7’, 24° 37.5’, 61°, Bd? 20.3 « 
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5. Find the angles having tangents as follows: 0.2256, 1.7624, 2.8427, 
0.1111, 3, 0.6666. 
Ans. 12° 42.9’, 60° 25.7’, 70° 37.1’, 6° 20.3’, 71° 33.9’, 33° 41.2’. 
6. Find sin 34° 40’ and find the logarithm of this result from Table X. 
Find log sin 34° 40’ from Table XI and compare results. 
7. Verify the following by the tables: 
log sin 56° 35’ =9.9215; log tan 34° 15.6’ =9.8332; 
log cos 27° 55’ =9.9462; log cos 19° 53.4’ =9.9733; 
log sin 17° 9’ =9.4696; log tan 75° 56.8’ =0.6015. 
8. Find z in each of the following: 
(a) log cos z =9.8236; (c) log tan « =0.4293; 
(b) log sin x =9.4737; (d) log cot 4 =9.4236. 
Ans. (a) 48° 13.6’; (b) 17° 19’; (c) 69° 35.3’; (d) 75° 8.8’. 


337. Evaluation of formulas.—Formulas in various lines 
of work often contain trigonometric functions. As with other 
formulas, these can usually be evaluated with or without 
logarithms. Since logarithms are a very convenient and 
useful tool, they should be used whenever they can be used 
to advantage. 

To indicate the power of a trigonometric function the ex- 
ponent is placed before the symbol for the angle. 

Thus, sin? 30° means the square of sin 30°. 

The logarithms of trigonometric functions are found in 
Table XI and those of numbers in Table X. 


Example 1. Find ~/sin 47°-+tan 36°. 
Solution. sin 47°=0.7314, from Table XI. 
log tan 36° =9.8613—10. 
*. log tan? 36°=9.5839— 10. 
*. tan? 36°=0.3836, from Table X. 
. sin 47°+tan* 36° =0.7314+0.3836 = 1.1150. 
log 1.1150 =0.0473. 
log ~/1.1150 =0.0158. 
", W/1.1150 = 1.037. 
*, A/sin 47°+tan? 36° = 1.037. Ans. 
tan 72° 34’ 
~ 69° 40’ 


Example 2. Given z= » find the value of x to 


two decimal places. 
In an example like this it is agreed that 69° 40’ shall be 
changed to radians to give the number to divide by. 


Solution. tan 72° 34’ =3.1846. 
27 
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69° 40’ = 692° =692 0.01745 radians = 1.216 radians. 
3.1846 + 1.216 =2.62. 

.. ©=2.62. Ans. 

Logarithms could be used in solving this example. 
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1. Find the value of y/sin? 49° 10’. Ans. 0.6583. 
2. Find the value of ¥/tan 75°-+56. Ans. 2.266. 
3. Find the numerical value of r? (s? —#) tan 6, where r=25.2, s=90, 
t=49.6, and 9=31° 52’. Ans. 30,140. 
4. Find the value of ae sin \ct-+6), if a=5, b =200, c = 600, @= —0.1745 
radians, e=2.718, and t=0.001. Ans 1.69) 


Suggestion. (ct+0)=0.6+(—0.1745) =0.4255 radians. 


0.4255 X57.2957° =24.379° =24° 22.7’. 
sin 45° 56’ 20” 


5. Given x = 36°20" find the value of x to three decimal places. 
Suggestion. First change 36° 20’ to radians. Ansa else 
6. Given pe OTE find x to four decimal places. 

V3+40 


Ans. 0.8689. 
7. Evaluate +/a?--b?—2ab cos C, when a=231, b=3857, and C=55°. 


Ans.293.6. 
8. Evaluate =" — Baty es Wwhenia@— (26,04 —307.b (27s 
sin A : 
Ans. 234.4. 
9. Find the value of sin x cos y+ cos # sin y, when «=42° 10’, and 
y=17° 50’. Ans. 0.866. 
10. Find the value of each of the following: 
(a) sin? 20°+cos? 20°. (c) sin? 40°-+cos? 40°. 
(b) sin? 30°-+cos? 30°. (d) sin? 62° 30’+ cos? 62° 30’. 


Compare the results in the above and state conclusions. 

B 11. The velocity v of a body 
sliding a distance s down a smooth 
plane inclined at an angle ¢ with 
the horizontal is given by the 
formula v=+/2gs sin ¢, where 
g=32. Find v when s=50 ft. 
anc w= Dire lo. 

Ans. 38.3 ft. per second. 
12. If the resistance of the air is disregarded, the distance along a 


horiz ntal plane that a projectile will go is given by the formula d= 
v? sin 2a 


Fie. 239. 


» where v is the velocity at which the body is projected in feet 


per second, @ the angle that the initial direction makes with the hori- 
zontal, and d the distance along the horizontal. The value of g may be 
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takenas32 Find dif vis 800 ft. per second and ais 5°. Using the same 
velocity, find d when a is 20°, 30°, 40°, and 45°. 
Ans. 3472 ft.; 12,856 ft.; 17,320 ft.; 19,696 ft.; 20,000 ft. 
13. Disregarding the resistance of the air, the highest point reached by 
2 ain 2 

a projectile is given by the formula ie oak Find the greatest 
height above the starting point reached by a projectile having an initial 
velocity of 2000 ft. per second, and having successive values for @ of 5°, 
102s 20ce S02 to OO ean 00). 


14. The height y that a projectile is after traversing a horizontal dis- 
tance z, when projected with a velocity v in a direction making an angle 
a with the horizontal, is given by the following formula: 


gu? 


=f tan a2 ———_—-: 
y 2v? cos? @ 


Find y wher z =1000 yd., v =2000 ft. per second, a=5°, and g =32. 
Ans. 226.2 ft. 
15. If the resistance of the air is disregarded, the greatest horizontal 
distance a projectile will go is found by making the initial direction at 
an angle of 45° with the horizontal. 
Find the greatest horizontal distance aoe 
that a shell having an initial velocity of 
2200 ft. per second can reach. 
Ans, 28.6-+ miles. 
16. If F is the force required to move 
a weight W up a plane inclined to the 
horizontal at an angle a, and uw (Greek 
letter mu) the coefficient of friction, then 


sin a+ty cos a 
cos a—p sin a 


Calculate F if W =800 lb., a=30°, and »=0.2. Ans. 703 lb. 

17. In computing the illumination on a surface when the surface is 
not perpendicular to the rays of light from a source of light, the following 
formula is used: 


F=W 


Fie. 241. 


E Xcos ¢, 


“de 
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where =the illumination at the point on the surface in foot-candles 
I =the luminous intensity of the source in candles, 
d=the distance in feet from the source of light, 
y =the angle between the incident ray and a line perpendicular 
to the surface. 
Solve this formula for d and J, and obtain the following formulas: 


18. By means of the preceding formulas compute: 
(1) EH when J=50, d= 10, and g=75°. 
(2) dwhen J=60, # =0.25, and ¢ =65°. 
(83) JZ when H= 4, d= _ 8, and »=45°. 
Ans. (1) 0.1294; (2) 10 ft.; (8) 362. 
19. What do the formulas in exercise 17 become if g=0°? That is, 
if the rays are normal (perpendicular) to the surface. 


20. To compute the illumination on a horizontal surface from a source 


of light at a given vertical distance from the surface the following formula 
is used: 


I 
En =72% cos’ ¢, 


where =the illumination in foot-candles at a point on the horizontal 
surface, 
I =the luminous intensity of the source in candles, 
h=the vertical distance in feet from the horizontal surface to 
the source of light, 
gy =the angle between the incident ray and a vertical line. 
Solve this formula for h and J, and obtain the following formulas: 


T cos’ ¢ Eh? 
Pas Ee ee e 
21. By means of the preceding formulas compute: 
(1) A, when J=250, h=12, and ¢=55°. 
(2) hwhen J=100, H,=65, and ¢=12°. 
(3) Jf when £,=0.85, h= 8, and ¢=37°. 
Ans. (1) 0.3276; (2) 1.2 ft.; (8) 106.8. 


CHAPTER XXXVIII 
RIGHT TRIANGLES 


338, Any triangle has three sides and three angles; these are 
called the six elements of the triangle. 

The angles are usually represented by the capital letters A, 
B, and C; the sides by the small letters a, 6, and c, the side 
a being opposite angle A, side b opposite angle B, and side c 
opposite angle C. 

To solve a triangle is to find the values of the remaining 
‘elements when some of them are given. 

339. Solving.—A triangle may be solved in two ways: 

(1) By constructing the triangle from the known elements, 
and measuring the remaining elements with the ruler and the 
protractor. 

(2) By computing the remaining elements from those that 
are known. 

The first has already been done to some extent in Chapter 
XIII. The second has been done for some special triangles, 
as the right triangle, the isosceles triangle, and the equilateral 
triangle, in Chapter XI, but only for some of the elements, not 
including the angles. 

By trigonometry a triangle can always be solved when the 
facts given are sufficient for its construction; and not only can 
the sides be found, but the angles also. 
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If A, B, and C represent the angles of a triangle, and a, b, and c re- 
spectively the sides opposite these angles, construct carefully the follow- 
ing triangles, to scale if necessary, and measure the other elements. It 
is important that the student should carry out these carefully for it will 
help him to see when there are sufficient data for solution. 

1. A=40°, b=2 in., c=2.5 in., find B, C, and a. 

2. A=50°, C=70°, b=2 in., find B, a, and c. 

3. A =30°, a=10 ft., c=15 ft., find B, C, and b. 
421 
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Can more than one triangle be formed from the data in 3? 
4. a=20 ft., b=15 ft., c=12 ft., find A, B, and C. 
5. A=40°, B=80°, C=60°, find a, b, and c. 
Can more than one triangle be formed from the data in 5? 
The following are right triangles and C is the right angle: 
6. A=29°, b=2 in., find B, a, and c. 
1. A 42° a—4 in., find 6, b, and’ c- 
8. A=47°, c=3 in., find B, a, and c. 
9. a=4 in., b=6 in., find A, B, and c. 
10. a=1.5 ft., c=2.3 ft., find A, B, and 6. 


340. The right triangle—The right triangle has already 
been solved when any two sides are known, but the angles 
were not found. The previous exercises from 6 to 10 should 
lead us to expect that we could find the other elements when 
any two are given, other than the right angle, and including at 
least one side. Geometry will not do this but trigonometry will. 

It is well to recall the following facts concerning the right 
triangle: 

(1) The hypotenuse is greater than either of the other two sides, 
and less than their sum. 

(2) The square of the hypotenuse is equal to the swm of the 
squares of the other two sides. 

(3) The sum of the two acute angles is 90°, that is, the acute 
angles are complements of each other. 

(4) The greater side is opposite the greater angle, and the 
greater angle is opposite the greater side. 

An inspection of the problems of construction will show that 
all the possible sets of two given parts for the right triangle 
are included in the following cases: 

Case I. Given an acute angle and a side not the hypotenuse. 

Casez II. Given an acute angle and the hypotenuse. 

Case Ill. Given the hypotenuse and one other side. 

Case LV. Given the two sides not the hypotenuse. 

341. Directions for solving.—To solve a right triangle it is 
necessary that two elements be given. at least one of which is a 
side. 


‘ ‘ a : ae 
Each equation, as sin er contains three quantities. 


When two of these are given the third can be found. These 
equations together with the facts from geometry: (1) that 
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the square of the hypotenuse equals the sum of the squares of 

the other two sides; and (2) that the sum of the two acute 

angles equals 90°, enable one to solve any right triangle. 
These equations may be written thus: 


2 a 
(1) sin A B 
(2) cos A=2, 
(3) tan A=5, y 
(4) cot 4-2, 
(5) c=a2+b?, A 5 C 
(6) sin B=" Fia. 243. 
(7) cos B=% (9) cot B=) 
(8) tan B=, (10) A+B=90°. 


Notice that all of these except (5) and (10) are nothing but 
the definitions of the trigonometric ratios. 


342, CaseI. Given A and b, A anda, Band a, or B and b.— 

Example. In a right triangle A =32° 20’ and b=10 ft., 
find B, a, and c. 

Solution. First, construct the triangle carefully; second, 
write equations using two of the known elements and one of 
the unknown in each. 


Equations. Construction. 
B 
(1) A+B=90°, this gives B. 
(2) eos A =o this gives c. ¢ y 
(3) tan A= 2 this gives a. 
2 b =10’ & 
Fie. 244. 


Substituting in (1), 32° 20’+-B=90°. 
“, B=90° —32° 20’ =57° 40’. 


424 PRACTICAL MATHEMATICS 
10 

C 

“. €= 10+ cos 32° 20/ = 10 +.8450 = 11.83 ft. 


Substituting in (2), cos 32° 20’= 


a 
10 
“. a@=10Xtan 32° 20’ = 10 X.6330 =6.33 ft. 


Substituting in (3), tan 32° 20’= 


This may be checked (a) by measuring the elements in the 
triangle constructed; (b) by using some other equation than 
the ones used in solving. 


Thus, substitute values in c? = a?-+-b’. 
11.837 =6.a07--207, 
139.95 =39.97+100 = 139.97, which agrees closely. 


This solution has been carried through with natural func- 
tions. Logarithms could be used to advantage in performing 
the multiplications and divisions. 


: ee 
Thus, in (2) Cau 
.. log c =log b—log cos A. 
log 10=1.0000 
log cos 32° 20’ = 9.9268 — 10 


log c= 1.0732 
“. c=11.83+ft., which agrees with the result ob- 
tained before. 


343, Directions for solution of triangles.— 

(1) Construct the triangle as accurately as possible with in- 
struments. This gives a clear idea of the relation of the parts, 
and will detect any serious blunder in computation. 


(2) Write down all the equations necessary to find the elements 
wanted. 


(3) Compute the elements by natural or logarithmic functions. 
(4) Check the work. 


(5) Strive for neatness and clearness in the work. 
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344, Case II. Given A and c or B and c.— 
Example. Given A =67° 42.8’ and c=23.47 ft. 


Formulas. Construction. 
(1) A+B=90°, .. B=90°—A. 


a 


(2) sin A= eC Sin A. 


(3) cos A=? _-. b=c cos A. 


Computation by logarithms. 


By (1), B=90°—67° 42.8’ =22° 17.2’, 
By (2), a=23.47 sin 67° 42.8’. 


By (3), 6 =23.47 cos 67° 42.8’. tea 
log 23.47 = 1.3705 log 23.47 = 1.3705 
log sin 67° 42.8’=9.9663 log cos 67° 42.8’ =9.5789 
log a=1.3368 log b=0.9494 
“. @=21.72 .. b=8.90 


Check. Using a? =c?—b?=(c+b)(c—b). 
log (e+6) =1.5101 
log (c—b) = 1.1635 


log (c?—b?) =2.6736 =log a’. 
345. Case III, Givenc and a orc and b.— 
Example. Given c= 35.62 ft. and a= 23.85 ft., find b, A, B. 


Formulas. Construction. 

: a B 
1 rs ley 
(1) sin A ; 
i A= sine “a 
Cc 

& ig 

(2) cos B =< vy g 

G © I 

38 
lie cos“ . 
a 


-.b=a+tan A. Fia. 246. 


426 PRACTICAL MATHEMATICS 


Computation. 
log 23.85 = 1.3775 log 23.85 =1.3775 
log 35.62 =1.5517 log tan A = 9.9549 
log sin A =9.8258 =log cos B log b= 1.4226 
+. A=42° 2. and B=47° 57.9.’ J, = 20.46, 


Check. 
log (ec +b) =1.7930 
log (c—b) =0.9619 


log (c2—b?) =2.7549=log a’. 


346. Remark on inverse functions.—The form A =sin—! - 


: ee SPR eee : 
is read ‘‘A =the angle whose sine is a This is a convenient 


way of expressing the fact, and allows the angle symbol to 
stand alone. The —1 that.is in the position of an exponent 
is not a negative exponent in meaning. 


alla S ‘ : : : 
The form sin-! 7s called an inverse trigonometric function. 


; : eC i ea te) 
It is also written arcsin - and invsin i These forms are also 


Cit a») ; a» . 4 a 93 
read ‘‘antisine “aresine Ps and ‘‘inverse sine ~ 


347. Case IV. Givena and b.— 
The equations are: 


(1) ?=a?-+b?, 2. c= V arb 
nee eae: 
(2) tan A= B .. A=tan 5 
(3) tan B ae 5 —=ten: * 2 
a a 


i a b 
Check. sin A=— and cos A ae 
c 
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Solve the following right triangles and check each by making an 
accurate construction and by substituting into a formula not used in 
solving. 

1. B =27° 30’, a=14 in; find A, b, and «. 
Ans. A =62° 30’; b =7.288; c=15.78. 
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2. B=46° 25’, a=17 ft.; find A, 6, and c. 
Ans. A =48° 35’; b=17.86; c=24.66. 
3. A=75° 26, b=25 ft-; find B) a, and c: 
Uns! B=14° 34’; a=96.2; c=99.38. 
4. B=62° 40’, b=2 ft.; find A, a, and c. 
5. A=17° 50’, c=47 yd.; find B, a, and b. 
6. B=53° 20’, c=21 ft.; find A, a, and b. 
1. .a—2 ft. 6=3 it. 1nd A, 6; and 0b. 
Bo — 4 thee —O ste ind A, panda. 
9. a —4.23 in. 0 — 7.23 ine nd Ay B, and c. 
10. a=27 in., b=20 in.; find A, B, and ce. 
11. B=29° 45’, c=2.36 ft.; find A, a, and 6. 
12.-A=32° 127 c=8.23 in.; find B, a, and b. 


348. Orthogonal projection.—If from a point P, Fig. 247(a), 
a perpendicular PQ be drawn to any straight line RS, 


then the foot of the perpendicular Q is said to be the orthogonal 
_ projection or simply the projection of P upon RS. 


a B 
‘, Ss 
\ A KO ee ANE 
Q <a | 
C 1D) 6 
KE (4) (b) 
Fia. 247. 


The projection of a line segment upon a given straight line 
is the portion of the given line lying between the projections 
of the ends of the segment. 

In Fig. 247(b) and (c), CD is the projection of AB upon 
OX. In each case AE=CD and AH=AB cos 6. Hence, if 
lis the length of the segment of the line projected, p the pro- 
jection, and @ the angle between the lines, then 


p=lcos 0. 


Similarly, the projection of AB upon a line OY that is per- 
pendicular to OX and in the same plane as OX and AB is 


p’=1 sin 0. 


349. Vectors.—In physics and engineering, line segments 
are often used to represent quantities that have direction as 
well as magnitude. Velocities, accelerations, and forces are 
such quantities. 
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Fer instance, a force of 100 lb. acting in a northeasterly 
direction may be represented by a line, say, 10 in. long drawn 
in a northeasterly direction. The line is drawn so as to 
. represent the force to some scale; here it is 10 lb. to the inch. 
An arrow head is put on oneend of the line to show its direction. 

In Fig. 248, OP is a line representing a directed quantity. 
Such a line is called a vector. O is the beginning of the vector 
y and P is the terminal. OQ 
is the projection of the vec- 
tor upon OX, and OF is the 
projection upon OY. OQ 
and OF are called compo- 
| nents of the vector. As 
before, OQ=OP cos 6, and 
Q xX OR=OP sin 0. 

Fic. 248. Example 1. Suppose that 

a weight W is resting on a 

rough horizontal table as shown in Fig. 249. Suppose that a 

force of 40 lb. is acting on the weight and in the direction OP, 

making an angle of 20° with the horizontal; then the horizon- 

tal pull on the weight is OQ =40 cos 20° =37.588 lb., and the 
vertical lift on the weight is OR =40 sin 20° = 13.68 lb. 

Example 2. A car is moving up an incline, making an angle 
of 35° with the horizontal, at the rate of 26 ft. per second. 
What is its horizontal ve- 
locity? Its vertical ve- 
locity? 

Solution. Horizontal ve- 
locity = 26 cos 35° = 21.3 ft. 
per second. Vertical vee F777 
locity =26 sin 35°=14.9 ft. 
per second. 


EXERCISES 117 


1. The line segment AB 17 in. long makes an angle of 33° with the 
line OX. Find the projection upon OX. Find its projection upon the 
line OY perpendicular to OX and in the same plane as OX and AB, 

Ans. 14.258 in.; 9.258 in. 

2. A steamer is moving in a southeasterly direction at the rate of 
24 miles per hour. How fast is it moving in an easterly direction? In 
a southerly direction? Ans. 16.97 mi. per hr. in each. 
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8. The eastward and northward components of the velocity of a ship 
are respectively 5.5 miles and 10.6 miles. Find the direction and the 
rate at which the ship is sailing. 

Ans. 11.94 mi. per hr., 27° 25.4’ east of north. 

4. A roof is inclined at an angle of 33° 30’. The wind strikes this 
horizontally with a foree of 1800 pounds. Find the pressure perpendicu- 


lar to the roof. Ans. 993.4 lb. 
5. A roof 20 ft. by 25 ft. and inclined at an angle of 27° 25’ with the 
horizontal will shelter how large an area? Ans. 443.85 ft.? 


6. A hillside is on a slope of 16° and contains 5.2 acres. How much 

more is this than the projection of the hillside upon a horizontal plane? 
Ans. 0.2 acre. 

7. Show in general that the projection of a plane area upon a fixed 
plane is equal to the given area times the cosine of the angle between 
the planes. 

8. Show in general that the component of a force along any fixed line 
is equal to the magnitude of the force times the cosine of the angle 
_ between the direction of the force and the fixed line. 

9. Two men are lifting a stone by means of ropes. The ropes are in 
the same vertical plane. One man pulls 85 lb. in a direction 23° from 
the vertical and the other 105 lb. in a direction 42° from the vertical. 
Determine the weight of the stone. Ans. 156.3 lb. 


350. Definitions.—The angle of elevation is the angle 
between the line of sight and the horizontal plane through 


Horizontal EF 


Fia. 250. Fia. 251. 


the eye when the object observed is above the horizontal 
plane. When the object observed is below the horizontal 
plane, the angle is called the angle of depression. 

Thus, if O is the object observed by the eye at H, the angle 
XEO is the angle of elevation in Fig. 250, and the angle of 
depression in Fig. 251. 

Directions on the surface of the earth are often given by 
directions as located on the mariner’s compass. As seen from 
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Fig. 252, these directions are located with reference to the 
four cardinal points, north, south, east, and west. 

Directions are often spoken of as bearings. 

When greater exactness is required, the direction may be 
given as a certain number of degrees from a cardinal point. 
Thus, a direction given north 10° east means a direction 10° 
east of north; south 40° west means 40° west of south. 


Fra. 252.—Mariner’s compass. 


EXERCISES 118 


1. If a vertical staff 20 ft. high casts a shadow 26 ft. long on level 


ground, find the angle of elevation of the sun. Ans. 37° 34". 
2. How many degrees east of north is N.E.? N.N.E.? N. by E.? 
N.E. by N.? Ans. 45°; 223°; 114°: 333°. 
3. A flag staff 70 ft. high casts a shadow 40 ft. long. Find the angle of 
elevation of the sun above the horizon. Ams. 60° 15.37 
4, At 60 ft. from the base of a fir tree the angle of elevation of the top 
is 75°. Find the height of the tree. Ans. 224 ft. nearly. 
5. What is the inclination from the vertical of the face of a wall having 
a batter of 4? , lise FAS 


A batter of + means that the wall slopes 1 ft. in a rise of 8 ft. 
6. What is the angle of slope of a road bed that has a grade of 5 percent? 
One with a grade of 0.25 per cent? Anse 2erolegets.O.8 
7. Find the angle between the rafter and the horizontal in the follow- 
ing pitch of roofs: two-thirds, half, third, fourth. 
Ans. 53° 7.8"; 45°; 33° 41:3’) 26° 33.97 
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8. Certain lots in a city are laid out by lines perpendicular to B Street 
and running through to A Street as shown in Fig. 253. Find the widths 
of the lots on A Street if the angle between the streets is 28° 40’. 

Ans. 114.0 ft. 


9. A man whose eyes are 5 ft. 6 in. 
above the ground stands on a level 
with, and 150 ft. distant from, the 
foot of a flag staff 72 ft. high. What 
angle does his line of sight when look- 
ing at the top of the staff make with 
the horizontal line from his eyes to 
the pole? Ans. 23° 54.6’. 

10. In surveying on the Lake Front hie. 252. 
in Chicago, measurements were taken 
as shown in Fig. 254. Find the distance on a straight line from 
A to E. Ans. 338.4 ft. 

11. In an isosceles triangle one of the base angles is 48° 20’, and the 


Coal Pile 


Fie. 254. 


base is 18 in. Find the legs, vertical angle, and the altitude drawn to 
the base. Ans. Legs 13.54 in.; vert. ang. 83° 20’; alt. 10.11 in. 

12. The side of a regular pentagon (five-sided figure) is 12 in. Find 
the radius of the inscribed circle, and the area of the pentagon. 


Ans. Radius 8.258 in.; area 247.8 in,? 
a Suggestion. Draw the pentagon and 
inscribe a circle as in Fig. 255. Angle 
AOB=72°. Triangle AOB is isosceles. 
We have tan 36° = .. r=6+tan 36°. 


\, Could this problem be solved as easily 
y by geometry? 
C 13. Find a side of the regular octa- 


gon circumscribed about a circle 20 ft. 


in diameter. Ans, 8.284 ft. 
’ 14. Given the right triangle ABC, 
Esa, 255, with C the right angle, CB =20 ft., and 


angle CAB=40°. Produce CB to P making angle CAP=70°, find 
the length of CP. Ans, 65.48 ft. 
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15. Find the shorter altitude and area of a parallelogram whose sides 
are 10 ft. and 25 ft., and the angle between the sides 75°. 
Ans. Alt. 9.659 ft.; area 241.5 ft.? 
16. Two points C and B are on opposite banks of ariver. A line AC 
at right angles to CB is measured 40 rods long; the angle CAB is meas- 
ured and found to be 41° 40’. Find the width of the stream. 
Ans. 35.60 rd. 


432° __ River 
2 oe —= 
ee: 


Fie. 256. 


seas 


17. Wishing to determine the width of a river, I observed a tree 
standing directly across on the bank. The angle of elevation of the 
top of the tree was 32°. At 150 ft. back from this point and in the same 
direction from the tree the angle of elevation of the top of the tree was 
21°. Find the width of the river. Ans. 239 ft. nearly. 

Suggestion. Let «=width of river, and y=height of tree. The rela- 
tions of the parts are as given in Fig. 256. 


: Gort. 
(tian, 32 = 


(2) tan 21° aries 

Here are two equations and two unknown 
numbers. The solution of them will give 
the values of x and y. 

18. Locate the centers of the holes B and 
C, Fig. 257, by finding the distance each 
is to the right and above the center 0. The 

Fiq. 257. radius of the circle is 1.5 in. Compute cor- 
rect to three decimal places. 
Ans. B, 1.2135 in., 0.8817 in.; C, 0.4635 in., 1.4266 in. 

19. A man surveying a mine measures a length AB =220 ft. due east 
with a dip of 6° 15’; then a length BC =325 ft. due south with a dip of 
10° 45’. How much lower is C than A? Ans. 84.57 ft. 

20. A building, 80 ft. long by 60 ft. wide has a roof inclined at 36° 
with the horizontal. Find the area of the roof, and show that the result 
is the same whether the roof has a ridge or not. Ans. 5933 ft.? 

21. In the side of a hill that slopes upward at an angle of 32°, a tunnel 
is bored sloping downward at an angle of 12° 15’ with the horizontal. 
How far is a point 115 ft. down the tunnel, below the surface of the hill? 
Ans. 94,63 ft. 
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22. The angle of elevation of a balloon from a point due south of it 
is 60°, and from another point 1 mile due west of the former the angle 
of elevation is 45°. Find the height of the balloon. Ans. 1.225 miles. 

23. From the top of a mountain 1050 ft. high two buildings are seen 
on a level plane and in a direct line from the foot of the mountain. The 
angle of depression of the first is 35° and of the second is 24°. Find the 


distance between the buildings. Ans. 858.8 ft. 
1 
ZT 
ae 
Fic. 258. 


24. If R and r are the radii of two pulleys, D the distance between the 
centers, and L the length of the belt, show that when the belt is not 
crossed, Fig. 258, the length is given by the following formula where 
the angle is taken in radians: 

L=2\/D?—(R—r)?+7(R+r) +2(R—r) sin ten 
25. Show that when the belt is crossed, Fig. 259, the length is given by 


the following formula: 
R-+r 


L=2V/ D?—(R +r)?+(R+r) (4 +2 sin D ). 


Fic. 259. 


Note. These formulas would seldom be used in practice. An ap- 
proximate formula would be more convenient, or the length would be 
measured with a tape line. 

A rule often given for finding the length of uncrossed belts is: Add 
twice the distance between the centers of the shafts to half the sum of 
the circumferences of the two pulleys. 

23 
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26. In exercise 24, given R=18 in., r=8 in., and D=12 ft., find the 
length of the belt by the formula. Find the length by the approximate 


rule. Ans. 30.87 — ft.; 30.81 — ft. 
27. Use the same values as given in exercise 26, and find by the formula 
the length of the belt when crossed. Ans. 31.20— ft. 


28. A belt connects two pulleys of diameters 6 ft. and 2 ft. respectively. 
If the distance between their centers is 15 ft., find the length of the belt, 
making no allowance for slack. Ans. 42.83 ft. 

29. Two pulleys, of diameters 7 ft. and 2 ft. respectively, are connected 
by a crossed belt. If the centers of the pulleys are 16 ft. apart, find the 
length of the belt. Ans. 47.41 ft. 

30. A chord of 2 ft. is in a circle of radius three feet. Find the length 
of the are the chord subtends and the number of degrees in it. 

Ans. 2.038 ft.; 38° 56.3’. 

Suggestion. In Fig. 260, the chord AB=2 ft. and the radius OA =3 ft. 

Triangle AOC is a right triangle. Angle 
AOC =} angle AOB, and the central angle 

A AOB has the same measure as the are AnB. 
| 31. Find the area of the sector AnBO in ex- 
n ereise 30. Find the area of triangle AOB. 

— Find the area of the segment ABn. 
Ans, Sector 3.057 ft.?; triangle 2.828 ft.2; 
B segment 0.229 ft.? 
32. Find the area of the segment whose 
Fie, 260. chord is 4 ft. in a circle of 5 ft. diameter. 

Ans. 2.794 ft.2 

33. Find the area of a segment whose chord is 6 ft. and height 2 ft. 

Ans. 8.67 ft.2 

34. In a circle of 60 in. radius, find the area of a segment having an 
angle of 63° 15’. Find the length of the chord and the height of the seg- 
ment, take 3 of their product, and compare with the area found. 

Ans. 379 in.2 

35. A cylindrical tank resting in a horizontal position is filled with 
water to within 10 in. of the top. Find the number of cubic feet of water 
in the tank. The tank is 10 ft. long and 4 ft. in diameter. 

Ans. 106.7 ft.3 

36. Compute the volume for each foot in the depth of a horizontal 
cylindrical oil tank of length 30 ft. and diameter 8 ft. 

Ans. 108.8 ft.8; 294.8 ft.8; 516.4 ft.3; 754 ft.3; 991.6 ft.*> 1213.2) ess 

1399.2 ft.8 

Note. In the same manner, the volume could be computed for, say, 
each jin. In this way a gage could be made for determining the quan- 
tity of oil in a tank. 

37. The slope of the roof in Fig. 261 is 30°. Find the angle @ which is 
the inclination to the horizontal of the line AB, drawn in the roof and 
making an angle of 35° with the line of greatest slope. 


Ans, 2421" 
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38. Find the angle between the diagonal of a cube and one of the diag- 
onals of a face which meets it. “Ans, 35> 1b.97 

39. A hill has a slope of 32°. A path leads up it making an angle of 
45° with the line of greatest slope. Find the slope of the path. — 

eee sy 22 740,54 

40. Two set squares, whose sides are 3, 4, and 5 in., are placed as in 
Fig. 262 so that their 4-in. sides and right angles coincide, and the angle 
between the 3-in. sides is 50°. 
Find the angle @ between the 
longest sides. Ans. 29° 22.5’. 

41. What size target at 30 ft. 
from the eye subtends the same 
angle as a target 4 ft. in di- 
ameter at 1000 yd.? Find the 
angle it subtends. 

Ans. 0.48 in.; 4.6’. Fic. 261. 

42. The description in a deed 
_ runs as follows: “‘Beginning at a stone, A, at the N.W. corner of lot 
401; thence east 112 ft. to a stone, B; thence S. 363° W. 100 ft.; 
thence west parallel with AB to the west line of said lot 401; thence north. 
on west line of said lot to the place of beginning.”’ Find the area of the 
land described. Ans. 6612.88 ft.? 

43. If the point of observation is at a distance of h feet above the 
surface of the earth, find the farthest distance that can be seen on the 
surface of the earth; that is, find the distance of the horizon. 


Fic. 262. Tic. 263. 


Discussion. In Fig. 263, let O be the center of the earth, r the radius 
of the earth, and h the height of the point P above the surface} it’ is 
required to find the distance from the point P to the horizon at A. 
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(PA)? =(PO)?— (OA)? = (r+h)?—r? =2rh +h? 
WPA =/2rh+h 
For points above the surface that are reached by man, h? is very small 
as compared with 2rh. 
. PA =+/2rh, approximately. 
Here PA, r, and / are in the same units. Now let h be in feet, and 
rand PA bein miles. Also let r=3960 miles. Then 


h 3 ; 
PA= \P x< 3960 X 5580 = fen miles. 


We may then state the following approximate rules: 
The distance of the horizon in miles is approximately equal to the square 
root of 3 times the height of the point of observation in feet. 


2/3 ofiTotall 
Fixes! 
ae pea 


The height of the point of observation in feet is } times the square of the 
distance of the horizon in miles. 

Definition. The angle APC =@ is called the dip of the horizon. 

44, Find the greatest distance at which the lamp of a lighthouse can 
be seen from the deck of a ship. The lamp is 85 ft. above the surface 
of the water and the deck of the ship 30 ft. above the surface. 

Ans. 18 mi. approx. 

45. A cliff 2000 ft. high is on the sea shore; how far away is the horizon? 
What is the dip of the horizon? Ans. 54.8 mi. approx.; 47’. 


| | | | 
rye ee > l<-- 6298 P-- ins, 


Fie. 265.—Acme thread. 


46. Find the radius of a circle circumscribed about a polygon of 128 
sides if one side is 2in. What is the difference between the circumference 
of the circle and the perimeter of the polygon? 

Ans. 40.81 in.; 0.417 in. 
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47. In Whitworth’s English Standard screw threads, Fig. 264, the 
angle between the sides of the threads is 55°. If the top of a thread is 
rounded off + of the height and the bottom filled in the same amount, 
find the depth to four decimal places of the threads of the following 
pitches: 1, 8, 14, and 26. 

Ans. 0.6403 in.; 0.0800 in.; 0.0457 in.; 0.0246 in. 

48. In an acme thread, the angle between the sides of the threads is 
29°. When the pitch is P, the depth and the other dimensions are as 
shown in Figs. 265, 267. (a) Suppose that the top dimensions and the 
depth are given, find the dimensions at the bottom. (b) Find the 
dimensions at the top and bottom and the depth for an 8-pitch acme 
thread. 

Ans. (b) 0.0787 in.; 0.0463 in.; 0.0798 in.; 0.0457 in.; 0.0638 in. 

49. In a worm thread, the angle between the sides is 29°. The dimen- 
sions are as shown in Figs. 266, 267. (a) Suppose the top dimensions 


Fia. 266.— Worm thread. 


and the depth are given, find the bottom dimensions. (b) Find the 
dimensions in a 7-pitch thread. (The above are the Brown and Sharp 
proportions.) What are the differences between a worm thread and an 
acme thread? Ans. (b) 0.0950 in.; 0.0479 in.; 0.0443 in.; 0.0981 in. 

50. From a point A on a level with the base of a steeple the angle of 
elevation of the top of the steeple is 42° 30’; from a point B 22 ft. directly 
over A the angle of elevation of the top is 36° 45’. Find the height of 
the steeple and the distance of its base from A. 

Ans. 118.9 ft.; 129.8 ft. ° 


Fie. 267. 


61. A ship sailing due north observes two lighthouses in a line due 
west; after an hour’s sailing, the bearings of the lighthouses are observed 
to be southwest and south-southwest. If the distance between the 
lighthouses is 8 miles, at what rate is the ship sailing? 

Ans. 13.66 mi. per hour. 
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52. Show that R= oe where =the radius of curvature and 
2 


D=the degree of the curve. 


351. Widening of pavements on curves.—The tendency of 
a motorist to ‘cut the corners” is due to his unconscious desire 
to give the path of his car around a turn the longest possible 
radius. Many highway engineers recognize this tendency by 
widening the pavement on the inside of the curve as shown in 
Fig. 268. The practice adds much to the attractive appear- 
ance of the highway. If the pavement is the same width 
around the curve as on the tangents, the curved section appears 
narrower than the normal width; whereas if the curved section 
is widened gradually to the mid-point G@ of the turn, the pave- 
ment appears to have a uniform width all the way around. 

In order that the part 
added may fit the curve 
properly it is necessary to 
have the curve of the inner 
edge a true arc of a circle, 
tangent to the edge of the 
straightaway sections, and 
therefore it must start 
before the point Z of the 
curve is reached. The 
part added may be easily 
staked out on the ground with transit and tape, by means 
of data derived from the radius r, the central angle @ of the 
curve, and the width w. In practice the width w is taken 
from 2 ft. to 8 ft. according to the value of r. The widthadded 
can be readily computed when values for r, w, and @ are given. 

Referring to the figure, derive the following formulas: 


Fia. 268. 


wer sec $0—p =—_—— 
: cos 40 
7! 
ztw=r' sec 30-1’ =—_ — 1". 
COS 56 
; z+w _(«+w) cos 30 


"sec 40-1 1—cos 49 
t=r tan 46. 
=r! tan 46, 
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Area added = BFCEAG=BPAO'—FPEC—BGAO’. 
BPAO!’=r't’. 
FPEC =FPEO—FCEO =rt— 560 nes 


BGAO! = 355 71" 


Pave NET rat Wins ek pee 
.. area added =7't (re 300”) 360 7 


=f 1 — rt ger a +r)(r’—r). 


Ezercise. Find the number of STE feet in the area added if r =300 
ft., w=4 ft., and @=100°. Ans. 1395 ft.? 


352, Spirals.—If a line is drawn around a circular cylinder so 
that it advances a certain distance along the cylinder for each 
- revolution, the curve thus formed is a spiral or a helix. 

If a piece of paper is cut as shown in (a) Fig. 269, and lines 
AB and CD drawn, this piece of paper can be rolled into the 


D Dea 
C B B,C 
(a) 
(6) 
Fia. 269. 


cylinder (b) Fig. 269, where the lines AB and CD of (a) form 
the spiral running from A to D of (6). 

The advance along the cylinder for each turn of the spiral 
is the lead of the spiral, or the spiral lead. In Fig. 269, 
AC is the lead. It is customary to give the lead of the spiral 
as so many inches per one turn. For instance, a spiral: that 
advances 8 in. in one turn is called an 8-in. spiral. 
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The angle a that the spiral makes with an element of the 
cylinder is the angle of the spiral. It is seen that 


__ circumference of cylinder 
~ lead of the spiral 


tan a 


or, in (a) Fig. 269, tan an. 


In setting milling machines for cutting spirals such as worms, 
spiral gears, counter bores, and twist drills, it is often necessary 
to know the angle of the spiral. 

To find the angle of a spiral or for the cutters in cutting a 
spiral, make a drawing as shown in Fig. 270; the angle C 
being a right angle, CB the circumference, and AC the lead. 
Angle A is the angle required, and may be measured with a 


protractor, or it may be found by finding tan A = os and using 


the table of tangents. 
For ready reference the following rules are given: 


B 


A C 


Fie. 270: 


ANGLE. Divide the circumference of the spiral by the lead 
(advance to one turn), and the quotient zs the tangent of the angle 
of the spiral. 

Lnap. Divide the circumference of the spiral by the tangent 
of the angle, and the quotient is the lead of the spiral. 

CrRcUMFERENCE. Multiply the tangent of the angle by the 
lead of the spiral, and the product will be the circumference. 

When applying calculations to spiral gears, the angle is 
reckoned at the pitch circumference. 


EXERCISES 119 
1. Find the angle of the spirals in the following twist drills: 


(1) Diameter of drill 35 in., lead 2.92 in. Ans. 18° 35! 
(2) Diameter of drill 1} in., lead 9.33 in. Ans. 20° 44,8’. 


(3) Diameter of drill 4% in., lead 7.29 in. Ans. 19° 17.8’. 


RIGHT TRIANGLES 441 


2. Find the angle of the spiral thread on a double-threaded worm of 
pitch diameter 3} in. and having three threads in 2 in. Ans. 83° 5.1’. 
3. In a tower the outer diameter of a winding stairway is 12 ft. Find 
the angle of the spiral formed by the outer end of the steps if the stairway 
makes one turn in ascending 18 ft. Find the angle of the spiral formed 
by the inner ends of the steps if the steps are 4 ft. long. 
Ans. 64° 28.7’; 34° 55.1’. 
4. The piece shown in Fig. 271 has a length of 33 in. and a diameter 
of gin. If the spiral grooves make a half turn in the length of the piece, 
find the angle of the spiral. Ans. 15° 40’. 
5. Find the angle for setting cutters in cutting the following spirals: 
(a) Diameter tin. and lead 2.78 in.; (b) ¢ in. and 7.62 in.; (c) 2 in. and 
10.37 in.; (d) 7 in. and 22.5 in. 
Ans. (a) 15° 46.7’; (b) 17° 10.9’; (c) 31° 13.1’; (d) 6° 59.2’. 


Fia. 271. 


6. A cylinder 2 in. in diameter is to have spiral grooves making angles 
of 20° with the center line of the cylinder. What will be the lead of the 
spiral? Ans. 17.26 in. 

7. Find the length of one turn of a spiral around a cylinder 3 in. in 
diameter if the lead of the spiral is 9 in. Ans. 13.03 in. 

8. Show that the length of any spiral is given by formula 


L=nV/C?4+7, 
where L =length of spiral, n =the number of turns of the spiral, C =cir- 
cumference of cylinder the spiral is on, and /=lead of the spiral. 


9. Find the length of a spiral making 20 turns in 8 in. on a cylinder 
3.5 in. in diameter. Ans, 220.0 in. 


CHAPTER XXXIX 


RELATIONS BETWEEN RATIOS, AND 
PLOTTING 


353. Relations between the ratios of an angle and the ratios 
of its complement.—In Art. 327 it was pointed out that the 
function of an acute angle is equal to the co-function of its 
complement. This gives the following relations. It can easily 
be shown that these relations hold for any value of the angle @. 


[62] sin (90°—6) =cos 6. 
[63] cos (90°—6) =sin 06. 
[64] tan (90°—6) =cot 0. 
[65] cot (90°—6)=tan 0. 
[66] sec (90°—6) =csc 0. 
[67] csc (90°—6) =sec 0. 


As previously explained, it is these relations that make a 
table of trigonometric functions do double duty. 

Example. sin 60°=sin (90° —30°) = cos 30°. 

354. Relations between the ratios of an angle and the ratios 
of its supplement.—The following relations between the ratios 
of an angle and its supplement are true for any value of 8. 
They are convenient when one wishes to find by means of the 
tables the functions of angles lying between 90° and 180°. 


[68] sin (180°—6) =sin 0. 
[69] cos (180°—6) = —cos 0. 
[70] tan (180°—6) = —tan 0. 
[71] cot (180°—6) = —cot 0. 
[72] sec (180°—6) = —sec 0. 
[73] csc (180°—6) =csc 0. 


Proof. In Fig. 272, angle XOP=4 is any angle, and angle 
XO0Q=180°— 6. 
From any point in the terminal side of XOP, as B, draw the ~ 
perpendicular AB to the x-axis; and from D, any point in the 
442 
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terminal side of XOQ, draw the perpendicular CD to the x-axis. 
The right triangles OAB and OCD are similar. Also OA, AB, 
OB, CD, and OD are positive, while OC is negative. 


Then sin (180°— 6) =" = £o sin 6. 
Also cos (180°— 0) = OF = 04 = cos 0 


Example 1. sin 130° 15’=sin (180°—49° 45’) =sin 49° 45’ 
= 0.7633. 

Example 2. cos 160°=cos (180° —20°) = —cos 20°= 
— 0.9397. 


355. Relations between ratios of an angle 6 and 90°+6.— 
The following relations connect the ratios of any angle @ 
and 90°+6. They are also convenient to use in finding, by 
means of the tables, the functions of angles lying between 
90° and 180°. 


[74] sin (90°+6) =cos 8. 
[75] cos (90°+6) = —sin 9. 
[76] tan (90°+6) = —cot 6. 
[77] cot (90°+6) = —tan 6. 
[78] sec (90°+6) = —csc 9. 
[79] csc (90°+6) =sec 9. 


Proof. In Fig. 273, angle XOP=6 and angle XOQ = 
90°-+ 8. 
From any point in the terminal side of each draw a perpen- 
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dicular to the z-axis. The right triangles AOB and OCD thus 
formed are similar, and have all their sides positive except OC. 


Then sin (90°+ 6) panos =Ccos 0. 
Also tan (90°-++6) =77 = 13 —cot 0. 


Example 1. sin 130° 15’=sin (90°+40° 15’) =cos 40° 15’ 
==().7633. 

Example 2. tan 116° 20’= tan (90°+ 26° 20’) = —cot 26° 20’ 
= — 2.0204. 


Fia. 273. 


Fie. 274. 


356. Relations between the ratios of an angle and the 
ratios of its negative——The following relations connect the 
ratios of positive and negative angles, and are true for any 
value of 6. 


[80] sin (—6)=~—sin 0. 
[81] cos (—®) =cos 8. 
[82] tan (—6) = —tan 0. 
[83] cot (—6)=—cot 6. 
[84] sec (—0)=sec 0. 
[85] csc (—0)=—csce 0. 


Proof. In Fig. 274, angle XOP=6, and angle XOQ=—09. 
From any point in the terminal side of each draw a per- 
pendicular to the x-axis. The right triangles OAB and OAC 
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thus formed are similar, and have all their sides positive but 
AC, which is negative. 


Then sin (0) =20 = — —sin 6. 
And cos (0) =04 = pf = 008 0. 
OA OA 


Also cot (—@) ty ace ad an —cot 6. 

Example 1. sin (—30°) = —sin 30°= —0.5. 

Ezample 2. tan (—46° 10’) = —tan 46° 10’ = — 1.0416. 
EXERCISES 120 


Draw a figure in each case and prove the following: 


1. sin (90° —8) =cos 6. 7. esc (180° —0) =ese. 6. 

2. tan (90° —@) =cot @. 8. cos (90° +6) = —sin 6. 

3. sec (90° —@) =esc 0. 9. cot (90° +0) = —tan @. 

4. tan (180° —@) = —tan 6. 10. sec (90°+0) = —cse 0. 

5. cot (180° —@) = —cot 0. 11. tan(—6) = —tan 6. 

6. sec (180° —0) = —sec 8. 12. sec (—0) =sec. 0. 

By means of the tables find the following: 

13. sin 140°. 16. cos (—49°). 19. sin 159° 40’. 

14. cos 150°. 17. tan (—17°). 20. cos (—117° 30’). 
15. tan 170°. 18. cot (—125°). 21. tan (—156° 10’). 


Ans. Ex. 14. —0.8660. Ex.17. —0.3057. Ex. 20. —0.4617. 


357. Relations between the ratios of any angle.-—As stated 
in Art. 324, 


[86] sin oe or csc 6 a Nene, 
csc 0 sin 


or sec 6 =———_.. 


[87] cos 8= sec 6 cos 6 


or cot 6= 


[8S] tanO=— 6 tan 0 


By definition, 
[89] versedsine 6, abbreviated vers 6=1—cos 6. 
[90] coversedsine 6, abbreviated covers 6=1—sin 6. 
The truth of the following can easily be proved when 9 
is any angie. 
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[91] sin? 6 + cos? 6=1. 
[92] sec? 6=1-+ tan? 6. 
[93] csc? 6=1-+ cot? 6. 


9 
[94] tan pon. 


[95] cot 6 


Proof of [91]. By definition (see Fig. 275), 
2 2 
sin? ga and cos? 9=~. 
r , 
: 2 2 ay? 2 x? 
Hence adding, sin? 6+ cos? 9-4 +, _Y s 


But y?+2?=r? because the triangle OCB is a right triangle. 


Fie. 275. 


r2 


Hence sin? 0+ cos? =F =a. 


Proof of [92]. By definition, 


2 . Tbe 
sec’ 6=—) and tan? 6=*.- 
2 o 


2 Qy2 2 2 2 
? 1 a? n 
.. Sec? 6=1+ tan? 6 because as 1+ = av = ts 


EXERCISES 121 
1. Prove [93], [94],-and [95] by using the definitions. 


2. From [91] derive (a) sin 6 = ++/1 —cos? @, (b) cos 6 = ++/1 sin? 0. 
3. Solve [92] for sec @ and tan @. 
Ans. sec 6= +4/1+tan? 6; 6; tan 0= eer 
4. Solve [93] for ese 6 and cot 0. ag 
Ans. ese 6= ++/1-+ cot? 6; cot 0= +-V/ese? @-1,. 


RELATIONS BETWEEN RATIOS, AND PLOTTING 447 


5. From the relations already given, write five other relations between 
the ratios. : 


6. Prove the following relations: 
(1) cos 6 tan 6=sin 6. (3) sec 6 cot 6=csce @. 
(2) sin 6 cot 6=cos 6. (4) tan 6 ese 0=sec @. 
Use the formulas and find the other functions: 
7. When sin 6=3. 
8. When cos 6=2. 
9. When tan 6=3. 
10. Find the following from Table XI: (1) sin 122° 20’, (2) cos 110° 44’, 
(3) tan 163° 15’, (4) cot 172° 50’, (5) cos (—42° 16’), (6) tan (—21° 49’). 
Ans. (1) 0.8450; (2) —0.3540; (3) —0.38010; (4) —7.9530; (5) 0.7400; 
(6) —0.4008. 


358. Plotting the sine curve.—In Chapter XXXIII the 
plotting of the curve of an algebraic equation was considered. 
The trigonometric equations can be represented by curves 

- plotted in a similar manner. 


@ 


Fic. 276. 


Example. Plot the curve for y=sin z. 

Choose suitable angles for values of « and take the values 
for y from the table of Art. 332 or from Table XI. 

Vance 70 oe 45. 60° 907.120" 155° 150° 21807: 

Values 07 7,000) 0.7) O87, 100.87 “O77 0,5 0. 

Valuesoixs, 210°| 225° 240° 270° 300° 315° 330° 360°. 

Values of y, —0.5 —0.7 —0.87 —1—0.87 —0.7 —0.5 0. 

Choose a convenient unit on the z-axis and y-axis and plot 
the points as shown in Fig. 276, using the angle as abscissa and 
the sine as ordinate. 

The curve in Fig. 276 is called the sine curve. It extends 
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cos 


y 


tan x 


i= 


COURT 


y= 


Fia. 278. 


= 
Ss fa ieee aE 


sec x 


y 
y 


csc Z@.... 


Fie. 279. 
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both ways indefinitely, repeating the part given. That is, 
if values between 360° and 720° be taken the curve will be 
found to be of the same shape. The same will be true for 
values of the angle less than 0°. 

A curve that repeats itself in this way is called a periodic 
curve. The equation giving rise to it is called a periodic 
function. 

The relative lengths of the units representing x and y may 
be changed, and the curve thus drawn out or shortened. 
However, the curve will still be of the same general form. 

359. Curves for cosine, tangent, cotangent, secant, and 
cosecant.—By choosing suitable angles for values of x and 
determining the corresponding values of y, the codrdinates of 
points are obtained which, when plotted, give the curves of 
-Figs. 277, 278, and 279. 


EXERCISES 122 


1. Plot y=sin z, using various units for x and y. 

2. Plot y=cos z from z=0° to c =360° and get form of Fig. 277. 

3. Plot y=tan x and y=cot z from «=0° to + =360° and get forms 
of Fig. 278. 

4. Plot y=sin z+ cos z from z=0° to x= 180°. 

5. Plot y=cos? «—sin? x from x=0 to x=}r. 

6. Plot y =cosj from +=0 to e=3. 

7. Plot y=sec x and y=cse x from 4 =0° to x = 360° and get the forms 
of Fig. 279. 


360. Projections of a point having circular motion.— 

Example 1. A point P, Fig. 280, moves around a vertical 
circle of radius 3 in. in a counter-clockwise direction. It 
starts with the radius in a horizontal position and moves with 
an angular velocity of one revolution in 10 seconds. Plot 
a curve showing the distance from the center O of the projec- 
tion of P on the vertical diameter at any time. 

Discussion. Describe a circle with center O and radius 
3 in., to scale if desired. In this circle the point P starts at A. 
After 1 second OP has turned to the position of OP; through an 
angle of 36°=0.6283 radians, after 2 seconds to the position 
OP? through an angle of 72° = 1.2566 radians, and so on to the 


positions OP3, OP4, + - + OPio. 
29 
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The points Ni, N2, ete., are the projections of P,, Ps, etc., 
on the vertical diameter. 

Produce the horizontal diameter OA, and lay off the seconds 
on this to some scale. 

For each second plot a point whose ordinate is the corre- 
sponding distance of N from O. Fractions of seconds may 
be taken and more points located if desired. Connect these 
points, and we have a curve for which any ordinate y is the 
distance from the center O of the projection of P on the vertical 
diameter at the time ¢, represented by the abscissa of the point. 

It is to be noted that the ordinate of the curve increases 
from 0 to +38, decreases from +3 to 0 and from 0 to —3, 


and increases from —3 to 0. The curve is made up of two 
like-shaped parts, one below and one above the horizontal line. 
Together they form a cycle of the curve. 
It is evident that, for the second and each successive revo- 
lution, the curve repeats itself, that is, is a periodic curve. 
Since OP turns through 36° per second, the angle AOP= 
36° =0.6283¢ radians. Because of the right triangle OPN, 


y=ON =OP sin 36t° =8 sin 360°. 


Or, in general, y=r sin wt, where w (Greek letter omega) 
is the angle turned through in one second, that is, the angular 
velocity. It is then the equation of the curve. 

It is readily seen that if a straight line of length r, such as 
a crank, starts in a horizontal position when ¢=0, and revolves 
in a vertical plane around one end at a uniform angular velocity 
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w per second, the projection of the moving end on a vertical 
straight line has a motion which is represented by the equation 
y=r sin at. 

Similarly, the projection of the moving end on a horizontal 
straight line is given by the ordinates of the curve whose 
equation is 

y=r COs wt. 

If OP represents the crank of an engine with a connecting 
rod which is very long compared with OP, the motion of the 
cross-head is represented approximately by that of the point 
N, and, hence, by the equation y=r sin wt. 

A simple periodic motion like the above is sometimes repre- 
sented by the equation y=r sin wt and sometimes by y=r 


cos wt. The first, if the time is measured from the instant 
when OP is in the line of the simple periodic motion, and second, 
if measured from the instant when OP is perpendicular to the 
line of the simple periodic motion. 

If the time is counted from some other instant than the 
above, we have y=r sin (wt+a), where a@ is the angle that OP 
makes with the line OA at the instant ¢ is counted from. 

Example 2. A crank OP, Fig. 281, of length 2 ft. starts 
from a position making an angle a=40° with the horizontal 
line OA when t=0. It rotates in a vertical plane in the posi- 
tive direction at the rate of 2 revolutions per second. Plot a 
curve showing the projection of P on a vertical diameter. 

Discussion. As before, draw a circle of 2-ft. radius to some 
scale. Extend the horizontal axis to the right, and represent 
the part of a second necessary for one revolution to some 
suitable scale. 
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When ¢=0, OP starts from the position OP, making an 
angle AOPp>=a=40°. OP turns through 720° in 1 sec., or 
36° = 0.6283 radians in 0.05 sec. Here we plot a point for every 
0.05 sec. Any other convenient fraction of a second could 
be chosen. The position of the free end of the crank for each 
0.05 sec. until a complete revolution is made is located by 
Po, Pi, Po, Ps3- ++. These are at intervals of 36° starting 
with 40°. 

At any time ¢, the position of OP makes with OA an angle 
AOP=wt+a. And the distance from 0 to the projection of 
Pat Nis 

ON = OP sin (wt+a), 
or ON =2 sin (720¢°+a). 

The curve of this example is periodic. It repeats itself 
for each complete revolution of the crank. 

It follows that, in general, the equation of the curve is 

y=r sin (wtt+a). 

361. Sine curves of different frequency.—The frequency 
refers to the number of cycles of the periodic curve in a unit 
of time. Thus, if a crank makes 4 revolutions in 1 second, 
the curve showing the motion makes 4 cycles in 1 second; 
while the curve fora crank that makes 2 revolutions in 1 second 
makes 2 cycles in 1 second. The frequency of the first is 
4, of the second 2. 

The angular velocity w divided by 360° when measured in de. 
grees, or by 27 when measured in radians, gives the frequency di 

wW 
. Sia 

The time necessary for one eycle is called the period. It 

is evident that the period 7 is given by the formula 


Wes 2m 
Ww 
Consider the following equations: 
Equation Angle wt Angular Frequency Period 
velocity w w 20 
= 4p => 
20 w 
(1) y=r sindt 2t 3 0.0796 12.566 
(2) y=r sint t 1 0.1592 6.283 
(3) y=r sin2t 2t 2 0.3183 3.1416 
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If r is taken as 1 and the three curves plotted, they are as 
in Fig. 282. 
It is to be noted that the frequency of a sine curve vcries directly 


y =sin Yt 
Y =sin ¢ 


Fic. 282. 


as the value of w, that is, as the coefficient of t in the angle wt. 
The number w is sometimes called the frequency factor. 
362. Variation in the amplitude of sine curves.—The am- 


y 
2 i oo a ax y= iiaty. 6 

/ 4 iis \ / a Y= ; Sa 
| V8 \ | ; \ | \ Yy = 2 sin 6 oonee ee 


i a Ph ae a j \ y= 2 sin 30—— 
oA te . | | | 


plitude of a sine curve is the difference between its greatest 
and least ordinate. 
In the previous article all of the curves plotted have the 
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same amplitude, and it will be remembered that the radius 
in each case was taken equal to unity. 

Consider the curves of the equations: 

(1). y= 3 sin 0, _ (3) y=2 sin 8, 

(2) y=sin 6, (4) y=2 sin 30. 

These curves are plotted in Fig. 283. 

It ts to be noted that the amplitude of a sine curve varies directly 
as the coefficient of sin 0, that is, as the value of r in the generating 


circle. 
EXERCISES 123 


1. A crank 18 in. long starts in a horizontal position and turns in a 
positive direction in a vertical plane at the rate of 0.7854 radian per 
second. The projection of the moving end of the crank upon a vertical 
line oscillates with a simple periodic motion. Construct a curve whose 
ordinates show the distance of the projection from the center of its path 
at any time. 

2. Write the equation of the curve in the previous exercise. Find the 
value of the ordinate when {=0.5. When ¢=2.3. 

Ans. y=18 sin(0.7854t); 6.89 in.; 17.50 in. 

3. A crank 8 in. long starts in a position making an angle of 55° with 
the horizontal, and rotates in a positive direction at the rate of 20 revolu- 
tions per minute. Draw a curve to show the projection of the moving 
end of the crank on a vertical line. 

4. Write the equation of the curve in the last exercise. Find the 
value of y when t=1.5 seconds. 

Ans. y=8 sin (120¢°+55°); —6.55 in. 

Plot the curves that represent the following motions: 

5. y =3.5 sin (35¢°+36°). 

6. y =12 sin (1.88¢-+-0.44). 

eae wt. OW : 

Yee y =4.0 Sin gti 


. 


8. Plot y=r sin “t and y=r sin (5 + *) on the same axes. Notice 


that the highest points are separated by the constant angle 7 Such 


curves are said to be out of phase. The difference in phase is stated in 
time or as an angle; in the latter case it is called the phase angle. 

Tv 
=A 
on the same axes. What is the difference in phase between (1) and (2)? 


Tv 
2h 


9. Plot (1) y=r sin it (2) y=? sin ( ‘ » and (3) y=r cos ah all 


10. Plot on the same set of axes: (1) y=r sin at, (2) y=r sin 
(3) y=r sin ah 

11. Plot on the same set of axes: (1) y=40 sin 6, (2) y=30 sin @, 
. (3) y=20 sin: 26. 


CHAPTER XL 
TRIGONOMETRIC RATIOS OF MORE THAN 


ONE ANGLE 


363. In the present chapter will be given a number of formu- 
las of very great use in more advanced subjects of mathematics 


and in their applications. These 
formulas are given for reference. 
But little attempt will be made 
here to prove them or illustrate 
their uses. 

364. Functions of the sum or 
difference of two angles.—The 
following formulas express the 
functions of the sum or the dif- 
ference of two angles in terms of 
the functions of the separate 
angles. These formulas are 


Fie. 284. 


sometimes called the addition and subtraction formulas of 


trigonometry. 


[96] sin (A+B)=sin A cos B+cos A sin B. 
[97] sin (A—B)=sin A cos B—cos A sin B. 
[98] cos (A+B) =cos A cos B—sin A sin B. 
[99] cos (A—B)=cos A cos B+sin A sin B. 


[100] tan (A+B) = 


[101] tan (A—B) = 


tan A-tan B 
1—tan A tan B 
tan A—tan B 


1+tan A tan B’ 


Proof of [96] for A<90°, B<90°, and (A+B)<90°. In 
Fig. 284, angle XOQ=A and angle QOP=B. Hence angle 


XOP=A-+B. 


Draw NP, QP, QR, and MQ perpendicular respectively to 
OX, OQ, NP, and OX. Then angle REO=2. 
P MORE MQ RE 


Pies -- 
455 


OP 


> OP SOPs 
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But MQ=O0Q sin A, and RP=QP cos A, from the right 

triangles. Putting these values in place of MQ and RP, 
gin (A+B) =e eA 
*, sin (A+8) =sin A cos B+ cos A sin B. 

Formulas [97] to [101] may be proved in a similar manner. 

‘Example 1. Given the functions of 45° and 30°, find the 
value of sin 15°. 

Solution. sin 15° =sin(45° —30°) 

=sin 45° cos30°—cos45° sin 30° 
= 0.7071 X0.8660—0.7071 X0.5 =0.2588. 

Example 2. Test formula [100] by using A=16° and 
B=27°, 

Substituting these values in the formula, 

é a tan 16°+tan 27° 
per oy 27 ayant 16° tan 27° 
Putting in the values of tan 16° and tan 27° from Table XI, 
o.. 0.2867+0.5095 
An oF T= 0 S807 MOOG BSR 

365. Functions of twice an angle and half an angle.—By 
putting B=A in the formulas for the sum in Art. 364, the 
following formulas are obtained: 


[102] sin 2A=2 sin A cos A. 
[103] cos 2A=cos? A—sin? A=1—2 sin? A=2 cos? A—1. 
2 tan A 
1 eee see 
[104] tan 2A fake 
These formulas are used to express the function of any angle 
in terms of the functions of one-half that angle. . 
From the above may be derived the following formulas, 
which are used to express the functions of any angle in terms. 
2f the functions of twice that angle. 


? 


[105] sin A= + “eee 


[106] cos A= coe ar 


1—cos2A_  sin2A —1-—cos 2A 


107 = = = 
PAM ee 1+cos 2A 1-+cos 2A sin 2A 
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Example 1. Test formula [102] by using A=20°. 
Substituting in the formula, 

sin40°=2 sin20° cos20°=2 0.3420 X 0.9397 = 0.6428. 
Example 2. Test formula [106] by using A 3006 
Substituting in the formula, 


cos 35°=4 = oe =O = 0 gions. 


366. Formulas for changing products to sums or differ- 
ences, and sums and differences to products.—The following 
four formulas are convenient for expressing a product of two 
functions as the sum or difference of two functions. 


[108] sin A cos B=} sin (A+B)+4 sin (A—B). 
[109] cos A sin B=} sin (A+B)— 7 sin (A—B). 
[110] cos A cos B=} cos (A+B)+4 cos (A—B). 
[111] sin A sin B= —} cos (A+B)+3 cos (A—B). 


The following four formulas express a sum or a difference 
as a product. They are often convenient when working with 
logarithms. 


[112] sin A+sin B=2 sin 4 (A+B) cos 3 (A—B). 
(113] sin A—sin B=2 cos 3 (A+B) sin 4 (A—B). 
[114] cos A+cos B=2 cos} (A+B) cos 4 (A—B). 
[115] cos A—cos B= —2 sin 4 (A+B) sin 4 (A—B). 


EXERCISES 124 
1. Find sin 90°, cos 90°, and tan 90°, using the addition formulas and 
90° =60° +30°. 
2. Find sin (A+B) if sin A =# and sin B=, both being acute angles. 


Find cos (A+B). Ans. 1; 0. 
3. Find cos (A—B) if cos A=x's and cos B={5, both being acute 

angles. Find sin (A—B). Ans. +29; 443. 
4, Find tan (A +8) if tan A =2 and tan B=3, both being acute angles. 

What is the value of (A+B)? Ans. —1; 135°. 


5. Given the functions of 30° and 45°, find sin 75°, cos 75°, and tan 75°. 

6. Take values from Table XI for the functions of 25° and 18°, and find 
sin 43°, cos 43°, sin 7°, and tan 7°. 

7. Take values from Table XI for the functions of 15° and find sin 30°, 
cos 30°, and tan 30°. 

8. Using the functions of 45°, find sin 223°, cos 224°, and tan 223°. 

9. Given sin 20 =3, find tan @ and cot 0. Ans. 4%; 3. 
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10. Show that cos 56+ cos 36 =2 cos 46 cos @. 

11. Show that sin 70—sin 30=2 cos 56 sin 20. ; 

12. Show that cos 125° —cos 75° = —2 sin 100° sin 25°. 

13. Express sin 7a+sin 5a as a product. Ans. 2 sin 6a cos a. 
14. Express cos 46°+cos 28° as a product. Ans. 2 cos 37° cos 9°. 
15. Show that sin 575° cos 927°+cos 575° sin 927° =sin 1502°. 

tan 327°+tan 846° 


16. Show that tan dev tan eae? tan 1173°. 
17. Find the value of sin = cos wT Htan * cot aE. 


Ans. —0.3536. 
18. Find the value of 


lin\ . 197 4n\ . 7 
cos (- =) sin “5 + cos (- 3) sin 3) : Ans. 0. 


19. If sin a= —4 and eis in III quadrant, \and cos B=3 a is in ] 
quadrant, find the value of sin (a+), sin ( bana 9. 
Ans. —0576185°0.5475; 1.1760. 
sin 47°+sin igen oe 3b° 
cos 47°-cos 17% | J 


. . \ 
21. Show that peor par ot a. 
cos 38a—cos 5a 


sin 67°—sin 23° 
22. Show that cos 67°-hcos 23° 


20. Show that 


— 
=tan 22°, 


, : b 
23. In a right triangle cos a= = and cos 6 = = Show that 


a4 c—b oe Ca. 
sIn 72 = ~/—— and sin 48 = ~/—— 
V 2c 28 26 


24.,1f « is less than 360°, in what quadrants may abe if sin }ais nega: 
tive? Positive? If tan }a is negative? Positive? If cot sa is nega 
tive? Positive? lf sec }a is negative? Positive? 


CHAPTER XLI 
SOLUTION OF OBLIQUE TRIANGLES 


367. Cases.—A triangle that is not a right triangle is called 
an oblique triangle. 

The student should now reread Arts. 338 and 339 and the 
exercises following them. It is evident, then, that an oblique 
triangle can be solved when there are three elements given at 
least one of which is a side. 

There arise the four following cases: 

Case I. When any side and any two angles are given. 

Case Il. When any two sides and the angle opposite one 
of them are given. 


B B 


\ 
\ 
| 
! 
| 
| 
| 
| 
=I 


Cg 
(a) (6) 


Fie. 285. 


Case III. When any two sides and the angle «ncludcd 
between them are given. 

Case IV. When the three sides are given. 

The oblique triangle can be divided into right triangles 
by drawing convenient altitudes, and so be solved by methods 
already given in the chapter on right triangles. It is, however, 
usually a saving of time to solve them by means of formulas 
derived especially for that purpose. The simpler of these 
formulas will now be derived. 

368. The law of sines.—The law is: In any triangle, the 
sides are proportional to the sines of the opposite angles. 

Proof. Let ABC in Fig. 285 be any triangle. Draw the 
altitudeh from B totheside AC. Because of the right triangles, 
in either (a) or (b), h=c sin A and h=a sin C, 

459 
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*. @ sin C=c sin A. 
Dividing both members of this by sin C sin A, 


Ore eae 
sin A sinC 


ae : ; Oe 
Similarly by drawing an altitude from C, ARw Wee 
a b c 


“sin A sinB~ sinC 


[116] .- 


From the law of sines there may be written the three equa- 
Cte 0 ae bi pn abe 

sn A sn B sn A smC snB snC@ 

any one of which involves four elements of a triangle. It is 

evident that if any three of the elements involved in one of 

the equations are given, the remaining element can be found. 


tions: 


oP ie hl] b j 2 
Lie. it in ete ara A, B, and b are given, then solving 
f ped sin A 
pu at csiie 


369. The law of cosines.—The law is: In any triangle, the 
square of any side equals the sum of the squares of the other two 
sides minus twice the product of these two sides times the cosine 
of the angle between them. 


Proof. In Fig. 286, either (a) or (6), draw the altitude 
h from B to the side AC. Let AD=m and DC=n. . 

Because of the right triangles, in either (a) or (6), a? =h?+-n?. 

In (a), n=b—m=b—c cos A. 

In (6), n=m—b=c cos A—b. 

In either case, n?=b?—2bc cos A+c? cos? A. 

In either (a) or (6), h?=c? sin? A. 
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Substituting these values for h? and n? in, a?=h?-+-n’, 
=¢? sin? A+b?—2bc cos A+c? cos? A. 
“. @=b?+c? (sin? A+cos? A) —2be cos A. 
(117] ... a2=b?+c?—2bc cos A. 
Similarly there may be obtained: 
[118] b?=a?+c?—2ac cos B. 
[119] c?=a?-+b?—2ab cos C. 
Solving these for cos A, cos B, and cos C respectively: 


ke cer 
[120] cos A= Qbe 
2 oS 
[121] cos B CAG earl eh 
2ac 
sk la tel ie 
[122] cos C eine pox 


By these formulas the values of the angles of a triangle can 
be computed when the sides are known. 

370. Directions for solving.—It will be noticed that each 
of the formulas from the law of sines and the law of cosines 
involves four elements of the triangle. 

In solving a triangle, select a formula that involves three 
known elements besides the element that is to be found, solve for 
the unknown element in terms of the known, substitute the numer- 


‘ical values, and evaluate. 


The work may be checked (a) by making a careful construc- 
tion, and (b) by using some other formula than is used in solving. 
371. Case I, a side and two anglesgiven.—Hxample. Given 
a=45, B=36° 17’, and C =83° 32’; to find 8, c, and A. 


Formulas. , Construction. 
(1) Sree aay B 
(2) fy 
areT Cait he oe ten A 
a 1 aoe 
(3) sn A sin@’’’° snA . a 


Computation by natural functions. 
A =180°— (36° 17'+83° 32’) =60° 11’. 
_asinB_45X.5918 b C 
sin A .8676 ose Fia. 287. 
_asinC 45X.9937 _ 
enA | oS867h Oe 
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Computation by logarithms. 


log 45= 1.6532 log 45= 1.6532 
logsin36> 17-= 9./722 log sin 83° 32’= 9.9972 
11.4254 11.6504 
logsin 60° 11’= 9.9384 log sin 60° 11’= 9.9384 
log b= 1.4870 logte= 127120 

.. b=30.69 .. c=51.53 


Check by using the law of cosines. 


372. Case II, two sides and an angle opposite one of them 
given.—With these parts given it is possible (a) that there is 
only one solution, that is, that only one triangle can be found; 
(b) that there are two solutions, that is, that there are two 
different triangles that fulfill the conditions; (c) that there is 
no solution, that is, that no triangle exists that will fulfill the 
conditions. 

Whether there is one solution, two solutions, or no solution 
can readily be determined by making a careful construction 
of the triangle from the given parts. 

Example 1. Given a=15, c=10, and A =40° 80’; to find 
b, B, and C. 

The construction shows that there is only one solution. 


Formulas. Construction. 
Oa A 
sin A sin C : ee 
ee 
. %@ A b Cc 
(2) B=180°—(A+C). Fic. 288. 
a. b See analy: 


(3) sin A gin Be sine 

Example 2. Given a=20, c=25, and A =52° 40’; to find 
b; B, and C. 

From the construction it is seen that there are two triangles, 
ABC and ABC’, that fulfill the conditions. 
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Formulas. Construction. 
c ame ORCI Al B 
(a= sin C’ San a ee. 


(2) C’=180°—C. 
(3) B=180°—(A+C). 


(4) Peas ey ‘ a 
(5) Ea py ee 

and San. BS” Opin AY 

pire Vi yb ip BE 
ios Vasari sin A Af = c 
Example 3. Given a=12, c=20,and I hes noice: elas 


A =62° 20’; to find 6, B, and C. Fic. 289. 


From the construction, Fig. 290, it is evident that the side 


a is not long enough to form a triangle. Hence there is no 
solution. 


Fia. 290. 


373. Case III, two sides and the angle between them 
given.—Example. Given b=45.2, a=56.7, and C =47° 45’ 
to find c, A, and B. 


‘ Formulas. Construction. 
(1) Baye inae? cos C. B 
Cc 
2) sin ae sin C” 
a ee sin C é a 
Cc 
b Cc 
(3) sin B sin C’ 
eee Bue sin C’ A b C 
SE ia ae ae Fic. 291. 
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Computation. 
c= /56.72-+45.2?—2 X 56.7 X45.2 X 0.6723 = 42.56. 


_ , 56.70.7402 _ Oe ay 
sin A =F 5g = 0.9861, a: A=S07-2605 
45 20402 © > IA 
s1n B= “Fo 5g 70-7861, .”. B=51 49’, 


Check. A+B+C=180°. 
80° 26’++-51° 49’+-47° 45’ = 180°. 

Logarithms cannot be used conveniently with formulas such 
as (1) above. Formulas in which logarithms can be used 
for the solution of examples under Case III can be derived 
from the law of sines. They are numbers 123, 124, and 125 
on page 473. 

374. Case IV, three sides given.—Erample. Given a=10, 
b=12, and c=15; to find A, B, and C. 


Formulas. Construction. 
b?+¢?—q? 
= 2 : B 
(1) cos A Dbe 
iA oad he 
(2) cos B= ee c a 
viene 
(3) cos C=— ee 
A b C 
Computation. Fig. 292. 
12?+-15?2— 10? 
cos A= iS = 0.7472, .. A=41° 39’, 
, 102 | eh fe ae 22 
for B= = 0.6033, *) B=baea eg’, 
10?+12?—15? 
a 0 = 0.0792, .. C=85° 27.6’. 


Check. A+B-+C=180°. 
41° 39’+-52° 53.5’+85° 27.6’ = 180° 0.1’. 


The above formulas are not suitable for work with loga- 
rithms; but formulas can be derived from them that lend 
themselves readily to logarithmic .work. These formulas 
are given on page 473, numbers 126 to 134 inclusive. 
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EXERCISES 125 


1. From the law of sines, find b in terms of a, A, and B. Find C in 


asin B, 2, 810 B 
: ; C=sin—! —__. 
sin A 


terms of 6, c, and B. Ans. b= 


With the following three elements given, find those remaining and 
check the results when the answers are not given. 
aoe 4465 —ai eon G—4.238 In. ; 
3. A =48° 39.2’; C=115° 23.8’; a=14.83 in. 
Ans. B=15° 57’; 6 =5.428 in.; c=17.85 in. 
4. B=30° 36.8’; C=107° 15.5’; b=144. . 
5. C=44° 17.3’; b=14.33; c= 13.67. 
Ans. B=47° 2.5’; A =88° 40.2’; a=19.57; B’ =132° 57.5’; A’ =2° 45.2’; 
a’ =0.940. 
6. A =53° 16.5’; c=25.64; a =31.4. 
7. a=79.8; b=46.7; B=23° 19.6’. 
8. b=17; c=16; A =47° 16.4’. 
9. a=99.4; c=90.4; B=11° 7.8’. 
Ans. A =110° 20.4’; C =58° 31.8’; b =20.5. 
10. a=21; b=24; c=31. 
11. a=61.52; b=81.74; c=75.34. 
Ans. A=45° 53.4’; B=72° 33.2’; C=61° 33.4’. 
12. a=2.46; b=3.5; c=4.2. 
13. To find the distance AB through the swamp, Fig. 293, the following 
data were measured: a =120 rd., b=146 rd., and C=41° 25’. Compute 


the distance AB. Ans. 97.14 rd. 
14. Compute the inaccessible distance AB, Fig. 294, from the measured 
data b =450 ft., A =82° 30’, and C =67° 42’. Ans. 837.2 ft. 


15. Two points, P and Q, Fig. 295, are on opposite sides of a stream 
and invisible from each other on account of an island in the stream. <A 
straight line AB is run through Q, and the following measurements 
taken: AQ=756 ft., QB=562 ft., angle QAP =47° 28.6’, and angle 
QBP =57° 45’. Compute QP. ; Ans. 852 ft. 


A 


Fig. 293. Fic. 294. 


16. From a point on a horizontal plane the angle of elevation of the top 
of a hill is 23° 46’; and a tower 45 ft. high standing on the top of the hill 
subtends an angle of 5°16’. Find the height of the hill. Ans. 173 ft. 

30 
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17. Two observers, A and B, 100 rd. apart on a horizontal plane ob- 
serve at the same instant an aviator. His angle of elevation at A is 
68° 25 and at B 55° 58.2’. The angles in the horizontal plane made 
by the projections of the lines of sight with the line AB are 43° 27’ at A 
and 23° 45’ at B. Find the height of the aviator. Ans. 1820 ft. 

18. B is 42 miles from A in a direction W. 
22° N., and Cis 58 miles from A in a direction HE. 
73° N. What is the position of C relative to B? 

Ans. 68.6 mi. E. 35° 21.1’ N. 


375. Resultant of forces.—If two forces, 
represented by the vectors PQ and PS, 
Fig. 296, act upon a body at point P, then 
the combined effect of these forces is the 
same as that of the force, represented by 
the vector PR, where PR is the diagonal 
of the parallelogram of which PQ and PS 

Fig. 295. are two sides. 

The force PR is called the 
resultant of the forces PQ 
and PS. 

The resultant of any number 
of forces is a single force that 
will produce the same effect as 
the combined effect of all the Fia. 296. 
given forces. 


The resultant of any number of 
given forces can be found by find- 
ing the resultant of any two of the 
given forces, then the resultant of 
a third force and the first resultant, 
continuing till all the forces are 
used. 

Thus, if a, b, c, and d, Fig. 297, 
are four forces acting at the point 
P, r; is the resultant of a and b, re 
the resultant of r; and c, and r; the 

Fic. 297, resultant of re andd. Therefore r3 
is the resultant of a, 6, c, and d. 

376. Computation of a resultant.—If two forces act at 

right angles to each other, their resultant is evidently equal 
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in magnitude to the square root of the swm of the squares of 
their respective magnitudes. 
Thus, in Fig. 298, r=~/a?+b2. Also the direction ef r 


can be found, for tan QPR="- 


Ss R S R 


“—~/ 
rags ve 


P uw Q 
Fie. 298. i Fic. 299. 


If two forces act at any angle 6 to each other, their resultant 
can be found by using the law of cosines, Art 369, and is equal 
in magnitude to the square root of the sum of the squares of their 
respective magnitudes increased by twice their product times 
the cosine of the angle between the two forces. 

Thus, in Fig. 299, r=~+/a?+-b2—2ab cos ¢ by the cosine law. 
But g=180° — 6, and therefore cos ¢ = cos (180° — 0) = — cos 6 by 
[69]. Substituting this value for cos ¢, r=~+/a?+ 424+ 2ab cos 0. 

The angle between the resultant and either force can be 
found by the law of sines, Art. 368. 

Velocities can be combined in exactly the same manner as 
forces. 


EXERCISES 126 


1. Given two forces of 40 lb. and 60 lb., acting at an angle of 30°. 
Find the magnitude of their resultant. Ans. 96.7 + lb. 
2. Given a force of 500 lb. acting toward the east and a force of 
700 Ib. acting northeast. Find the resultant in magnitude and direction. 
Ans. A force of 1111.3 lb. acting 26° 26.9’ N. of E. 
3. An aeroplane, which is at an altitude of 1600 ft. and moving at the 
rate of 100 miles per hour in a direction due east, drops a bomb. Dis- 
regarding the resistance of the air, where will the bomb strike the ground 
if during its fall it is acted upon by a wind of 40 miles an hour from a 
direction 30° east of south? 
Ans. 1279 ft..23° 24’ N. of E. of point where bomb was dropped. 
Solution. To find the number of seconds it is in falling, use equation 
of exercise 30, page 339, $g/2=1600, where g=32. This gives t=10, th« 
time in seconds. 
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It would move east from the starting point as far as the aeroplane 


travels in 10 seconds if the wind is not considered. 
100 X 5280 X10 


This is 60 X60 =1467 it. 
During 10 seconds the wind would carry the bomb 
40 X 5280 X10 _ 
E0608 586.7 ft. 


The resultant of these displacements is 
V/ 1467? +586.72-+2X 1467 X586.7Xcos 120° =1279 ft. 

By the sine law the direction is found to be 23° 24’ N. of E. 

4. An automobile is traveling W. 36° N. at 27 miles per hour, and the 
wind is blowing from the N. EH. at 30 miles per hour. What velocity 
and direction does the wind appear to have to the chauffeur? 

Ans. 37.09 mi. per hr. from N. 59’ W. 

5. A train is running at 30 miles per hour in a direction W. 35° S., 
and the engine leaves a steam track ‘in the direction E. 10° N. The 
wind is known to be blowing from the N. E.; find its velocity. 

Ans. 22 mi. per hr. 

6. In a river flowing due south at the rate of 4 miles per hour, a boat 
is drifted by a wind blowing from the southwest at the rate of 15 miles 
per hour. Determine the position of the boat after 40 minutes if resist- 
ance reduces the effect of the wind 70 per cent. 

Ans. 2.19 mi. E.14° 26’ S. 
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TABLE I 


Summary. of Formulas 


[1] A =ab, rectangle, parallelogram. 
[2] a=A~+b, rectangle, parallelogram. 
[3] b=A +a, rectangle, parallelogram. 


[4] A =}3ab, triangle. 

[5] a=2A +5, triangle. 

[6] b=2A +a, triangle. 

[7] A =~/s(s —a)(s—b)(s—c), where s=3(a+b-+c), triangle. 
[8] A=3(B+5) Xa, trapezoid. 


[9] c=Va?+02, right triangle. 
[10] a=~/c?—b®, right triangle. 
[11] b=+/c?—a2, right triangle. 
[12] l:1=¢: 7, tapers. — 
[13] = ox tapers. 
[14] D,=D i, sharp V-threads. 
15] Di=D—-*5**, U.S. 8. threads. 

Lyy)2 2 

[16] eee, segment of circle. 
[17] h=r—~/r?—(iw)?, segment of circle. 


[18] w=2/h(2r —h), segment of circle. 
[19] C= 7d, circle. 

[20] d=C +n, circle. 

[21] C=2nr, circle. 

[22] 2r=C +7, circle. 

[23] A =3Cr7, circle. 

[24] A =nr?, circle. 

[25} A = ind? =0.7854d?, circle. 

[26] r=V/A +n, circle. 

[27] d=~/A +4n, circle. 

[28] A, cee wR? —ar? =7(R? —7?) =2r(R+r)(R—7), ring 


D) eS 
[29] A a0 sector. 


[30(a)] A= thw + ~, segment. 


[30(b)] A=$h? 4 br 01608 Reemone 


[31] A =rab, ellipse. 
[82(a)] P=za(a+bd), ellipse. 
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[32(b)] P =x[$(a+b) —+/ abl, ellipse. 

[32(c)] P=xv/2(a?+%), ellipse. 

[33] S=ph, prism. 

[34] T=ph+24A, prism. 

[35] 1 =6a?, cube. 

[36] p=S-+A, prism. 

[37] h=S-~+ 2, prism. 

[38] V=AA, prism. 

[39] V =a’, cube. 

[40] h=V ~A, prism. 

[41] A=V-+A, prism. 

[42] S=Ch=xdh=2nrh, cylinder. 

[438] V=Ah=zar2h =47dh, cylinder. 

[44] h=V+A=V +27’, cylinder. 

[45] A=V +h, cylinder. 

[46] V=nrR2h—rr*h=ch(R2—r?) =xh(R+r)(R—r), cylinder. 
[47] S=4ps, pyramid or cone. 

[48] T=2ps+A, pyramid or cone. 

[49] S=#(P+>7p) Xs, frustum. 

(50) T=3(P+ p)Xs+B-44, frustum. 

(51] V=4Ah, pyramid or cone. 

[52] V=th(B+b++/Bb), frustum of pyramid or cone. 

(53) V=4rh(R?+r2+Rr), frustum of cone. 

[54] V=7orh(D?+d?+ Dd), frustum of cone. 

[55] S=4rr?, sphere. 

[56] V =43Sr = jar? =i 1rd’, sphere. 

[57] Z=2zrh, area of zone. 

[58] V =4rh(r*;+7?.) +§7h3, volume of segment. 

[59] A=2rR X2xr =47*Rr, solid ring. 

(60) V=2rR Xar? =2r?kr?, solid ring. 

(61) V=th(B,+4M-+B:), prismatoid. 

[62] sin (90°—86) =cos @. 
[63] cos (90° —@) =sin 0. 
[64] tan (90° —6) =cot 0@. 
[65] cot (90°—6) =tan @. 
[66] sec (90° —6) =cse 80. 
[67] csc (90° —6) =sec 0. 
[68] sin (180°—6) =sin @. 
[69] cos (180° —6@) = —cos @. 
[70] tan (180° —6) = —tan @. 
[71] cot (180° —¢@) = —cot 6. 
[72] sec (180° —6) = —sec @. 
[73] esc (180° —6@) =esce 0. 
[74] sin (90°+86) =cos 6. 
[75] cos (90°+6) = —sin 0@. 
[76] tan (90°+6) = —cot 6. 
[77] cot (90°+6) = —tan @, 
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[78] sec (90°+86) = —esc 0. 
[79] ese (90° +6) =sec 8. 
[80] sin (—6) =—sin @. 
[81] cos (—#@) =cos @ 

[82] tan (—é) = —tan 9@. 
[83] cot (—6) = —cot 0. 
[84] sec (—6@) =sec 9. 

[85] csc (—6) = —ese 0. 


i i 1 
[86] sin i= 9 OF ese Bary 


1 1 
[87] cos arr 9 oF sec ais 3 
1 1 


[89] vers @=1—cos 0. 
[90] covers @=1-—sin @. 
[91] sin? 6+cos? 6=1. 
[92] sec? g=1+tan? 0. 
[93] csc? 6=1+cot? @. 


Q 
[94] tan =. 


[95] cot ec > 


[96] sin (A+B) =sin A cos B+ cos A sin B. 
[97] sin (A—B)=sin A cos B—cos A sin B. 
[98] cos (A+B) =cos A cos B—sin A sin B. 
[99] cos (A—B)=cos A cos B+sin A sin B. 


__ tan A+tan B 
OOS hen (A AB) oe 


tan A—tan B 
HOES tani CA 8) i ae 


[102] sin 24=2sin A cos A. 
[103] cos 2A =cos? A —sin? A =1—2 sin? A =2 cos? A—1. 


2tan A 
[104] tan 2A = (ean & 
[105] sin A=+ Nee 2A 
[106] cos A=+ ee Ee 


1—cos 2A _ sin 2A 1—cos 2A 
07] tan A= + 1+cos 2A ~I+c0s 2A a sin 2A 
[108] sin A cos B=} sin (A+B) +3 sin (A —B). 
[109] cos A sin B=} sin (A+B) —3 sin (A —B), 
[110] cos A cos B=} cos (A+B) +4 cos (A —B), 
[111] sin 4 sin B= —3 cos (A+B) +3 cos (A —B), 
[112] sin A+sin B=2 sin (A+B) cos }(A—B). 
[113] sin A—sin B=2 cos (A+B) sin 3(A—B). 
[114] cos A+cos B =2 cos 3(A+B) cos 3(A —B). 
[115] cos A—cos B= —2 sin 4(A+B) sin 4(A —B), 
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a b c 
BiCl” an Al au Bain 0 
[117] a?=b?+c?—2bc cos A. 
{118] b?=a?+c?—2ac cos B. 


{119] c?=a?+b?—2ab cos C. 


Wl as woe 

[120] cos A eee res 
2 ey 

[121] cos pattie 
Sam ae 

[122] cos Ue. aaa 


Formulas for solving Case III, oblique triangles, by logarithms: 
[123] tan 4(B—C) = tan 3(B+(C). 


[124] tan }(A—C) ae tan }(A+C). 


[125] tan }:A—B)= pan LPs 3(A +B). 
Formulas for solving Case IV, oblique triangles, by logarithms: 
Let s ote 


= Me—e) 


(126) sin }A= 
127] sin }B= Aceon) 


fi2g} sin 30-4 fE—O—H), 


[129] cosZA= se a) 
[130] cos #B= s(s—b) 
ac 


[131] cos 40-2859. 
_. |(s—a)(s—b)(s—c), - 
Let r=a/e r 


[132] tan 1A=— 


[133] tan 3B=—. 


[134] tan #0 =—". 


[135] Area of a triangle =} besin A =3ac sin B=}ab sin C 
=~/s(s —a)(s —b)(s —c)- 


Other formulas for any angle. 


[136] sin 6= /1—cos? 6 = 


tan @ 1 
VY1+tan? 0 2 V/1-+cot? 6 
_vsec?¢—-1 1 
re sec 0 ese 8 
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1 cot 6 
Vi+tan?@ ~W/1-+cot? 6 


[137] cos @= V/1—sin?6 = 


Lo Vise ee 
sec 6 ese @ 
can eee sin 6 /1—cos? 6 2 ewe 
V/1—sin? 6 cos @ tan 6 
= 4/sect G1 ah eee 
V esc? 6—1 
Hizg)) cot 6= V/1—sin? 6 = cos 6 a 
sin 0 W/1—cos?6 tan 6 
= ee = Vese? 6—1. 
~/ sec? @—1 
[140] sec 6= Aes. = i =V/1-+tan? 0 
V/1—sin?@ cos 0 
= /1+cot? 6 ese 6 . 
cot @ Vesc? @—1 
{141] cse 0= 1 = ee = Vi+tan? 9 
sin @ ~W/1—cos? 6 tan 6 
= (1 -beait 6 cca 
Vsec? 6—1 


[142] sin 34 =8 sin A —4 sin! A. 
[143] cos 8A =4 cos? A —3 cos A. 


3 tan A—tan’ A 
[144] tan 34 = CREST 6 


TABLE II 


Useful Numbers 


1 cu. ft. of water weighs 62.5 lb. (approx.) = 1000 oz. 
1 gal. of water weighs 8} lb. (approx.). 


1 atmosphere pressure = 14.7 lb. per sq. in. =2116 lb. per sq. ft. 


1 atmosphere pressure =760 mm. of mercury. 

A column of water 2.3 ft. high =a pressure of 1 Ib. per sq. in. 
1 gal. =231 cu. in. (by law of Congress). 

1 cu. ft.=7} gal. (approx.) or better 7.48 gal. 

1 cu. ft. =% bu. (approx.). 

1 bbl. =4.211— cu. ft. (approx.). 

1 bu. =2150.42 cu. in. (by law of Congress) =1.24446— cu. ft. 
1 bu. = § cu. ft. (approx.). 

1 perch = 24 cu. ft. but usually taken 25 cu. ft. 

1 in. = 25.4001 mm. (approx.). 

1 ft. =30.4801 cm. 

1 m. =39.37 in. (by law of Congress). 

1 lb. (avoirdupois) =7000 grains (by law of Congress), 
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1 lb. (troy or apothecaries) =5760 grains. 

1 gram = 15.432 grains. 

1 kg. = 2.20462 lb. (avoirdupois). 

1 liter = 1.05668 qt. (liquid) =0.90808 qt. (dry). 

1 qt. (liquid) = 946.358 ec. =0.946358 liter, or cu. dm. 
1 qt. (dry) =1101.228 ec. =1.101228 liters, or cu. dm. 
ar =3.14159265358979 + =3.1416 = 335 =31 (all approx.). 
1 radian =57° 17’ 44.8” =57.2957795° +. 
1°=0.01745329+ radian. 

Base of Napierian logarithms =e = 2.718281828 - 

login e =0.43429448 - 

log.10 =2.30258509 - . 

1 horse-power second = 550 ee pounds. 

1 horse-power minute = 33,000 foot-pounds. 


a/2 =1.4142136. 4/3 =1.7320508. 

4/5 =2.2360680. 4/6 = 2.4494897. 

4/2 =1.2599210. 4/3 =1.4422496. 
TABLE III 


Decimal and Fractional Equivalents of Parts of an Inch 


8ths 32nds 64ths 

7125 = 0512p = .015625 33 = .515625 
2—. 20 = .09375 = .046875 35 = .546875 
3010 = DOLD = .078125 37=. 01825 
= .500 = Zea = .109375 39 = .609375 
=020 = 28125 = . 140625 41 = .640625 
=. 100 11 = .34875 =. 171875 43 = .671875 
vies 13 = . 40625 13 = .203125 45 = .703125 
16ths 15 = .46875 15= . 234375 47 = .734375 

= .0625 V7 = 755125 17 = . 265625 49 = .765625 

= eis, 19 = .59375 19 = . 296875 51 = .796875 

== oD 21 = .65625 2s OLolZo 53 = .828125 

= 4375 23=.71875 23 = .359375 55 = .859375 

= .9625 25=. (8125 25 = .390625 57 = .890625 
T= 16875 27 = .84375 27 = .421875 59 = .921875 
ksh grell 745) 29 = .90625 29 = .453125 61 = .953125 


15 = .9375 31 = . 96875 31 = . 484375 63 = . 984375 
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TABLE V 


U. S. Standard and Sharp V-threads 


Diameter ofacrow | Rivmadh | DE's. | ARAM | MMSE | Bhat 
} 20 .03247 | .04330 | .1850 | .1634 
ts 18 .03608 | .04811 .2403 | .2163 
i 16 .04059 | .05412 | .2936 | .2668 
is i4 .04639 | .06178 | .3447 |] .3139 
3 i3 .04996 | .06661 | .4001 3668 
ae 12 .05412 | .07216 | .4542 | .4182 
5 11 .05905 | .07873 | .5069 | .4675 
3 10 .06495 | .08660 | .6201 .5768 
q 9 .07216 | .09622 | .7307 | .6826 
1 8 .08119 | .10825 | .8376 | .7835 
14 7 .09277 | .12371 .9394 | .8776 
1} 7 .09277 | .12371 | 1.0644 | 1.0026 
13 6 10825 | .14433 | 1.1585 | 1.0863 
14 6 10825 | .14433 | 1.2835 | 1.2113 
1; 5t | .11809 | .15745 | 1.3888 | 1.3101 
13 5 .12990 | .17325 | 1.4902 | 1.4035 

4 5 .12990 | .17325 | 1.6152 | 1.5285 
2 4t | .14433 | .19244 | 1.7113 | 1.6151 
2} 4t | .14433 | .19244 | 1.9613 | 1.8651 
24 4 .16238 | .21650 | 2.1752 | 2.0670 
23 4 16238 | .21650 | 2.4252 | 2.3170 
3 34 18557 | .24742 | 2.6288 | 2.5052 
34 34 18557 | .24742 | 2.8788 | 2.7552 
34 31 | .19985 | .26647 | 3.1003 | 2.9671 
33 3 21666 | .28866 | 3.3167 | 3.1727 
4 3 21666 | .28866 | 3.5667 | 3.4227 
41 | 2% | .2259 | .3012 -| 3.7982 | 3.6476 
4} i Mere ie. 2362 ea 0140" | 4,0276)| 3.8712 
4} 28 | .2474 | .3299 | 4.2551 | 4.0901 
5 23 | .2598 | .3465 | 4.4804 | 4.3070 
5} 23 | .2598 | .3465 | 4.7304 | 4.5500 
54 | 23 2735 .3647 | 4.9530 | 4.7707 
53 | 23 | .2735 | .3647 | 5.2030 | 5.0207 


6 | 2% . 2887 3849 5.4226 | 5.2302 
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TABLE VII 


Standard Gages for Wire and Sheet Metals 
Diameter or thickness given in decimals of an inch 


Neen eee EEE [iInEInIEINEIIEIEINII lUnEEEEEEEEIEET 
American, : é 
Number | Birmingham Brown and United States British American 
of gage wire gage Shar standard plate Imperial Bteel and 
eae | gag (B and 2) iron steel ig Wire Co, 
BEMRMMD”  Vicve re saa an am Ati) 
OOOO Gs cee wets 46875 -464 
UC al ee eee 4375 2432 
0000 454 40625 .400 
000 425 375 372 
| . 380 A . 34375 348 
0 .340 324861 .3125 .324 
1 .300 . 289297 . 28125 | .300 
2 . 284 . 257627 . 265625 276 
3 259 . 229423 .25 .252 
4 .238 . 204307 . 234375 .232 
5 .220 . 181940 . 21875 .212 
6 . 203 . 162023 . 203125 .192 
7 .180 . 144285 -1875 .176 
8 .165 . 128490 .171875 .160 
9 .148 .114423 . 15625 .144 
10 .134 . 101897 . 140625 .128 
11 .120 090742 - 125 .116 
i2 | .109 .080808 . 109375 .104 
13 .095 .071962 09375 092 
14 .083 . 064084 .078125 -080 
15 072 .057068 .0703125 072 
16 .065 .050821 0625 .064 
17 .058 .045257 05625 056 
18 .049 .040303 .05 048 
19 042 .035890 .04375 040 
20 .035 .031961 0375 036 
21 .032 . 028462 .034375 032 
22 .028 .025346 03125 028 
23 025 022572 .028125 024 
24 022 .020101 025 022 
25 .020 .017900 .021875 .020 
26 .018 015941 .01875 .018 
27 .016 .014195 .0171875 .0164 
28 .014 .012641 015625 .0148 
29 .013 011257 0140625 0136 
30 .012 .010025 0125 0124 
31 .010 .008928 .0109375 .0116 
32 .009 . 007950 01015625 .0108 
33 .008 .007080 .009375 .0100 
34 .007 .006305 - 00859375 0092 
35 .005 .005615 0078125 0084 
36 . 004 . 005000 .00703125 .0076 
cf ta ES een 004453 . 006640625 0068 
38 en, rear oe 003965 00625 . 0060 
Ole Mike esac etsconsns 003531 Samara gale ee 0052 
AO Weraravala's Pe ite .003144 LT eee ee 0048 
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TABLE VIII 
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Specific Gravities and Weights of Substances 


Pounds per Pounds per Specific 

Name of substance cu. tn. cu. ft. gravity 
Ye te eh Se a EER eee 1: Ee 0.0795 
FA LUIMIN UM een ear em oir 162 2.6 
ANH A ENO CORN HORS, coscccol coooe 52 to 60 
ANIM ONYeeey- ce met AC ny oleic 418 6.7 
‘Asphaltumieeey meee ce eee 87.3 1.4 
Beechwood a inccy ccc mmrndin wks caine 46 as) 
Birchiwoodaneseeene i ene uate 41 .65 
Brass, cast (copper and zinc)....|  ..... 506 8.1 
Brass prollede saree ser crepe Mek ats 525 8.4 
SCS, COMMOCI on ancervooedves|  ccanc 125 
Bricks pressed. men tsc tan cP | ete aied: 150 
Cha cree cea ae Aaa eae crn CRS ol Soya 156 2.5 
Coal, bituminous, broken.......)  ..... 47 to 56 
CoketloosecnccResi ts cos een cee 23 to 32 
Corund tinieas yep en eR ok) Sn ee eees kin 3.9 
Coppericast saniaeation sere ee nese 542 8.6 to 8.8 
Coppers rolled samen ene eit .319, 555 8.8 to 9 
Coreerades hy ann ec e oe een Sache 15 24 
DOD VAWOO Grane me tment itl mene eee 76 1.23 
TELM W.OOGs sage ats eta c ities ecco NIM men ote 35 .56 
ADL aT bat araes haere Scheie Shoe ecclt mare ee 162 2.6 
CENTS arene Bro Meare Reon Caen oto lo Nee nee 186 2.5 to 3.45 
Gold tira cao elena ce nee O95 eames meee 19.3 
Grantor academe biceeie 170 2.56 to 2.88 
1Shi OME oc ama palvomcblo | eoae 53 .85 
CORP & ctr. cy Reet lore: SERIA ess oocks 57.5 .92 
TOD ICHS tieiae gegen ter Oc Genre: .26 450 6.7 to 7.4 
Viova, MRO AOY Hs wo aoe oan ; .28 480 7.69 
Lead ter ter on ha Roo 412 712 11.42 
Marbled actrccnat eat: vsti racly paleo 168.7 2 
Mapler wood Sain dancehall wears 49 79 
MerCUry:gc cate preter e is tere : CLO vaalh ote 13.6 
Nickels cebaonuuraernstnn caer arte 3 re toe NS Sinica aa 8.8 
Oaks wood Tred awn cc ee an daslae 46 73 to .75 
ALU AMCOLTSR (AM dar ogmoneboetl)  aades 28 .45 
Einenwoods yellow semen tine || eater 38 .61 
PLANUS. cecncuntruen Sate a tee ele eee 21.5 
Quartains wiiecentan te nereecacite ase) 165 2,,65 
Silvery; jc te er ee ee .3879 655 10.5 
ee 
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Specific Gravities and Weights of Substances—Continued 


Pounds per Pounds per Specific 
Name of substance cu. in. cu. ft. gravity 
Shee eeneee et ante m, olediecest sietam crenees .29 490 7.85 
J 50s, ee ere Reh owe) me ae 459 LPO To) 
ATIC MS SAE. 0 dled) aaa <i See ae Fao es 438 6.8 to 7.2 
Wister, distilled nt.32°> Boece seg) cn. 62.417 
Water; distilled at 62° Po......22)) 0... 62.355 1 
Water, distilled at 212° FP ..25.5| en. 59.7 
Specific gravities referred to air: 
ANT. ebins atte ee LURE oe 1 
ORY Pen Gee gee oe ny meet a! iboalal 
Hydrogen s. 2) arge crass oanete Se 0.07 
Chigrimergas sss. ee eee ke 2.44 
TABLE IX 


Strength of Materials 


Ultimate tensile Ultimate com- Coefficient of 
strength pressive strength | linear expansion 
Material 
| Pounds per Pounds per Hore.’ 
square inch square inch Fahrenheit 
Hard steel............ 100,000 120,000 0.0000065 
Structural steel........ | 60,000 60,000 0.0000065 
Wrought iron.......... 50,000 50,000 0.0000067 
AS LION sree cays 2: | 20,000 90,000 0.0000062 
COPPEL Sams sine eores 6 a0 | DU OOO Mae \nremaera ci see rs 0.0000089 
Timber, with grain..... 8,000 to 4,000 to 0.0000028 
25,000 12,000 
Concrete ss .240.0206%. 300 3,000 0.0000055 
LATS EP eA ceke acl unc ae deaentin doh 11,000 0.0000050 
debi to ane, Pe hls cena Sheet lee eae ener eae 3,000 0.0000050 


In the column of ultimate tensile strengths are given the pulls neces- 
sary to break a rod of one square inch cross section of the given material. 
In the column of ultimate compressive strengths are given the weights 
necessary to cause a support of one square inch cross section to give way 


under the pressure. 


In the column of coefficient of linear expansion are given the fractional 
parts of their length, bars of the different materials will increase when the 
temperature rises one degree Fahrenheit. 
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TABLE X.—COMMON LOGARITHMS 


N. 0 il 2 3 4 5 6 7 8 9 
10 0000 0043 0086 0128 0170 0212 0253 0294 0334 0374 
11 0414 0453 0492 0531 0569 0607 0645 0682 0719 0755 
12 0792 0828 0864 0899 0934 0969 1004 1038 1072 1106 
13 1139 1173 1206 1239 1271 1303 1335 1367 1399 1430 
14 1461 1492 1523 1553 1584 1614 1644 1673 1703 1732 
15 1761 1790 1818 1847 1875 1903 1931 1959 1987 2014 
16 2041 2068 2095 2122 2148 2175 2201 2227 2253 2279 
17 2304 2330 2355 2380 2405 2430 2455 2480 2504 2529 
18 2553 2577 2601 2625 2648 2672 2695 2718 2742 2765 
19 2788 2810 2833 2856 2878 2900 2923 2945 2967 2989 
20 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 
a1 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 
22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 
23 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 
24 3802 3820 3838 3856 3874 8892 3909 3927 3945 3962 
25 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 
26 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298 
27 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456 
28 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609 
29 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 
30 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 
31 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038 
32 5051 5065 5079 5092 5105 6119 5132 5145 5159 5172 
33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 
34 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428 
35 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551 
36 5563 5575 5587 5599 5611 5623 5635 5647 5658 5670 
37 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786 
38 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899 
39 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010 
40 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117 
41 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 
42 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325 
43 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425 
44 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 
45 65382 6542 6551 6561 6571 6580 6590 6599 6609 6618 
46 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 
47 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803 
48 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893 
49 6902 6911 6920 6928 6937 6946 6955 6964 6972 6981 
50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 
61 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152 
52 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235 
. 53 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316 
54 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396 
N. 0 1 2 3 4 5 G 7 8 9 
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N. 0 1 2 3 4 5 6 7 8 9 

55 7404 7412 7419 7427 7435 7443 7451 7459 7466 7474 
56 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 
57 7559 7566 7574 7582 7589 7597 7604 7612 7619 7627 
58 7634 7642 7649 7657 7664 7672 7679 7686 7694 7701 
59 7709 7716 7723 7731 7738 7745 7752 7760 7767 7774 
60 7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 
61 7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 
62 7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 
63 7993 8000 8007 8014 8021 8028 8035 8041 8048 8055 
64 8062 8069 8075 8082 8089 8096 8102 8109 8116 8122 
65 8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 
66 8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 
67 8261 8267 8274 8280 8287 8293 8299 8306 8312 8319 
68 8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 
69 8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 
70 8451 8457 8463 8470 8476 8482 8488 8494 8500 8506 
71 8513 8519 8525 8531 8537 8543 8549 8555 8561 8567 
72 8573 8579 8585 8591 8597 8603 8609 8615 8621 8627 
73 8633 8639 8645 8651 8657 8663 8669 8675 8681 8686 
74 8692 8698 8704 8710 8716 8722 8727 8733 8739 8745 
75 8751 8756 8762 8768 8774 8779 8785 8791 8797 8802 
76 8808 8814 8820 8825 8831 8837 8842 8848 8854 8859 
77 8865 8871 8876 8882 8887 8893 8899 8904 8910 8915 
78 8921 8927 8932 8938 8943 8949 8954 8960 8965 8971 
79 8976 8982 8987 8993 8998 9004 9009 9015 9020 9025 
80 9031 9036 9042 9047 9053 9058 9063 9069 9074 9079 
81 9085 9090 9096 9101 9106 9112 9117 9122 9128 9133 
82 9138 9143 9149 9154 9159 9165 9170 9175 9180 9186 
83 9191 9196 9201 9206 9212 9217 9222 9227 9232 9238 
84 9243 9248 9253 9258 9263 9269 9274 9279 9284 9289 
85 9294 9299 9304 9309 9315 9320 9325 9330 9335 9340 
86 9345 9350 9355 9360 9365 9370 9375 9380 9385 9390 
87 9395 9400 9405 9410 9415 9420 9425 9430 9435 9440 
88 9445 9450 9455 9460 9465 9469 9474 9479 9484 9489 
89 9494 9499 9504 9509 9513 9518 9523 9528 9533 9538 
90 9542 9547 9552 9557 9562 9566 9571 9576 9581 9586 
91 9590 9595 9600 9605 9609 9614 9619 9624 9628 9633 
92 9638 9643 9647 9652 9657 9661 9666 9671 9675 9680 
93 9685 9689 9694 9699 9703 9708 9713 9717 9722 9727 
94 9731 9736 9741 9745 9750 9754 9759 9763 9768 9773 
95 9777 9782 9786 9791 9795 9800 9805 9809 9814 9818 
96 9823 9827 9832 9836 9841 9845 9850 9854 9859 9863 
97 9868 9872 9877 9881 9886 9890 9894 9899 9903 9908 
98 9912 9917 9921 9926 9930 9934 9939 9943 9948 9952 
99 9956 9961 9965 9969 9974 9978 9983 9987 9991 9996 
NG 0 1 2 3 4 5 6 7 8 9 


PRACTICAL MATHEMATICS 


TABLE XI.—TRIGONOMETRIC FUNCTIONS 


1° 00’ 


2° 00’ 


3° 00’ 


4° 00’ 


5° 00’ 


6° 00’ 


7° 00’ 


8° 00’ 


Sines 
Nat. Log. 
.0000 a 
-0029 7.4637 
-0058 7648 
0087 9408 
.0116 8.0658 
0145 1627 
0175 8.2419 
- 0204 3088 
.0233 3668 
-0262 4179 
-0291 4637 
- 0320 5050 
-0349 8.5428 
0378 5776 
0407 6097 
.0436 6397 
-0465 6677 
0494 6940 
0523 8.7188 
0552 7423 
.0581 7645 
.0610 7857 
. 0640 8059 
0669 8251 
0698 8.8436 
0727 8613 
.0756 8783 
.0785 8946 
.0814 9104 
.0843 9256 
0872 8.9403 
.0901 9545 
0929 9682 
0958 9816 
0987 9945 
1016 9.0070 
1045 9.0192 
1074 0311 
1103 = 0426 
1132 0539 
1161 0648 
1190 0755 
.1219 9.0859 
1248 0961 
1276 1060 
1305 1157 
1334 1252 
1363 1345 
1392 9.1436 
1421 1525 
1449 1612 
1478 1697 
1507 1781 
1536 1863 
.1564 9.1943 
Nat. Log. 

Cosines 


Cosines 


Nat. Log. 
1.0000 0.0000 


1.0000 0000 

1.0000 0000 

1.0000 0000 
-9999 0000 
-9999 0000 
9998 9.9999 
9998 9999 
-9997 9999 
.9997 9999 
9996 9998 
9995 9998 
9994 9.9997 
-9993 9997 
-9992 9996 
9990 9996 
9989 9995 
9988 9995 
-9986 9.9994 
9985 9993 
9983 9993 
-9981 9992 
9980 9991 
9978 9990 
.9976 9.9989 
-9974 9989 
-9971 9988 
-9969 9987 
9967 9986 
9964 9985 
-9962 9.9983 
-9959 9982 
9957 9981 
9954 9980 
-9951 9979 
-9948 9977 
9945 9.9976 
-9942 9975 
-9939 9973 
9936 9972 
9932 9971 
-9929 9969 
9925 9.9968 
9922 9966 
9918 9964 
.9914 99638 
-9911 9961 
9907 9959 
9903 9.9958 
-9899 9956 
9894 


.9877 9.9946 
Nat. Log. 


Sines 


Tangents 
Nat. Log. 
.0000  @ 
0029 7.4637 
.0058 7648 
.0087 9409 
0116 8.0658 
0145 1627 
0175 8.2419 
0204 3089 
0233 3669 
.0262 4181 
.0291 4638 
0320 5053 
.0349 8.5431 
0378 5779 
0407 6101 
0437 6401 
0466 6682 
0495 6945 
.0524 8.7194 
.0553 7429 
-0582 7652 
-0612 7865 
0641 8067 
0670 8261 
.0699 8.8446 
.0729 8624 
-0758 8795 
.O787 8960 
.0816 9118 
.0846 9272 
0875 8.9420 
0904 95638 
0934 9701 
.0963 9836 
-0992 9966 
1022 9.0093 
-1051 9.0216 
1080 0336 
1110 §= 0453 
1139 0567 
1169 0678 
1198 0786 
1228 9.0891 
1257 0995 
1287 1096 
1317 1194 
1346 1291 
1376 1385 
1405 9.1478 
1435 1569 
1465 1658 
1495 1745 
1524 1831 
1554 1915 
.1584 9.1997 
Nat. Log. 
Cotangents 


Cotangents 

Nat. Log. 

ao a 
343.77 2.5363 
171.89 2352 
114.59 0591 
85.940 1.9342 
68.750 8373 
57.290 1.7581 
49.104 6911 
42.964 6331 
38.188 5819 
34.368 5362 
31,242 4947 
28.636 1.4569 
26.432 4221 
24.542 3899 
22.904 3599 
21.470 3318 
20.206 3055 
19.081 1.2806 
18.075 2571 
17.169 2348 
16.350 2135 
15.605 1933 
14.924 1739 
14.301 1.1554 
13.727 1376 
13.197 1205 
12.706 1040 
12.251 0882 
11.826 0728 
11.480 1.0580 
11.059 0437 
10.712 0299 
10.385 0164 
10.078 0034 
9.7882 0.9907 
9.5144 0.9784 
9.2553 9664 
9.0098 9547 
8.7769 9483 
8.5555 9322 
8.3450 9214 
8.1443 0.9109 
7.9530 9005 
7.7704 8904 
7.5958 8806 
7.4287 8709 
7.2687 8615 
7.1154 0.8522 
6.9682 8431 
6.8269 8342 
6.6912 8255 
6.5606 8169 
6.4348 8085 
6.31388 0.8003 

Nat. Log. 

Tangents 


Angles 


90° 00’ 


89° 00’ 


88° 00’ 


87° 00’ 


86° 00’ 


85° 00’ 


84° 00’ 


83° 00’ 


82° 00’ 


81° 00’ 


Angles 


18° 00’ 


Angles 


TABLES 


TABLE XI.—TRIGONOMETRIC FUNCTIONS—Continued 


Sines 
Nat. Log. 
1564 9.1943 
1593 2022 
1622 2100 
1650 2176 
1679 2251 
1708 2324 
1736 9.2397 
1765 2468 
1794 2538 
1822 2606 
1851 2674 
1880 2740 
1908 9.2806 
-1937 2870 
.1965 2934 
1994 2997 
.2022 3058 
- 2051 3119 
2079 9.3179 
2108 3238 
2136 3296 
2164 3353 
2193 3410 
«2e2l 3466 
-2250 9.3521 
2278 8575 
. 2306 3629 
-2334 3682 
. 2363 3734 
2391 3786 
-2419 9.3837 
. 2447 3887 
. 2476 3937 
-2504 3986 
. 2532 4035 
-2560 4083 
- 2588 9.4130 
.2616 4177 
. 2644 4223 
.2672 4269 
.2700 4314 
. 2728 4359 
.2756 9.4403 
. 2784 4447 
. 2812 4491 
.2840 4533 
.2868 4576 
. 2896 4618 
.2924 9.4659 
- 2952 4700 
-2979 4741 
3007 4781 
- 3035 4821 
3062 4861 
. 3090 9.4900 
Nat. Log. 
Cosines 


Cosines 
Nat. Log. 
-9877 9.9946 
9872 9944 

9868 9942 
9863 9940 
-9858 9938 
-9853 9936 
.9848 9.9934 
. 9843 9931 
9838 9929 
- 9833 9927 
9827 9924 
9822 9922 
9816 9.9919 
9811 9917 
. 9805 9914 
9799 9912 
9793 9909 
9787 9907 
.9781 9.9904 
9775 9901 
9769 9899 
.9763 9896 
9757 9893 
.9750 9890 
.9744 9.9887 
9737 9884 
.9730 9881 
9724 9878 
9717 9875 
.9710 9872 
.9703 9.9869 
. 9696 9866 
. 9689 9863 
.9681 9859 
9674 9856 
9667 9853 
-9659 9.9849 
9652 9846 
9644 9843 
9636 9839 
- 9628 9836 
-9621 9832 
9613 9.9828 
9605 9825 
9596 9821 
9588 9817 
9580 9814 
9572 9810 
-9563 9.9806 
9555 9802 
9546 9798 
9537 9794 
9528 9790 
9520 9786 
.9511 9.9782 
Nat. Log. 

Sines 


. 


Tangents 
Nat. Log. 
- 1584 9.1997 
-1614 2078 
-1644 2158 
1673 2236 
1703 =. 2313 
1733 2389 
1763 9.2463 
1793 2536 
1823 2609 
1853 =2680 
1883 2750 
1914 2819 
1944 9.2887 
1974 2953 
. 2004 3020 
-2035 3085 
2065 3149 
-2095 3212 
2126 9.3275 
2156 3336 
2186 3397 
2217 3458 
2247 3517 
2278 3576 
2309 9.3634 
2339 3691 
2370 3748 
. 2401 38804" 
2432 3859 
2462 3914 
2493 9.3968 
2524 4021 
2555 4074 
2586 4127 
2617 4178 
2648 4230 
2679 9.4281 
2711 4331 
.2742 4381 
2773 4430 
. 2805 4479 
. 2836 4527 
2867 9.4575 
. 2899 4622 
2931 4669 
2962 A716 
2994. 4762 
3026 4808 
.3057 9.4853 
3089 4898 
3121 41943 
3153 4987 
.3185 5031 
-o217 5075 
.3249 9.5118 
Nat. Log. 


Cotangents 


Cotangents 
Nat. Log. 
6.3138 0.8003 
6.1970 7922 
6.0844 7842 
5.9758 7764 
5.8708 7687 
5.7694 7611 
5.6713 0.7537 
5.5764 7464 
5.4845 7391 
5.3955 7320 
5.3093 7250 
582257 7181 
5.1446 0.7113 
5.0658 7047 
4.9894 6980 
4.9152 6915 
4.8430 6851 
4.7729 6788 
4.7046 0.6725 
4.6382 6664 
4.5736 6603 
4.5107 6542 
4.4494 6483 
4.3897 6424 
4.3315 0.6366 
4.2747 6309 
4.2193 6252 
4.1653 6196 
4.1126 6141 
4.0611 6086 
4.0108 0.6032 
3.9617 5979 
3.9136 5926 
3.8667 5873 
3.8208 5822 
3.7760 5770 
3.7321 0.5719 
3.6891 5669 
3.6470 5619 
3.6059 5570 
3.5656 5521 
3.5261 5473 
3.4874 0.5425 
3.4495 5378 
3.4124 5331 
8.3759 5284 
3.3402 5238 
3.3052 5192 
3.2709 0.4147 
3.2371 5102 
3.2041 5057 
3.1716 5013 
3.1397 A9A9 
3.1084 4925 
3.0777 0.4882 

Nat. Log. 

Tangents 


485 


Angles 


80° 00’ 


79° 00’ 


78° 00’ 


77° 00’ 


76° 00/ 


75° 90° 


74° 00/ 


72° 00° 


Angles 


486 


Angles 


19° 00’ 


20° 00’ 


22° 00’ 


23° 00’ 


24° 00/ 


25° 00’ 


26° 00’ 


PRACTICAL MATHEMATICS 


TABLE XI.—TRIGONOMETRIC FUNCTIONS—Continued 


Sines 

Nat. Log. 

.3090 9.4900 
.3118 4939 
38145 4977 
.3173 5015 
3201 5052 
3228 5090 
.3256 9.5126 
. 3283 5163 
.3311 5199 
. 3338 §235 
.38365 5270 
3393 5306 
3420 9.5341 
3448 5375 
.38475 5409 
3502 5443 
3529 5477 
3557 5510 
3584 9.5543 
.3611 - 5576 
3638 5609 
3665 5641 
3692 5673 
. 3719 5704 
3746 9.5736 
3773 5767 
3800 5798 


.3907 9.5919 
3934 5948 
- 3961 5978 
. 3987 6007 
4014 6036 
4041 6065 
.4067 9.6093 
4094 6121 
4120 6149 
4147 6177 
4173 6205 
4200 6232 


.4226 9.6259 


4253 6286 
4279 6313 
4305 6340 
4331 6365 
4358 6392 
4384 9.6418 
4410 6444 
.4436 6470 
1462 6495 
4488 6521 
4514 6546 
.4540 9.6570 
Nat. Log. 
Cosines 


Cosines 
Nat. Log. 
9511 9.9782 
-9502 9778 
9492 9774 
9483 9770 
9474 9765 
-9465 9761 
.9455 9.9757 
.9446 9752 
.9436 9748 
.9426 9743 
9417 9739 
.9407 9734 
.9397 9.9730 
-9387 9725 
9377 9721 
.9367 9716 
9356 9711 
-9346 9706 
.9336 9.9702 
9325 9697 
-9315 9692 
.9304 9687 
9293 9682 
.9283 9677 
.9272 9.9672 
.9261 9667 
.9250 9661 
. 9239 9656 
9228 9651 
.9216 9646 
.9205 9.9640 
9194 96385 
.9182 9629 
.9171 9624 
9159 9618 
9147 9613 
.9135 9.9607 
9124 9602 
9112 9596 
.9100 9590 
9988 9584 
9075 9579 
.9063 9.9573 
9051 9567 
9038 9561 
. 9026 9555 
9013 9549 
9001 9543 
.8988 9.9537 
8975 9530 
. 8962 9524 
.8949 9518 
. 8936 9512 
8923 9505 
.8910 9.9499 
Nat. Log. 

Sines 


Tangents 

Nat. Log. 

3249 9.5118 
.3281 5161 
.3314 5203 
38346 5245 
8378 5287 
3411 5329 
.3443 9.5370 
.3476 5411 
3508 5451 
.3541 5491 
. 3574 5531 
3607 5571 
3640 9.5611 
3673 5650 
3706 5689 
.3739 5727 
3772 5766 
3805 5804 
3839 9.5842 
.8872 5879 
3906 5917 
3939 5954 
3973 5991 
4006 6028 
4040 9.6064 
4074 6100 


4210 6243 
.4245 9.6279 
4279 6314 
4314 6348 
4348 6383 
.4383 6417 
4417 6452 
4452 9.6486 
4487 6520 
4522 6553 
4557 6587 
4592 6620 
4628 6654 
4663 9.6687 
4699 6720 
A734 6752 
4770 6785 
4806 6817 
4841 6850 
.4877 9.6882 
.4913 6914 
4950 6946 
1986 6977 
5022 7009 
5059 7040 
.5095 9.7072 
Nat. Log. 
Cotangents 


Cotangents 
Nat. Log. 
3.0777 0.4882 
3.0475 4839 
3.0178 4797 
2.9887 4755 
2.9600 4713 
2.9319 4671 
2.9042 0.4630 
2.8770 4589 
2.8502 4549 
2.8239 4509 
2.7980 4469 
2.7725 4429 
2.7475 0.4389 
2.7228 4350 
2.6985 4311 
2.6746 4273 
2.6511 4234 
2.6279 4196 


2.6051 0.4158 
2.5826 4121 
2.5605 4083 
2.5386 4046 
2.5172 4009 
2.4960 3972 


2.4751 0.3936 
2.4545 3900 
2.4342 3864 
2.4142 3828 
2.3945 3792 
2 


2.3559 0.3721 
2.3369 3686 
2.3183 3652 
2.2998 3617 
2.2817 3583 
2.26387 3548 
2.2460 0.3514 
2.2286 3480 
2.2113 3447 
2.1943 3413 
2.1775 3380 
2.1609 3346 
2.1445 0.3313 
2.1283 3280 
2.1123 3248 
2.0965 3215 
2.0809 3183 
2.0655 3150 
2.0503 0.3118 
2.0353 3086 
2.0204 3054 
2.0057 3023 
1.9912 2991 
1.9768 2960 


e 


-9626 0.2928 
Nat. Log. 


Tangents 


70° 00’ 


69° 00’ 


68° 00’ 


67° 00’ 


66° 00’ 


65° 00’ 


64° 00 


63° 00’ 


Angles 


28° 00’ 


29° 00’ 


30° 090’ 


32° 00’ 


33° 00’ 


35° 00’ 


36° 00’ 


Angles 


TABLES 


TABLE XI.—TRIGONOMETRIC FUNCTIONS—Continued 


Sines 

Nat. Log. 
-4540 9.6570 

566 6595 
4592 6620 
4617 6644 
-4643 6668 
4669 6692 
4695 9.6716 
4720 6740 
4746 6763 
.4772 6787 
4797 6810 
4823 6833 
4848 9.6856 
4874 6878 
4899 6901 
-4924 6923 
-4950 6946 
-4975 6968 
.5000 9.6990 
9025 7012 
.5050 7033 
-5075 7055 
.5100 7076 
5125 7097 
.5150 9.7118 
5175 7139 
5200 7160 
-5225 7181 
-5250 7201 
-6275 7222 
.5299 9.7242 
.5324 7262 
5348 7282 
-5373 7302 
5398 7322 
5422 7342 
5446 9.7361 
5471 7380 
5495 7400 
.5519 7419 
.5544 7438 
5568 7457 


5592 9.7476 


- 5616 7494 
5640 7513 
. 5664 7531 
5688 7550 
5712 7568 
5736 9.7586 
5760 7604 
5783 7622 
5807 7640 
5831 7657 
5854 7675 
.5878 9.7692 
Nat. Log. 
Cosines 


Cosines 

Nat. Log. 

.8910 9.9499 
8897 9492 
. 8884 9486 
-8870 9479 
8857 9473 
. 8843 9466 
.8829 9.9459 
8816 9453 
8802 9446 
8788 9439 
8774 9432 
8760 9425 
.8746 9.9418 
8732 9411 
.8718 9404 
8704 9397 
8689 9390 
. 8675 9383 
.8660 9.9375 
. 8646 9368 
.8631 9361 
. 8616 9353 
. 8601 9346 
. 8587 9338 
8572 9:9331 
-8557 9323 
8542 9315 
. 8526 9308 
~ 8511 9300 
8496 9292 
. 8480 9.9284 
8465 9276 
8450 9268 
. 8434 9260 
8418 9252 
. 8403 9244 
. 8387 9.9236 
. 8371 9228 
8355 9219 
. 8339 9211 
8323 9203 
8307 9194 
.8290 9.9186 
.8274 9177 
.8258 9169 
8241 9160 
8225 9151 
.8208 9142 
.8192 9.9134 
8175 9125 
8158 9116 
8141 9107 
8124 9098 
8107 9089 
.8090 9.9080 
Nat. Log. 

Sines 


. 


Tangents 
Nat. Log. 
.5095 9.7072 
-5132 7103 
-5169 7134 
-5206 7165 
5243 7196 
5280 7226 
53817 9.7257 
5354 7287 
6392 | 7317, 
54380 7348 
5467 7378 
5505 7408 
5543 9.7438 
.5581 7467 
.5619 7497 
5658 7526 
5696 7556 
.5730 8697585 
5774 9.7614 
5812 7644 
.5851 7673 
5890 7701 
5930 7730 
5969 7759 
6009 9.7788 
.6048 7816 
6088 7845 
6128 7873 
6168 7902 
6208 7930 
6249 9.7958 
. 6289 7986 
. 6330 8014 
6371 8042 
6412 8070 
6453 8097 
6494 9.8125 
6536 8153 
6577 8180 
6619 8208 
6661 8235 
6703 8263 
6745 9.8290 
6787 8317 
6830 8344 
6873 8371 
.6916 8398 
.6959 8425 
7002 9.8452 
. 7046 8479 
. 7089 8506 
7133 8533 
7177 ~=—s_- 8559 
7221 8586 
.7265 9.8613 
Nat. Log. 
Cotangents 


Cotangents 
Nat. Log. 
1.9626 0.2928 
1.9486 2897 
1.9347 2866 
1.9210 2835 
1.9074 2804 
1.8940 2774 
1.8807 0.2743 
1.8676 2713 
1.8546 2683 
1.8418 2652 
1.8291 26292 
1.8165 25992 
1.8040 0.2562 
1.7917 2533 
1.7796 2503 
1.7675 2474 
1.7556 2444 
1.7437 2415 
1.7321 0.2286 
1.7205 2356 
1570901982327, 
1.6977 2299 
1.6864 2270 
1.6753 2241 
1.6643 0.2212 
1.6534 2184 
1.6426 2155 
16819052127 
1.6212 2098 
1.6107 2070 
1.6003 0.2042 
1.5900 2014 
1.5798 1986 
1.5697 1958 
1.5597 1930 
1.5497 1903 
1.5399 0.1875 
1.5301 1847 
1.5204 1820 
1.5108 1792 
1.5013 1765 
1.4919 1737 
1.4826 0.1710 
1.4733 1683 
1.4641 1656 
1.4550 1629 
1.4460 1602 
1.4870 1575 
1.4281 0.1548 
1.4193 1521 
1.4106 1494 
1.4019 1467 
1.3934 1441 
1.3848 1414 
1.3764 0.1387 
Nat. Log. 
Tangents 
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60° 00’ 


59° 00’ 


58° 00° 


57° 00’ 


56° 00’ 


55° 00’ 
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36° 00’ 


37° 00’ 


38° 00’ 


39° 00’ 


40° 00’ 


41° 00’ 


42° 00’ 


43° 00’ 


44° 00’ 


45° 00’ 


Angles 
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TABLE XI.—TRIGONOMETRIC FUNCTIONS—Continued 


Sines 

Nat. Log. 

.5878 9.7692 
5901 7710 
5925 7727 
.5948 7744 
5972 7761 
.5995 7778 
.6018 9.7795 
6041 7811 
6065 7828 
6088 7844 
6111 7861 
.61384 + 7877 
.6157 9.7893 
.6180 7910 
. 6202 7926 
6225 7941 
6248 7957 
6271 7973 
.6293 9.7989 
.6316 8004 
.6338 8020 
- 6361 8035 
. 6383 8050 
6406 8066 
.6428 9.8081 
6450 8096 
6472 8111 
. 6494 8125 
.6517 8140 
6539 8155 
.6561 9.8169 
.6583 8184 
. 6604 8198 
6626 8213 
. 6648 8227 
.6670 8241 
.6691 9.8255 
.6713 8269 
6734 8283 
6756 8297 
AHA 8311 
. 6799 8324 
.6820 9.8338 
. 6841 8351 
6862 8365 
. 6884 8378 
6905 8391 
6926 8405 
.6947 9.8418 
. 6967 8431 
6988 8444 
. 7009 8457 
. 7030 8469 
7050 8482 
. 7071 9.8495 
Nat. Log. 

Cosines 


Cosines 
Nat. Log. 
.8090 9.9080 
.8073 9070 
.8056 9061 
. 8039 9052 
8021 9042 
8004 9033 
.7986 9.9023 
7969 9014 
7951 9004 
7934 8995 
7916 8985 
. 7898 8975 
.7880 9.8965 
7862 8955 
. 7844 8945 
. 7826 8935 
. 7808 8925 
7790 8915 
7771 9.8905 
7753 8895 
.77385 8884 
.7716 8874 
7698 8864 
7679 8853 
7660 9.8843 
. 7642 8832 
.7623 8821 
. 7604 8810 
. 7585 8800 
7566 8789 
.7547 9.8778 
7528 8767 
7509 8756 
7490 8745 
7470 8733 
7451 8722 
7431 9.8711 
. 7412 8699 
.7392 8688 
7373 8676 
.7353 8665 
7333 8653 
7314 9.8641 
7294 8629 
7274 8618 
7254 8606 
7234 8594 


7173 8557 
7153 8545 
7133 8532 
.7112 8520 
. 7092 8507 
.7071 9.8495 
Nat. Log. 
Sines 


= 


Tangents 
Nat. Log. 
.7265 9.8613 
.7310 8639 
.7355 8666 
7400 8692 
7445 8718 
7490 8745 
7536 9.8771 
7581 8797 
.7627 8824 
.7673 8850 
.7720 8876 
. 7766 8902 
7813 9.8928 
.7860 8954 
7907 8980 
.7954 9006 
.8002 9032 
.8050 9058 
8098 9.9084 
8146 9110 
8195 9135 
8243 9161 
8292 9187 
8342 9212 
8391 9.9238 
8441 9264 
8491 9289 
8541 9315 
8591 9341 
8642 9366 
.8693 9.9392 
8744 9417 
8796 9443 
8847 9468 
8899 9494 
8952 9519 
9004 9.9544 
9057 9570 
9110 9595 
9163 9621 
9217 9646 
9271 9671 
.9325 9.9697 
9380 9722 
94385 9747 
9490 9772 
9545 9798 
9601 9823 
.9657 9.9848 
9713 9874 
9770 9899 
9827 9924 
9884 9949 
9942 9975 
.0000 0.0000 
Nat. Log. 
Cotangents 


Cotangents 
Nat. Log. 
1.3764 0.1387 
1.3680 1361 
1.3597 1334 
1.3514 1308 
1.3482 1282 
1.3351 1255 
1.3270 0.1229 
1.3190 1203 
ell alitie(s} 
1.3032 1150 
1.2954 1124 
1.2876 1098 
1.2799 0.1072 
152723 1046 
1.2647 1020 
1.2572 0994 
1.2497 0968 
1, 2423 0942 
1.2349 0.0916 
1.2276 0890 
1, 2203 0865 
T2131 0839 
1.2059 0813 
1.1988 0788 
1.1918 0.0762 
1.1847 0736 
LVA78 O71L 
1.1708 0685 
1.1640 0659 
1.1571 0634 
1.1504 0.0608 
1.1436 0583 
1.1369 0557 
U.1808 0582 
1.1237 0506 
1.1171 0481 
1.1106 0.0456 
1.1041 0430 
1.0977 0405 
1.0913 0379 
1.0850 0354 
1.0786 0329 
1.0724 0.0303 
1.0661 0278 
1.0599 0253 
1.0538 0228 
1.0477 0202 
1.0416 O177 
1.0355 0.0152 
1.0295 0126 
1.02385 0101 
1.0176 0076 
1.0117 0051 
1.0058 0025 
1.0000 0.0000 
Nat. Log. 
Tangents 


53° 00’ 


52° 00’ 


51° 00’ 


50° 00’ 


49° 00” 


48° 00’ 


47° 00’ 


46° 00’ 


INDEX 


(Numbers refer to pages.) 


Abscissa, 353 
Absolute value, 245 
Accuracy of results, 43 
Altitude of triangle, 113 
Anchor ring, 226 
Angle, 111, 396 
acute, 112 
central, 148 
complementary, 112 
construction of, 179, 409 
definition, 111, 396 
finding from table, 415 
inscribed, 149 
measurement of, 177, 179, 398 
negative, 397, 444 
obtuse, 112 
of depression, 429 
of elevation, 429 
right, 111 
positive, 397 
supplementary, 112 
units for measuring, 177 
vertex of, 111 
Angles and complements, 407, 408, 
442 
Angles and supplements, 442 
Angles, sums of, 455 
Antecedent, 85 
Approximate results, 52 
Are, 147 
Average ordinate rule, 364 
Averages, 77 
Axioms, 259 


Beams, wooden, 346 

Bearing, 430 

Belt pulleys, 171 

Belts, carrying power, 10 
lengths of, 433 


Binomial, 234 
Bisector, 113 
Board foot, 122 
Boiler capacity, 209 
tubes, 209 
Brickwork, 201 


Cancellation, 7 
Characteristics, 374 
rules for, 374 
Checking, 55 
Chords of angles, table, 478 
Circle, 147 
area of, 151 
to find radius of, 189 
Circular motion, 449 
Circumference, 147 
Coefficient, 233 
Completing the square, 334 
Cone, 214 
area of, 216 
frustum of, 215 
volume of, 216 
Consequent, 85 
Constant, 340, 347 
Contracted methods, 52 
Corresponding sides, 131 
Cosine, 404 
Cosines, law of, 460 
Cube, 195 
Curve, cycle of, 450 
Curves, cosecant, 448 
cosine, 448 
- cotangent, 448 
degree of, 401 
frequency of, 452 
periodic, 449 
railroad, 401 
sine, 447 
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Curves, tangent, 448 
Cutting speeds, 170 
Cylinder, 203 
area of, 203 
hollow, 204 
inscribed, 203 
volume of, 204 


Decagon, 189 
Denominator, 12 

least common, 16, 295 
Density, 94 
Diagonal, 113 
Diameter, 147 
Discounts, 78 
Divisors, rules for, 3 
Drawing to scale, 181 


Elimination, 320 

Ellipse, 155 

Emery wheels, speeds of, 160, 402 

Equations, 257, 332 
conditional, 257 
equivalent, 320 
identical, 257 
inconsistent, 320 
independent, 320 
indeterminate, 319 
quadratic, 287, 332 
simultaneous, 319 
solutions of, 258 

Exponents, 98, 233, 327 
laws of, 268, 327, 370 

Extremes, 86 


Factor, 2 
greatest common, 3 
of safety, 348 

Feed of cutting tool, 33, 170 

Flywheel, velocity of, 160 

Foot-pounds, 312 

Formulas, 238, 290, 470 
difference of angles, 455 
products to sums, 457 
sums of angles, 455 
sums to products, 457 
table of, 470 


INDEX 


Fractions, 12, 293 
decimal, 38 
improper, 12 
proper, 12 
principles of, 14 

Frequency factor, 453 

Frustum, 215 
area of, 216 
volume of, 217 


Gear wheels, 171 

Grade, 87 

Graphs, 351 

Grindstones, speeds of, 161, 402 


Heights, measuring, 89, 134 
Helix, 439 
Heptagon, 188 
Hexagon, 113, 188 
regular, 141 
Horizon, dip of, 436 
distance of, 435 
Horse-power, 10, 312 
coal for, 47 
effective, 365 
indicated, 365 
of waterfall, 393 
transmitted by belt, 393 
Hydraulic machines, 93 
Hypotenuse, 126 


Indebtedness paid in installments, 
390 

Integer, 2 

Interest, 83 

Interpolating, 356 

Interpolation, 377 

Inverse functions, 426 

Involution, 98 


Tdlogram, 64 


Law of cosines, 460 
of sines, 459 
Lever, 91 
Line, 110 
broken, 110 


INDEX 


Line, curved, 110 
division into parts, 186 
horizontal, 112 
straight, 110 
vertical, 112 

Lines, parallel, 111 

Liter, 64 

Logarithms, definition, 370 
history of, 370 
hyperbolic, 384 
Napierian, 384 
natural, 384 

Lumber, 121 


Machine screw proportions, 49 
Mantissa, definition, 374 
rules for, 377 
Mariner’s compass, 430 
Means, 86 
Measures, English, 58 
metric, 62 
Median, 113 
Meter, 63 
Micrometer, 32, 192 
Mil, circular, 175 
square, 176 
Mixed number, 12 
Monomial, 234 
Multiple, 3 
least common, 3, 295 


Number, corresponding to loga- 
rithm, 379 
rules for, 380 
Numbers, algebraic, 245 
composite, 3 
definite, 231 
even, 2 
general, 231 
negative, 244 
odd, 3 
positive, 244 
prime, 3 
relative, 244 
useful, table of, 474 
Numerator, 12 
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Octagon, 118, 187, 189 
Ohm’s Law, 316 
Ordinate, 353 


_Parallelogram, 114 


area of, 115 
Pentagon, 113, 188 
Percentage, 74 

cases of, 74 
Per cent of error, 77 
Perimeter, 112 
Plotting, 354 
Point, 110 
Polygon, 112 

area of, 115 

circumscribed, 148 

inscribed, 148 

regular, 113 
Polynomial, 234 
Power, 98, 233 
Powers by logarithms, 383 
Prism, 194 

surface of, 195 

volume of, 196 
Prismatoid, 227 
Products, approximate, 273 

by logarithms, 381 

representation of, 272 
Projection, orthogonal, 427 
Proportion, 86 
Protractor, 178 
Pulleys, rules for, 9 
Pyramid, 214 

area of, 216 

‘volume of, 217 


Quadrants, 353, 398 
Quadrilateral, 113 
Quotients by logarithms, 381 


Radian, 177, 398 
Radius, 147 
Rafters, 135 
Railroad curves, 400 
Ratio, 85 

inverse, 85 
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Rectangle, 114 Stonework, 200 
area of, 115 Strength of materials, table, 481 
Resultants, 21, 466, 468 Surfaces, 109 
Right triangles, solution of, 421 curved, 110 
Ring, area of, 153 plane, 110 


Root, square, 99 
rule for, 105 
Roots by logarithms, 383 Tabie of formulas, 470 
Roots of an equation, 288 of logarithms, 482 
of functions, 484 
Tabular difference, 376 


Safety valve, 163 Tangent, 404 
Screw gearing, 33 Tapers, 131 
Serew threads, 31, 143, 437 Tests, 251, 260, 270 
Sector, 148 Thermometers, 311 
area of, 153 Threads, acme, 437 
Segment, 147 sharp-V, 144 
area of, 154, 434 U.S. S., 144 
Sheet metal gage table, 479 Whitworth, 437 
Shingles, 122 Trapezoid, 114 
Signs, grouping, 232 area of, 118 
operation, 245 Triangle, 113 
quality, 245 area of, 116, 117 
Similar figures, 106, 130 construction of, 181 
Simpson’s Rule, 363 equilateral, 139 
Sine, 404 isosceles, 139 
Sines, law of, 459 oblique, 459 
Slide rule, 237 right, 126, 421 
Solid, geometric, 109 Trigonometric functions, 404 
rectangular, 195 computation of, 410 
Specific gravity, 94 definitions of, 404 
table of, 480 finding by tables, 414 
Speeds, emery wheels, 160, 402 inverse, 426 
grindstones, 161, 402 of difference of angles, 458 
polishing wheels, 402 of half an angle, 456 
Sphere, 220 of sum of angles, 455 
area of, 220 of twice an angle, 456 
segment of, 221 table of, 484 
volume of, 221 Trigonometry, uses of, 396 
zone of, 222 Trinomial, 234 
Spirals, 439 Turning, 132 
lead of, 439 Twist drill, 34 
Square, 114 
Squared paper, 351 Useful numbers, 474 
Steam indicator diagram, 365 
Steel square, 134 Variable, 340 


uses of, 131, 159 Variation, 340 
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Variation, direct, 340 Water flow in pipes, 394 
indirect, 342 Weights of round iron, 34 
joint, 343 Weights, tables of, 59 

Vectors, 427, 467 Wire gages, tables, 479 

Vernier, 191 Worm wheel, 34 


Vertex, 111 
Voids, 80 Zones of sphere, 222 
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